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FOREWORD 

This report contains the text of the PhD thesis the author presented to the 
University of Reading in September 1985. Although the report is laid out in 
the style of the thesis, some minor errors that were discovered after the 
thesis was examined and accepted by the University of Reading have been 
corrected in this edition. The thesis covers work undertaken on a part time 
basis in the Department of Mathematics from 1977 to 1985. 





ABSTRACT 

This thesis examines both the mathematical formulation of the physics 

of river flows and the use of the finite element method on the 

resulting equations. The type and appropriate boundary data for three 

models of the flow are discussed; steady flow controlled by friction, 

and, steady and unsteady flow incorporating the convective 

accelerations. The means chosen to depth integrate the convective 

accelerations is shown to influence the type of the equations and the 

conditions for their solution to exhibit closed streamlines. An 

analytic solution is derived for the interaction between the flows in 

the channel and flood plain assuming a simple rectangular geometry. 

It indicates that the entire width of the channel may be affected by 

the drag of the slower flood plain flow. 

Galerkin finite element approximations are applied to the stream 

function and potential formulations of the equations. The potential 

formulation is new and uses the water surface level as a non-linear 

velocity potential. It is shown to be superior to using a stream 

function for friction controlled flow. The velocity field is taken as 

piecewise constant in each triangular element and a new recovery 

technique is introduced to estimate its derivatives. The computation 

of the convective accelerations uses these derivatives. A successive 

substitution algorithm converges only for sufficiently slow steady 

flows. Analysis of this limit motivated the use of a time stepping 

method which proved stable for all velocities tested subject to a 

limit upon the time step. 

The method produces acceptable results when judged against 

experimental observations from a laboratory flume. The performance of 



the method i s ,  however, unsatisfactory for data representing a 

pract ica l  problem, flow a t  a bridge s i t e .  Further Work is  recommended 

before the methods can be used i n  engineering practice.  
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CHAPTER 1 

INTRODUCTION 

1.1 P h y s i c a l  background 

R i v e r s  form a  p a r t  of t h e  n a t u r a l  environment and f u l f i l  a  

v a r i e t y  of f u n c t i o n s  i n c l u d i n g  water  supp ly ,  d r a i n a g e  and 

r e c r e a t i o n .  The r i v e r  u s u a l l y  comprises  a  w e l l  d e f i n e d  channel  

f l a n k e d  by a r e a s  of l and  which a r e  s u b j e c t  t o  o c c a s i o n a l  

i n u n d a t i o n ;  t h e  f l o o d  p l a i n .  The p l a n  form of t h e  channe l  and 

f l o o d  p l a i n  sys tem depends upon many geomorphological  f a c t o r s  

a s  does  t h e  t ime  s c a l e  overwhich changes may o c c u r ,  s e e  f o r  

example Chor ley,  (1969).  Whether t h e  r i v e r  i s  i n  f lood  o r  n o t  

t h e  flow boundar ies  a r e  g e o m e t r i c a l l y  i r r e g u l a r ,  be ing  t h e  

edges  of t h e  r i v e r  v a l l e y  o r  w i n  channel .  On t h e  f l o o d  p l a i n  

human a c t i v i t y  ( r e s i d e n t i a l  and i n d u s t r i a l  development, 

a g r i c u l t u r e ,  road c o n s t r u c t i o n  e t c . )  sometimes c o n f l i c t s  w i t h  

t h e  n a t u r a l  Funct ion of t h e  l a n d  t o  pass  f l o o d  d i s c h a r g e s .  

Eng ineers  and o t h e r s  w i t h  t h e  r e s p o n s i b i l i t y  t o  manage r i v e r  

b a s i n s  o f t e n  u s e  models t o  s t u d y  proposed e n g i n e e r i n g  works t o  

e n s u r e  t h a t  t h e  c a p i t a l  e x p e n d i t u r e  invo lved  i s  a  good long 

term inves tment .  

Two t y p e s  of model can  be employed i n  d e s i g n  s t u d i e s ;  a n a l o g u e  

models and computa t iona l  models. The most common type  of 

ana logue  model i s  t h e  s c a l e  p h y s i c a l  h y d r a u l i c  model. 

However, a i r - p r e s s u r e  models have been used,  s e e  M i l i t e e v  and 

Shkolnikov (1981),  and i t  i s  c o n c e i v a b l e  t h a t  ana logue  computer 

s t u d i e s  may have been done. p h y s i c a i  models may be c o n s t r u c t e d  



to a natural or distorted scale and may be used to study 

extremely complicated flows. They have an immediate visual 

impact for engineer and layman alike and are a well established 

investigative method for example Novak and Cabelka, (1981). 

Physical models, however, are expensive to construct and 

operate, and they are limited by scale effects and the space 

available for their construction. 

Over the past twenty-five years, a variety of computational 

river models have been developed, see Cunge, Holly and Verwey, 

(1980). In one-dimensional models the flow is averaged across 

a section normal to the typical velocity direction; this 

process gives the Saint-Venant equations of open channel flow. 

Some quasi two-dimensional models have been constructed in 

which the river flood plain is divided into a number of cells. 

The exchange of flow between contiguous cells is based upon the 

the physical properties of their common boundary and the 

difference in water level between the cells, see Section 1.3.2. 

One-dimensional models are a widely accepted method of 

simulating the flow in long reaches of rivers but they cannot 

resolve all the local detail that may be required. No model 

can represent any features of the flow at a scale finer than 

the grid size without additional assumptions nor can any 

one-dimensional model represent features which are produced by 

two or three dimensional effects. Empirical formulae and 

coefficients can be included to simulate, for example, the 

meandering of the main channel within the flood plain or the 

energy losses associated with a bridge (Samuels and Gray, 

1982). However, when precise information is required on the 



effects of such features it is usually necessary to construct a 

physical model. 

1.2 Scope of Thesis 

This thesis examines several models of flow in a river and over 

its flood plain. The investigation has been limited to two- 

dimensional models, in plan, rather like a birds eye view of 

the flow. The models are based upon standard principles of 

fluid dynamics incorporating a variety of physically realistic 

sioplifications. In none of the models is the bed topography 

allowed to change in time since for British rivers, the time 

scale for geomorphological changes to the system is usually 

much greater than duration of a flood. The finite element 

method is used to generate numerical approximations to the 

solution of the resulting flow equations. The ultimate goal of 

the project was not the development of new numerical techniques 

for their own sake but the construction of computational models 

that can be used for solving problems of engineering 

importance. The conference paper, Samuels (1983a), included as 

Appendix 5 gives a summary of most of the main points of this 

thesis. 

As various processes are included in the mathematical model the 

nature of the equations changes. This affects the most 

appropriate numerical method for solving the flow equations. 

The numerical methods considered in this research project were 

directed at choosing the lowest order of approximation possible 

for the flow equations. It was assumed that, since the typical 



d a t a  a v a i l a b l e  f o r  commercial s t u d i e s  a r e  q u i t e  c o a r s e ,  i t  was 

n o t  r easonab le  t o  use  high o r d e r  approximat ion schemes. A 

topograph ic  survey of a  r i v e r  and i t s  f l o o d  p l a i n  can be 

expens ive  p a r t i c u l a r l y  i f  t h e  r i v e r  c r o s s  s e c t i o n s  a r e  surveyed 

wi th  a  s e p a r a t i o n  comparable wi th  t h e  main channel  width  o r  i f  

many f lood  p l a i n  ground l e v e l s  an accuracy  b e t t e r  than * . lm  

a r e  r e q u i r e d .  I n  any p r o t o t y p e  i n v e s t i g a t i o n  t h e r e  i s  p r e s s u r e  

t o  keep d a t a  needs t o  t h e  minimum necess ry  f o r  t h e  accuracy  

r e q u i r e d  from t h e  s tudy .  However, t h e  complex r e l a t i o n s h i p  

between t h e  model accuracy  and t h e  d e n s i t y  of p r o t o t y p e  d a t a  

i s  n o t  cons idered  f u r t h e r  i n  t h i s  t h e s i s .  

A t  some s t a g e s  i n  t h e  c o u r s e  of t h i s  i n v e s t i g a t i o n  s e v e r a l  

approaches  were p o s s i b l e  t o  s o l v e  p a r t i c u l a r  problems. To have 

examined a l l  t h e s e  would have extended t h e  d u r a t i o n  of t h e  

p r o j e c t  c o n s i d e r a b l y .  Usua l ly  t h e  most s imple  approach was 

examined, i n  l i n e  wi th  t h e  o v e r a l l  phi losophy d i s c u s s e d  above.  

The p r o p e r t i e s  of t h e  methods adopted,  however, a r e  ana l syed  i n  

d e t a i l .  

1.3 Mathematical  model l ing of f low on r i v e r  f l o o d  p l a i n s  

1.3.1 Types of model 

Th is  s e c t i o n  reviews t h e  v a r i o u s  approaches  adopted f o r  

mode l l ing  r i v e r  and f l o o d  p l a i n  flow. There  appears  t o  be no 

consensus  of o p i n i o n  on what e q u a t i o n s  a r e  t h e  b e s t  f o r  

c o n s t r u c t i n g  a  two dimensional  model of f l o o d  p l a i n  flow. T h i s  

i s  i n  marked c o n t r a s t  t o  t h e  n e a r  u n i v e r s a l  accep tance  of t h e  



Saint Venant equations for modelling one-dimensional flow in 

rivers, see Cunge, Holly and Verwey (1980). The section 

concentrates on models which produce quantitative predictions 

of the flow and not on qualitative models such as the one 

described by Lewin and Hughes (1980). 

Two-dimensional models of flood plain flow vary widely in their 

complexity from the simplest statement of steady flow, with the 

surface slope equal to the friction slope, to those taking 

account of the variation of inundated area with time and 

including the effects of turbulent dissipation of energy. 

Models may be classified as: 

(1) cell type in which the flow is computed from cell to 

cell on the flood plain according to certain laws, 

(2) differential equation type, in which the bulk flow is 

described as a set of coupled partial differential 

equations derived from physical principles. 

Models in the second class may employ the method of 

characteristics, a finite difference method (fdm) or the finite 

element method (fern) to generate approximate solutions of the 

differential equations. Some may be constructed to satisfy 

conservation laws for certain physical quantities. Such 

properties are important if hydraulic jumps or bores occur 

in the flow field and could be taken as the ultimate test of 

all models. Abbott (1979) and Cunge, Holly and Verwey (1980j 

point out the importance of proper treatment of conservation 

principles for one dimensional flows. In particular, Cunge et 



a1 show how P r e i s s m a n n ' s  classic f i n i t e  d i f f e r e n c e  scheme i s  i n  

f a c t  a s t a t e m e n t  of t h e  i n t e g r a l  form of  t h e  c o n s e r v a t i o n  l a w s  

f o r  one  d i m e n s i o n a l  f low.  

1 .3 .2  C e l l  t y p e  models  

The d i s t i n c t i v e  f e a t u r e  of c e l l  t y p e  models  is  t h a t  t h e y  are  

based  on  i r r e g u l a r  c o m p u t a t i o n a l  g r i d s  which are d e f i n e d  

a c c o r d i n g  t o  t h e  ground topography.  U s u a l l y  t h e  b o u n d a r i e s  of  

t h e s e  c e l l s  a r e  t a k e n  e i t h e r  a l o n g  l i n e s  normal t o  t h e  l o c a l  

d i r e c t i o n  of f l ow o r  a l o n g  l i n e s  a c r o s s  which t h e r e  w i l l  b e  no 

f low.  The g r i d  t h u s  rough ly  f o l l o w s  t h e  o u t l i n e  of the c h a n n e l  

and f l o o d  p l a i n  i n  p l a n ,  s e e  F i g  1.1. T h i s  c o n s t r a s t s  w i t h  t h e  

r e g u l a r ,  r e c t a n g u l a r  g r i d s  used  i n  f i n i t e  d i f f e r e n c e  methods. 

S e v e r a l  c e l l  models  have  been deve loped  o v e r  t h e  p a s t  15 y e a r s ,  

see Z a n o b e t t i  e t  a1 (1968) ,  Cunge (1971) ,  T h i r r i o t  and Gaudu 

(1971) ,  Cunge (1975) ,  Weiss (1976) ,  P r i c e  (1980) and  

L e s l e i g h t e r  (1983) .  These  models  v a r y  i n  t h e i r  complex i ty .  

Most n e g l e c t  t h e  e f f e c t s  on  t h e  momentum e q u a t i o n  of t h e  co- 

o r d i n a t e  t r a n s f o r m a t i o n  t h a t  is i n v o l v e d  i n  p a s s i n g  from t h e  

n a t u r a l  r i v e r  topography t o  t h e  i d e a l i z e d  s i t u a t i o n .  

T y p i c a l l y ,  f l ow on t h e  f l o o d  p l a i n  i s  c o n t r o l l e d  by e q u a t i o n s  

such  as: 

0 .5  
Q . .  = Kll(hi - h j )  
13 

(1 .1 )  

f o r  a r i v e r  t y p e  l i n k  between ce l l s  i and j o r  f o r  a weir t y p e  

l i n k :  

where  hw i s  t h e  h e i g h t  of  t h e  weir c r e s t .  

I n  a s t e a d y  f l o w  s i m u l a t i o n  t h e  l e v e l s  hi and d i s c h a r g e s  Q . .  
1 3  



are obtained by iteration and for unsteady flow the total 

volume V of water stored in each computational cell is also 

taken into account. The calibration of such models depends 

upon the correct choice for the links of the conveyance 

function K and the weir discharge coefficients c and f in n 
equations (1.1) and (1.2) respectively. The flood plain flow 

may be coupled to either steady or unsteady flow in the main 

river channel. Placing river or weir type links at cell 

boundaries or where to allow no flow at all is left to the 

judgement of the engineer responsible for investigation. These 

decisions can radically affect the model results, see Cunge 

(1971). 

When the water level variation over the flood plain is 

controlled by features such as banks, hedges, fences etc and 

the cell boundaries are placed along these features, a cell 

model should produce satisfactory results. However, if the 

head losses occur more or less uniformly over the whole flow 

domain, such as when the bed stresses are dominant, a cell 

model may give misleading results. For friction controlled 

flow the dynamic equation becomes: 

K ~ ?  + q l q l  = 0 (1.3) 

where K is the conveyance function, h the stage (water surface 

level) and q the unit flow vector, see Section 2.5.1. In the 

direction of the unit vector e we have: 
-S 

ash = - I q ( 2  gq.gs (1.4) 

where e is the unit vector in rhe direction of the flow 
-q 



v e l o c i t y .  Comparing t h i s  w i t h  t h e  e q u a t i o n  (1 .1)  used f o r  

r i v e r  l i n k s  s u g g e s t s  t h a t :  

where e  is t h e  u n i t  v e c t o r  normal t o  t h e  common s i d e  between -n 

t h e  two c e l l s ,  2 is t h e  l e n g t h  of t h e  s i d e  and Ls and e  a r e  
-S 

t h e  d i s t a n c e  and u n i t  v e c t o r  between t h e  c e l l  c e n t r e s .  The 

weakness of t h e  c e l l  type  model l i e s  i n  t h e  dependence of t h e  

conveyance f u n c t i o n  f o r  t h e  l i n k  K upon t h e  l o c a l  d i r e c t i o n  of 
l. 

t h e  f low through t h e  f a c t o r  le+.%(-'. Thus t h e  a p p r o p r i a t e  

conveyance f u n c t i o n  f o r  a  l i n k  may change i f  t h e  f low p a t t e r n  

of t h e  f l o o d  p l a i n  changes s i g n i f i c a n t l y .  T h i s  w i l l  l i m i t  t h e  

p r e d i c t i v e  a b i l i t e s  of such models when a s s e s s i n g  t h e  e f f e c t s  

of works which a l t e r  t h e  d i r e c t i o n  of f low a c r o s s  t h e  f l o o d  

p l a i n .  

A l t e r n a t i v e l y  i t  i s  p o s s i b l e  t o  i n c l u d e  some of t h e  dynamics o f  

t h e  f low on t h e  f l o o d  p l a i n  by t r e a t i n g  t h e  channe l  and f l o o d  

p l a i n  f low p a t h s  a s  s e p a r a t e  one d imens iona l  channe l s  u s i n g  t h e  

S a i n t  Venant e q u a t i o n s  ( s e e  G r i j s e n  and Mei je r  (1979) and 

Samuels (1979) ) .  I n  such models t h e r e  may be s t a b i l i t y  

problems a s s o c i a t e d  wi th  t h e  t r ea tment  of  t h e  f low over  t h e  

r i v e r  banks ( s e e  Samuels (1983b),  Tagg and Samuels (1984) and 

Cunge, Hol ly  and Verwey (1980)) .  However, t h i s  type  of model 

c a n  produce r e a l i s t i c  r e s u l t s  f o r  t h e  d e s i g n  of e n g i n e e r i n g  

works. 

1.3.3 Models based on t h e  method of c h a r a c t e r i s t i c s  

Kalkwijk and De Vriend (1980) used a  scheme based on 



c h a r a c t e r i s t i c s  t o  s o l v e  t h e  e q u a t i o n s  d e s c r i b i n g  pr imary  and 

s e c o n d a r y  f l o w  i n  r i v e r  bends. They t r a n s f o r m e d  t h e  f l o w  

e q u a t i o n s  i n t o  a c o o r d i n a t e  s y s t e m  based  upon t h e  approx ima te  

s t r e a m l i n e s  of t h e  pr imary  f low.  T h i s  method r e q u i r e s  a n  

a p r i o r i  e s t i m a t e  of t h e  s t r e a m l i n e s  of  t h e  f l o w  and s o  may be  

d i f f i c u l t  t o  a p p l y  t o  f l o w s  t h a t  a r e  no t  c o n t a i n e d  by a  w e l l  

d e f i n e d  r i v e r  c h a n n e l .  Schmitz ,  Seus  and C z i r w i t z k y  (1983) 

have  produced a method based  upon a d i f f e r e n t  t r a n s f o r m a t i o n  of 

t h e  f l o w  e q u a t i o n s ,  and s u b s e q u e n t  i n t e g r a t i o n  o v e r  t h e  

c o m p l e t e  c h a r a c t e r i s t i c  cone  of t h e s e  e q u a t i o n s .  T h e i r  method 

d e s c r i b e s  t h e  topography of t h e  r i v e r  u s i n g  a r e c t a n g u l a r  g r i d  

which is c a p a b l e  of l o c a l  r e f i n e m e n t .  T h i s  method would a p p e a r  

t o  be a v i a b l e  a l t e r n a t i v e  t o  t h e  f i n i t e  e l emen t  model 

d e s c r i b e d  i n  t h i s  t h e s i s .  Schmitz  e t  a l ,  however, acknowledge 

t h a t  t h e i r  model r e q u i r e s  s i g n i f i c a n t  c o m p u t a t i o n a l  r e s o u r c e s  

and  c a n n o t  e a s i l y  i n c l u d e  s i t u a t i o n s  where t h e  l a t e r a l  e x t e n t  

of f l o o d i n g  is n o t  known i n  advance  of t h e  computa t ion .  

Models based  on  t h e  f i n i t e  d i f f e r e n c e  method 

F i n i t e  d i f f e r e n c e  methods have been a p p l i e d  s u c c e s s f u l l y  t o  t h e  

s h a l l o w  w a t e r  e q u a t i o n s  i n  e s t u a r i e s  f o r  many y e a r s .  The 

p r i n c i p a l  problems emerge from t h e  r e p r e s e n t a t i o n  of t h e  

b o u n d a r i e s  of t h e  f l o w  domain. It is p o s s i b l e  t o  u s e  

c u r v i l i n e a r  c o o r d i n a t e s  t o  improve t h e  r e p r e s e n t a t i o n  of t h e  

b o u n d a r i e s  i n  s i m u l a t i o n s  of t i d a l  f low.  T h i s ,  however, l e a d s  

t o  a  more c o m p l i c a t e d  s e t  of e q u a t i o n s  t o  s o l v e  a s  t h e  l o c a l  

s t r e t c h i n g  and d i s t o r t i o n  of t h e  c a r t e s i a n  c o o r d i n a t e  g r i d  is 

i n c l u d e d  i n  t h e  d i f f e r e n t i a l  e q u a t i o n s .  



R e c e n t l y  Vreugdenh i l  and Wijbenga (1982)  have  a p p l i e d  a f i n i t e  

d i f f e r e n c e  model f rom t i d a l  e n g i n e e r i n g  t o  a r i v e r  c h a n n e l  and 

f l o o d  p l a i n  s y s t e m  and compared t h e  r e s u l t s  w i t h  t h o s e  f rom a 

p h y s i c a l  model. T h e i r  i n v e s t i g a t i o n  showed t h e  s e n s i t i v i t y  of 

t h e  r e s u l t s  t o  v a r i o u s  terms i n  t h e  ma themat i ca l  model 

e q u a t i o n s .  T h i s  i s  d i s c u s s e d  f u r t h e r  i n  c h a p t e r  2  below. 

O v e r a l l  t hey  r e p o r t  a good agreement  between t h e  p h y s i c a l  and  

c o m p u t a t i o n a l  models ,  d e s p i t e  t h e  r e l a t i v e l y  jagged a p p e a r a n c e  

of t h e  f i t t e d  d i f f e r e n c e  n e t  t o  t h e  l i n e  of t h e  main r i v e r  

c h a n n e l .  The model w a s  based upon a 30m g r i d  w i t h  a r i v e r  

w i d t h  of a b o u t  150m and  a f l o o d  p l a i n  w i d t h  of up  t o  450111. The 

model t i m e  s t e p  was l i m i t e d  by t h e  need f o r  t h e  a n t i - d i f f u s i v e  

e f f e c t s  of t h e  t r u n c a t i o n  e r r o r  t o  b e  dominated  by p h y s i c a l  

d i f f u s i o n  of t h e  sys t em.  T h i s  f o r c e d  t h e  u s e  of  t ime  s t e p s  of 

1 0  seconds  o r  l e s s  d e s p i t e  f o r m a l  u n c o n d i t i o n a l  s t a b i l i t y  o f  

t h e  n u m e r i c a l  scheme employed. 

Z i e l k e  and Urban (1981)  compare seve ra l .  models based on f i n i t e  

d i f f e r e n c e  and f i n i t e  eletnent  methods,  i n c l u d i n g  some based  on 

c o u p l i n g  one  and two-dimensional  models t o g e t h e r .  T h e i r  

example computa t ions  come from models deve loped  i n i t i a l l y  f o r  

t i d a l  f l ow.  When u s i n g  a f i n i t e  d i f f e r e n c e  based model w i t h  a 

g r i d  s i z e  of 50m, t h e  maximum t h a t  c o u l d  r e s o l v e  t h e  r i v e r  

c h a n n e l  w i d t h ,  Z i e l k e  and Urban r e p o r t  t h a t  " i t  w a s  n o t  a lways  

e a s y  t o  r e p r e s e n t  t h e  c h a r a c t e r i s t i c  f e a t u r e s  of t h e  t e r r a i n "  

and t h e  c a l c u l a t i o n s  were  l i m i t e d  t o  t ime  s t e p s  of 4  s econds .  

M i l i t e e v  and Shko ln ikov  (1981) a l s o  d e s c r i b e  t h e  a p p l i c a t i o n  of 

a f i n i t e  d i f f e r e n c e  based  model of f l o o d  p l a i n  f low,  comparing 

i t s  r e s u l t s  w i t h  a n  e x p e r i m e n t a l  s t u d y .  Aga in ,  t hey  comment on 



d i f f i c u l t i e s  caused by t h e  r e l a t i v e  c o a r s e n e s s  of t h e  g r i d s  

employed. 

There  i s  n o t  space  h e r e  t o  d e s c r i b e  t h e  use  of s t a n d a r d  fdms 

f o r  two d imens iona l  f l u i d  f low,  i n c l u d i n g  t i d a l  f low.  These 

a r e  w e l l  covered by s t a n d a r d  t e x t s  such a s  Roache (1972) and 

Abbott  (1979).  

1.3.5 Models based on t h e  f i n i t e  e lement  method 

Over t h e  p a s t  15 y e a r s  t h e r e  h a s  been a  g r e a t  i n t e r e s t  i n  

a p p l y i n g  t h e  f e n  t o  problems of f l u i d  flow. S e v e r a l  

a p p l i c a t i o n s  t o  t i d a l  h y d r a u l i c  problems have been made, s e e  

f o r  example Brebbia  and Connor (1976),  H e r r l i n g  (1978) and 

Hol tz  and N i t s c h e  (1980). However, l e s s  h a s  been pub l i shed  on 

t h e  u s e  of t h e  f e n  t o  model f l o o d  p l a i n  f low. T h i s  is  somewhat 

s u r p r i s i n g  s i n c e  t h e  i r r e g u l a r  topography of a  r i v e r  f l o o d  

p l a i n  l e n d s  i t s e l f  n a t u r a l l y  t o  d e s c r i p t i o n  by f i n i t e  

e lements .  

Franques  and Y a n n i t e l l  (1974) and Tseng (1975) have both  

developed f i n i t e  e lement  models f o r  f low on r i v e r  f l o o d  p l a i n s  

i n  t h e  neighbourhood of a  b r i d g e .  One c o n c l u s i o n  drawn from 

t h e s e  papers  i s  t h a t  much of t h e  head l o s s  a t  t h e  b r i d g e  they  

s t u d i e d  i s  accounted f o r  by f r i c t i o n  l o s s e s  a l o n g  c o r r e c t l y  

l o c a t e d  s t r e a m l i n e s .  Niemeyer (1979) has  p r e s e n t e d  an 

a p p l i c a t i o n  of t h e  f i n i t e  e lement  method t o  s t e a d y  flow a t  t h e  

c o n f l u e n c e  of t*o main r i v e r s .  I n  t h e i r  comparison paper 

Z i e l k e  and Urban (1981) d e s c r i b e  a n  a p p l i c a t i o n  of t h e  e s t u a r y  

f i n i t e  element model developed by Hol tz  and N i t s c h e  (1980) t o  



f low on a  r i v e r  meandering i n  i t s  f l o o d  p l a i n .  Th i s  model a l s o  

t a k e s  accoun t  of t h e  v a r i a t i o n  of t h e  inunda ted  a r e a  of t h e  

f l o o d  p l a i n  i n  t ime.  H e r r l i n g  (1982) a l s o  a p p l i e d  a n  e s t u a r y  

model t o  r i v e r  f low. King and Norton (1978) and Lee (1980) 

both  d e s c r i b e  t h e  a p p l i c a t i o n  of Tseng ' s  model t o  p a r t i c u l a r  

c a s e  s t u d i e s .  King and Norton draw a t t e n t i o n  t o  l a r g e  e r r o r s  

w i t h i n  t h e  model f o r  t h e  c o n t i n u i t y  e q u a t i o n  ( 5 4 %  i n  t h e  worse 

c a s e ) .  Lee p o i n t s  ou t  t h e  d i f f i c u l t i e s  i n  r e p r e s e n t i n g  t h e  

bottom topography and roughness v a r i a t i o n s  and q u e s t i o n s  

whether a  new approach i s  needed. Tseng 's  model i s  based upon 

q u i t e  l a r g e  f i n i t e  e l ements  wi th  a  q u a d r a t i c  v a r i a t i o n  of 

v e l o c i t y  i n  each.  

Su, Wang and Alonso (1980) have developed a  model f o r  two 

d imens iona l  f low w i t h i n  a  r i v e r  channe l .  They a p p l i e d  t h e i r  

model t o  i n v e s t i g a t e  f low a t  channe l  j u n c t i o n s .  The model 

c o n t a i n e d  a  l i n e a r i z a t i o n  of t h e  flow e q u a t i o n s ,  p u t t i n g  t h e  

c o n v e c t i o n  term i n  p a r t i c u l a r  a t  t h e  o l d  t i m e  o r  i t e r a t i o n .  

The approach was t h e r e f o r e  s i m i l a r  t o  t h a t  adopted f o r  t h e  

p r e s e n t  i n v e s t i g a t i o n  and some of t h e  consequences of t h i s  

r e p r e s e n t a t i o n  of t h e  convec t ion  term a r e  d e s c r i b e d  i n  c h a p t e r  

5 below. 

Some o t h e r  f i n i t e  e lement  s o l u t i o n s  of t h e  f l o o d  p l a i n  f l o w  

e q u a t i o n s  have been pub l i shed  i n  which t h e  tests r e p o r t e d  were 

r e s t r i c t e d  t o  r e c t a n g u l a r  meshes over  r e c t a n g u l a r  domains and 

thus  geomet r i c  problems were avoided.  T a y l o r  (1976) looked a t  

t h e  runoff  over  a  h i l l  s l o p e  and f o r  h i s  t e s t s  t h e  convec t ion  

t e rm i n  t h e  dynamic e q u a t i o n  was smal l  i n  comparison wi th  t h e  
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CHAPTER 2 

THE MATHEMATICAL MODEL 

In this chapter we develop the two-dimensional depth integrated 

flow equations and analyse some of their properties. The 

integration of fluid flow equations through the flow depth is 

not new, see for exarnple Dronkers (1964), Leendertse (1967) and 

Kuipers and Vreugdenhil (1973). However, the treatment of the 

convection term (U. V)u presented here differs from the - --  

approach usually adopted. This difference is not superficial 

since it can affect both the type of the set of partial 

differential equations and the conditions under which a steady 

flow uodel may exhibit closd streamlines (see Sections 2.2.3, 

2.4.3 and 2.6 below). The equations are also derived in terms 

of the unit flow vector q rather than the depth mean velocity 

vector U. 

Having derived in detail the depth integrated flow equations in 

Section 2.2, the representation of turbulent stresses is 

discussed only briefly in Section 2.3 since in the 

computational studies these stresses were neglected. The 

practical significance of these stresses, however, is discussed 

in Section 2.4.2 where estimates are giver1 of the typical 

widths of the shear layers at the edges of the flow field and 

at the boundary between the main channel and flood plain. 

The three sets of model equations used as a basis of practical 

computations are then set out in Section 2.5, being steady 



f r i c t i o n  c o n t r o l l e d  f low and s t e a d y  and u n s t e a d y  f l o w  w i t h  

f r i c t i o n  and c o n v e c t i o n .  I n  S e c t i o n  2.6 we examine t h e  t y p e  of 

t h e s e  e q u a t i o n s  and what a r e  a p p r o p r i a t e  boundary  d a t a .  Some 

a s p e c t s  of t h e s e  problems a r e  no t  f u l l y  r e s o l v e d .  F i n a l l y ,  i n  

S e c t i o n  2.7 we p r e s e n t  t h e  s t e a d y  f l o w  e q u a t i o n s  i n  t h e  

c u r v i l i n e a r  o r t h o g o n a l  c o - o r d i n a t e  s y s t e m  based upon t h e  

s t r e a m l i n e s  of  t h e  f low.  T h i s  form of t h e  e q u a t i o n  i s  

c o n v e n i e n t  f o r  manual c a l c u l a t i o n s  of  t h e  magni tude  of  v a r i o u s  

t e rms .  

2 .1  Assumpt ions  

T h e r e  a r e  a t  l e a s t  f o u r  d i s t i n c t  phases  i n  d e v e l o p i n g  a 

d e t e r m i n i s t i c  computer  based  model of any  p r o t o t y p e  s i t u a t i o n .  

They a r e :  

1. d e t e r m i n e  t h e  r e l e v a n t  p h y s i c s  of t h e  r e a l  l i f e  

s i t u a t i o n ;  

2. e x p r e s s  t h e  p h y s i c s  i n  a c o n v e n i e n t  symbo l i c  form - t h e  

m a t h e m a t i c a l  model; 

3. c o n s t r u c t  a l g o r i t h m s  t o  approx ima te  t h e  m a t h e m a t i c a l  model 

e q u a t i o n s  - t h e  n u m e r i c a l  model; 

4 .  i n c o r p o r a t e  d a t a  which l i n k  t h e  n u m e r i c a l  model t o  t h e  

p r o t o t y p e .  

T h i s  c h a p t e r  i s  conce rned  w i t h  t h e  f i r s t  two of t h e s e  s t e p s ;  

t h e  o t h e r  two s t e p s  a r e  d i s c u s s e d  i n  t h e  r ema inde r  of t h e  

t h e s i s .  

A t  t h e  o u t s e t  t h e  f o l l o w i n g  a s s u m p t i o n s  w i l l  be  made: 



Newtonian mechanics a r e  a p p r o p r i a t e ;  

t h e  f low is t u r b u l e n t ;  

t h e  f l u i d  d e n s i t y  is uniform;  

t h e  f l u i d  is incompress ib le ;  

v e r t i c a l  a c c e l e r a t i o n s  a r e  n e g l i g i b l e ;  

t h e r e  a r e  no t a n g e n t i a l  s t r e s s e s  on t h e  a i r l w a t e r  f r e e  

s u r f a c e ;  

t h e  e f f e c t s  of t h e  e a r t h s  r o t a t i o n  can be n e g l e c t e d ;  

t h e  s p a t i a l  v a r i a t i o n  of a tmospher ic  p r e s s u r e  can  be 

n e g l e c t e d ;  

t h e  r i v e r  bed does  no t  change w i t h  t ime.  

Other  more d e t a i l e d  assumpt ions  n e c e s s a r y  t o  d e r i v e  p a r t i c u l a r  

model e q u a t i o n s  a r e  i d e n t i f i e d  a s  a p p r o p r i a t e .  A l l  t h e  above 

assumpt ions  a r e  r e a s o n a b l e  f o r  t h e  c o n s t r u c t i o n  of a  model of 

t h e  bulk  f low i n  a  r i v e r  and over  i t s  f l o o d  p l a i n .  Obviously 

some of t h e  assumpt ions  can  be r e l a x e d ,  g i v i n g  d i f f e r e n t  f low 

e q u a t i o n s  wi th  a  d i f f e r e n t  range of a p p l i c a b i l i t y .  T y p i c a l  of 

t h e  r e s t r i c t i o n s  f o r c e d  by t h e s e  assumpt ions  i s  t h e  n e g l e c t  of 

secondary f lows (assumpt ion 5). These f lows  occur  a t  s h a r p  

changes i n  t h e  r i v e r  bed, s e e  f o r  example Knight e t  a 1  (1983) ,  

and around r i v e r  bends, s e e  Henderson (1966) and Kalkwijk  and 

de  Vriend (1980).  The l a t t e r  a u t h o r s  show how t h e  mathemat ica l  

model can  be augmented t o  i n c l u d e  a  c e r t a i n  c l a s s  of secondary 

f lows .  

The s t a r t i n g  p o i n t  f o r  producing t h e  two d imens iona l  

ma themat ica l  model i s  t h e  f u l l  t h r e e  d imens iona l  f l u i d  f low 



equations. These are derived from applying Newton's principles 

of mass and momentum conservation to the motion of a fluid 

element, see sections 2 . 2  and 3 . 2  of Batchelor ( 1 9 6 7 ) .  In 

cartesian coordinates these equations are: 

atp + !.(P%) = 0 ( 2 . 1 )  

pat!+ P!.& = =++.S . ( 2 . 2 )  

Here, u_ is the three dimensional velocity vector, p is the 

fluid density, FF_ represents the body forces and _ois the - 
tensor of internal stresses within the fluid. The gradient 

operator 1 above has components in all three directions. 

However, unless explicitly stated to the contrary in the 

remainder of this thesis, the operator will be restricted to 

tdo plan dimensions, that is in cartesian coordinates 

V = e  - -X ax + e a  -Y Y 

2 .2  Derivation of the two dimensional flow equations 

2 . 2 . 1  The continuity equation 

Assumptions 3  and 4  in section 2 . 1  implies that the three 

dimensional continuity equation ( 2 . 1 )  can be simplified to: 

axu + a V + aZw = o 
Y 

( 2 . 3 )  

The continuity equation for 2D flow in plan is derived by 

integrating ( 2 . 3 )  over the depth of the Elod and applying the 

appropriate boundary conditions at the bed and the free surface 

which are: 

a r o +  U% z o +  V a zo - W = 0 t Y ( 2 . 4 )  

where z0 = b for the river bed and zo = h for the free surface, 

see Fig 2.1.  Assumption 9  implies that 3 b = 0. This process 
t 



D e f i n i n g  t h e  u n i t  f l o w s  q  and q  by: 
X Y 

we o b t a i n  t h e  c o n t i n u i t y  e q u a t i o n  used i n  t h e  model 

_ v .  g +  ath = 0 (2 .7 )  

t 
w i t h  g = (qX q y )  . The form of t h e  c o n t i n u i t y  e q u a t i o n  i n  

t e rms  of d e p t h  mean v e l o c i t i e s  u sed  by some worke r s  ( s e e  t h e  

l i t e r a t u r e  r ev iew i n  s e c t i o n  1 .3)  i s :  

V . (D IJ) + a t D  = 0 - ( 2 . 8 )  

where  D i s  t h e  f low d e p t h  ( h  - b) and t h e  mean v e l o c i t y  v e c t o r  

U i s  d e f i n e d  as: - 
F = g/D ( 2 . 9 )  

Comparing e q u a t i o n s  (2 .8)  and (2 .1 )  i t  is e v i d e n t  t h a t ,  

a l t h o u g h  t h e  f l o w  is  i n c o m p r e s s i b l e ,  a  form of c o m p r e s s i b i l i t y  

h a s  been r e i n t r o d u c e d  i n t o  t h e  f l o w  e q u a t i o n s  th rough  t h e  

e x i s t e n c e  of  a f r e e  s u r f a c e .  The d e p t h  D now p l a y s  t h e  r o l e  of 

t h e  d e n s i t y  i n  ( 2 . 1 ) .  It w i l l  be s e e n  t h a t  t h e  s o l u t i o n s  of 

t h e  two-dimensional  e q u a t i o n s  f o r  r i v e r  f l o w  e x h i b i t  some of  

t h e  same phenomena as c o m p r e s s i b l e  aerodynamic  f lows .  

2.2.2 The dynamic e q u a t i o n  

The dynamic e q u a t i o n  is o b t a i n e d  by a d e p t h  i n t e g r a t i o n  of  

e q u a t i o n  (2 .2) .  However, t h e  p r o c e s s  is  somewhat n o r e  

c o m p l i c a t e d  t h a n  t h e  d e r i v a t i o n  of e q u a t i o n  (2 .7)  d e s c r i b e d  

above.  I t  is w e l l  known t h a t  t h e  h o r i z o n t a l  v e l o c i t y  



components  U and v  v a r y  w i t h  d e p t h .  I n  o r d e r  t o  i n c o r p o r a t e  

t h i s  v a r i a t i o n  i n t o  t h e  model  we assume t h a t  w e  c a n  d e f i n e  a 

v e r t i c a l  v e l o c i t y  p r o f i l e  which i s  common t o  U and v ,  t h u s :  

U = U @ z )  ; v  = v N Z )  ( 2 . 1 0 )  

whe re  U and  V are t h e  components  of  t h e  d e p t h  mean v e l o c i t y  

v e c t o r  g i n  e q u a t i o n  ( 2 . 9 ) .  T h i s  a s s u m p t i o n  r e s t r i c t s  t h e  

model  t o  where  t h e  f l o w  i s  w e l l  mixed v e r t i c a l l y  and d o e s  n o t  

c h a n g e  d i r e c t i o n  i n  t h e  v e r t i c a l  and  i s  n o t  s t r a t i f i e d .  

F u r t h e r m o r e ,  t h e  f o r w  of  @ ( z )  i n  ( 2 . 10 )  i s  assumed t o  be t n e  

same f o r  s t e a d y  and u n s t e a d y  f l o w  c o n d i t i o n s .  

The  s o l e  body f o r c e  a c t i n d  on t h e  f l u i d  i s  g r a v i t y .  Thus t h e  

term F i n  e q u a t i o n  ( 2 . 2 )  i s  g i v e n  by: 

F = -  - g_ez (2 .11 )  

T h e  i n t e r n a l  s t ress  t e n s o r  i s  s e p a r a t e d  i n t o  a n  i s o t r o p i c  p a r t  

( t h e  m e c h a n i c a l  p r e s s u r e ,  p)  and  d e v i a t o r i c  p a r t  1, whose 

e x i s t e n c e  is s o l e l y  d u e  t o  t h e  f l u i d  mo t ion :  

a = p d + ~  - - - 
( 2 . 1 2 )  

whe re  - h i s  t h e  i s o t r o p i c  t e n s o r  and ( i n  t h r e e  d i m e n s i o n s )  
- 

- 
1 - -E' ( 2 . 1 3 )  

F i r s t  of  a l l ,  c o n s i d e r  mot ion  i n  t h e  v e r t i c a l  d i r e c t i o n .  The 

a s s u m p t i o n  t h a t  v e r t i c a l  a c c e l e r a t i o n s  are small i m p l i e s  t h a t  

t h e  c o r r e s p o n d i n g  d e v i a t o r i c  p a r t  of t h e  s t r e s s  t e n s o r  is a l s o  

small. I n t e g r a t i n g  t h e  a p p r o p r i a t e  component  of  t h e  dynamic  

e q u a t i o n  ( 2 . 2 )  o v e r  t h e  d e p t h  we o b t a i n :  

( a Z p  + m) dz  = c o n s t a n t  

Hence: 

p ( z )  + ~z = c o n s t a n t  

On t h e  f r e e  s u r f a c e  p  = Pa ,  t h e  a t m o s p t ~ e r i c  p r e s s u r e ,  t h u s :  



which is t h e  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n .  

Now c o n s i d e r  one  of t h e  h o r i z o n t a l  components  of t h e  dynamic 

e q u a t i o n ,  i n  t h e  d i r e c t i o n  s a y ,  and i n t e g r a t e  t h i s  t h r o u g h  

d e p t h .  

Examining t h e  t e rms  i n  (2 .15 )  i n d i v i d u a l l y  we have: 

h  
atu dz  = atqx + U atb - U ath (2 .16 )  

b 

Using e q u a t i o n  ( 2 . 3 )  t h e  second t e rm i n  (2 .15)  becomes: 

The t h i r d  t e rm i n  e q u a t i o n  (2.15) becomes: 

s i n c e  €roan a s sumpt ion  d i n  s e c t i o n  2 . 1  a Pa = 2 .  
X 

The s t r e s s  te rms on t h e  RHS of e q u a t i o n  2.15 become: 



i n  which t h e  f i n a l  term i s  t h e  d i f f e r e n c e  of t h e  s t r e s s e s  on 

t h e  f r e e  s u r f a c e  and t h e  bed. 

Although t h e  e f f e c t i v e  s t r e s s e s  on t h e  a i r f w a t e r  i n t e r f a c e  can  

be r e a d i l y  q u a n t i f i e d ,  s e e  f o r  example Heaps (1969) ,  they  a r e  

excluded from t h i s  model of f l o o d  p l a i n  f low.  S i g n i f i c a n t  wind 

s t r e s s e s  only  occur  a t  h igh  wind speeds  i n  excess  of abou t  

20m/s ( g a l e  f o r c e  8  and s t r o n g e r ) .  

The bed s t r e s s e s  on t h e  RHS of e q u a t i o n  (2.21) may be 

c a l c u l a t e d  from one of s e v e r a l  e m p i r i c a l  formulae  of t h e  

g e n e r a l  form ( a t  z 0  = b) :  

- - ky ayzO = 0.125 p f u  (U 2 + v 2 ) b  (2 .22)  % b = % z  % x a x Z 0  

where f  i s  t h e  Darcy f r i c t i o n  f a c t o r  and u  and v  a r e  t h e  

components of t h e  d e p t h  mean v e l o c i t y  v e c t o r  - u  of e q u a t i o n  

( 2 . 9 ) .  Henderson (1966) p r e s e n t s  t h e  f o l l o w i n g  forms of t h e  

f r i c t i o n  f a c t o r  which a r e  i n  c o m o n  e n g i n e e r i n g  use:  

1. Chezy 's  law: 

f  = llgc-2 

where C is t h e  Chezy c o e f f i c i e n t  which has  d imensions  

L ~ T -  1 

2. Manning's e q u a t i o n :  

= 8gn%-1/3 ( 2 . 2 4 )  

where n  i s  .%nningls roughness c o e f f i c i e n t  and D t h e  depth  

of f low. Manning's n  has  d imensions  L - ' / ~ T  



3. Colebrook-White equation (rough-turbulent) 

f = (2 loglO (14.8 D/ks j r 2  (2.25) 

where k is the roughness size, having dimensions of 
S 

length. The constant 14.8 is not precisely defined, see 

Ackers (1958) and Reynolds (1974). Any changes to its 

value will merely alter the roughness size used in 

calibrating the model. 

Ackers also shows that Manning's equation (2.24) is an 

approximation to the Colebrook-White equation (2.25) provided 

that: 

n = 0.038 ks l/b 

and 

7 ks < U < 140ks 

Changing to natural logarithms equation (2.25) may be written 

as: 

- - - a l  (ln (14.8U/ks)) 2 (2.26a) 
f 

where the constant a l  has the value 32(log e) 2. This equation 
10 

for f becomes singular as U tends to zero. Following Ackers 

(1958) we may replace the logarithm by a power law for small 

depths thus: 

8 
- = a 2  &)a3 for D <a,, 

ks 
(2.2bb) 

f 
S 

Once the exponent a 3  has been chosen, the cross over point 

between (2.2ba) and (2.26bj and the constant a p are determined 

by the conditions for f to be continuous and to have a 

continuous derivative with respect to depth at D = a k . In 4 S 

this 



i n v e s t i g a t i o n ,  a  h a s  been s e t  t o  1 .0  and t h e  n u m e r i c a l  v a l u e s  

of t h e  o t h e r  c o n s t a n t s  a r e :  

a l  = 6.035574304 

a 2  = 48.35610855 

a,, = 0.499260542 

The model program c o n t a i n s  a l l  t h r e e  f r i c t i o n  laws  t o  

f a c i l i t a t e  compar ison  w i t h  o t h e r  s t u d i e s  and e x p e r i m e n t a l  d a t a .  

When t r y i n g  t o  r e p r o d u c e  s c a l e  p h y s i c a l  model r e s u l t s  t h e  

Colebrook-Uhi te  e q u a t i o n  shou ld  be used  s i n c e  t h e  p a r a m e t e r  k  
S 

may be  r e a d i l y  r e l a t e d  t o  t h e  s u r f a c e  f i n i s h  of t h e  model. Fo r  

c a l i b r a t i n g  a model a g a i n s t  f i e l d  d a t a  e i t h e r  t h e  Colebrook- 

White o r  Manning's  e q u a t i o n  shou ld  be used .  However, many 

European and American e n g i n e e r s  u s e  t h e  Chezy e q u a t i o n  because  

of i t s  s i m p l i c i t y .  Ackers  (1958)  shows how t h e  Colebrook-White 

r e s i s t a n c e  law c a n  be l i n k e d  t o  t h e  l o g a r i t h m i c  v e l o c i t y  

p r o f i l e  o f t e n  assumed f o r  t h e  f u n c t i o n  NZ) i n  e q u a t i o n  (2 .10 ) .  

The l o g a r i t h m i c  p r o f i l e  canno t ,  however, be  used  n e a r  t h e  bed 

where i t  becomes s i n g u l a r .  

Reassembl ing  t h e  dynamic e q u a t i o n  ( 2 . 1 5 )  from t h e  e x p a n s i o n s  i n  

e q u a t i o n s  ( 2 . 1 6 )  t o  ( 2 . 2 2 )  we have:  

s i n c e  t h e  o t h e r  te rms on t h e  f r e e  s u r f a c e  and t h e  bed cance l  

e x a c t l y  on a p p l i c a t i o n  of t h e  k i n e m a t i c  boundary c o n d i t i o n  

( 2 . 4 ) .  Using t h e  v e l o c i t y  p r o f i l e  e q u a t i o n  (2 .10 )  t h e  d e p t h  

mean s q u a r e  v e l o c i t i e s  i n  ( 2 . 2 7 )  c a n  be w r i t t e n  a s :  



where t h e  c o e f f i c i e n t  a i s  d i m e n s i o n l e s s  and g r e a t e r  t h a n  o r  

e q u a l  t o  1, and i s  g i v e n  by: 

h  
= 1 @ 2 d z /  D 

b  

F o r  conven ience  t h e  f u n c t i o n  @ c a n  a l s o  be t r e a t e d  as a  power 

law i n  d e p t h  t h a t  is: 

N Z )  (2  - b )  
P  

w i t h  p l y i n g  i n  t h e  r a n g e  116 t o  1 /10 .  Samuels  and Gray (1982) 

show t h a t  f o r  t h i s  form of  @ t h e  c o r r e s p o n d i n g  v a l u e  of a l i e s  

i n  t h e  r a n g e  1.021 t o  1 .008,  and a i s  i n d e p e n d e n t  of d e p t h .  

The t r e a t m e n t  of t h e  h o r i z o n t a l  component of t h e  dynamic 

e q u a t i o n  i n  t h e  d i r e c t i o n  e f o l l o w s  i n  a  similar f a s h i o n .  
Y 

D e f i n i n g  t h e  2-D exchange  v e c t o r  - T  = (T 
X' T ~ ) ~  a s :  

w e  may wri te  t h e  dynamic e q u a t i o n  i n  v e c t o r  form a s :  

1 1 
- a g + -  v .  ( a q  ¶ / D )  + q ( q ( / ~ 2 +  = T 
gD t gl) - - ( 2 . 3 0 )  

where  g g i s  a d i a d i c  t e n s o r  and K '  i s  d e f i n e d  by: 

K' = 8 g ~ 3 / f  



The f r i c t i o n  f a c t o r  f  depends upon dep th  accordng t o  e q u a t i o n s  

(2 .23) ,  (2 .24)  and (2 .25)  and an e q u i v a l e n t  formula  f o r  K Z  i s  

K '  = CD' (2.31b) 

The power p i s  3 f o r  Chezy's e q u a t i o n ,  1013 f o r  Manning's 

e q u a t i o n  and l i e s  between 3  and 4  f o r  t h e  Colebrook-White 

e q u a t i o n  wi th  t h e  power law e x t e n s i o n  f o r  smal l  dep ths .  

2.2.3 2 

Two d i f f e r e n t  approaches  a r e  p o s s i b l e  i n  d e r i v i n g  t h e  dynamic 

e q u a t i o n .  F i r s t l y ,  i n s t e a d  of us ing  t h e  v e l o c i t y  d i s t r i b u t i o n  

c o e f f i c i e n t  a of  e q u a t i o n  (2.28) t h e  dep th  i n t e g r a t e d  

c o n v e c t i o n  t e n n  may be w r i t t e n  a s  f o l l o w s :  

s i n c e  u 2  = (U - (U - u ) ) ~  and Jh U (U - u)dz = 0 .  S i m i l a r l y :  
b  

Kuipers  and Vreugdenhi l  (1973) and Fa lconer  (1977) draw a n  

ana logy  between t n e  terms i n v o l v i n g  t h e  d e p a r t u r e s  from t h e  

mean v e l o c i t i e s ,  ( U  - U) e t c ,  and t h e  Keynolds s t r e s s  terms i n  

t u r b u l e n c e    no del ling and sugges t  t h a t  they can be i n c o r p o r a t e d  

i n t o  t h e  model i n  t h e  same way a s  t h e  t u r b u l e n c e  s t r e s s e s .  The 

v a l u e s  of t h e  d e p a r t u r e s ,  (U - U), a r e  l a r g e s t  n e a r  t h e  bed and 

t h e  terms which i n v o l v e  t h e s e  d e p a r t u r e s  can  be argued t o  

i n t r o d u c e  a  form of d i s p e r s i o n  i n t o  t h e  model. Although 

p l a u s i b l e ,  t r e a t i n g  t h e s e  d i s p e r s i v e  terms i n  t h e  same way a s  



t u r b u l e n t  s t r e s s e s  i m p l i e s  t h a t  a  model of s t e a d y  flow w i t h  

convec t ion  can e x h i b i t  c l o s e d  s t r e a m l i n e s  i n  t h e  absence  of 

o t h e r  e f f e c t i v e  s t r e s s e s .  Th i s  i s  shown i n  c e r t a i n  

c i r c u m s t a n c e s  t o  be f a l s e  i n  s e c t i o n  2.4.3 below. Also t h e  

e q u a t i o n s  (2.34) and (2.37) o b t a i n e d  below by i n c l u d i n g  t h e s e  

d i s p e r s i v e  terms wi th  t h e  t u r b u l e n t  s t r e s s  terms when combined 

wi th  t h e  c o n t i n u i t y  e q u a t i o n  form a n  i n c o m p l e t e l y  p a r a b o l i c  

sys tem.  The a l t e r n a t i v e  f o r m u l a t i o n  of t h e  dynamic e q u a t i o n  

wi th  t h e  d i s t r i b u t i o n  c o e f f i c i e n t  a, however, g i v e s  a  

h y p e r b o l i c  system, s e e  s e c t i o n  2.6 below. 

N e v e r t h e l e s s ,  d e f i n i n g  T" analogous  t o  T  of e q u a t i o n  (2 .29a) .  
X '  X 

with  a  s i m i l a r  e q u a t i o n  f o r  T" we have t h e  dynamic equa t ion :  
Y 

1 1 - a q + - v . ( q q / ~ )  + g 1 s ( / ~ 2  + -0n = - F 
t gD - ( 2 . 3 4 )  

Here t h e  exchange v e c t o r  - T", (5, Vt, i n c l u d e s  t h e  d i s p e r s i v e  

terms from t h e  d e p a r t u r e  of t h e  f l u i d  v e l o c i t y  from i t s  d e p t h  

mean va lue .  

The dynamic e q u a t i o n  can a l s o  be w r i t t e n  i n  terms of t h e  d e p t h  

mean v e l o c i t y  v e c t o r  U. 

1 1 - ~ ( u D )  + -  v . ( a u  U D)  + u J u J D ~ / K ~ +  m = T 
gD t - g -  - -  - - - - ( 2 . 3 6 )  

Or, i f  t h e  v e l o c i t y  d i s t r i b u t i o n  c o e f f i c i e n t  a i s  s e t  t o  1 and 



t h e  exchange v e c t o r  is modi f i ed  a s  i n  (2 .33)  above:  

1 l a u  + - ( U . V ) U  + u ( u J D ~ / K ~ +  h = F g t- g - - -  - -  - (2 .37)  

which i s  t h e  form of t h e  dynamic e q u a t i o n  u s e d ,  f o r  example,  by 

Uronkers  (1964) ,  L e e n d e r t s e  (1967) ,  Ku ipe r s  and Vreugdenh i l  

(1973) .  F a l c o n c e r  (1977) and Vreugdenh i l  and Wijbenga (1982).  

2.3 The e f f e c t s  of t u r b u l e n c e  

The d e r i v a t i o n  of t h e  two-dimensional  d e p t h  ave raged  e q u a t i o n s  

(2 .7 )  and (2.30) h a s  n o t  t aken  e x p l i c i t  accoun t  of t h e  

t u r b u l e n c e  of  t h e  f low.  The d e r i v a t i o n  of t h e  Reynolds  

e q u a t i o n s  of  t u r b u l e n t  f low i n v o l v e s  a n  a v e r a g e  o v e r  a  t ime  

s c a l e  t h a t  i s  l a r g e  compared wi th  t h a t  of  t u r b u l e n t  

f l u c t u a t i o n s  but  s m a l l  compared w i t h  v a r i a t i o n s  i n  t h e  b u l k  

f low,  s e e  f o r  example Rouse (1959) o r  Reynolds (1974).  T h i s  

a v e r a g i n g  p r o c e s s  is c o n c e p t u a l l y  s i m i l a r  t o  t h e  cont inuum 

h y p o t h e s i s ,  ( B a t c h e l o r ,  1!467), which u n d e r l i e s  f l u i d  dynamics.  

When w r i t t e n  i n  te rms of t h e  t u r b u l e n t  mean v e l o c i t i e s ,  e t c ,  

t h e  b a s i c  e q u a t i o n s  f o r  mass and momentum c o n s e r v a t i o n  a r e  t h e  

same a s  (2.1)  and (2 .2)  w i t h  t h e  stress t e n s o r  o c o n t a i n i n g  t h e  - - 

s o  c a l l e d  Reynolds s t r e s s e s  a s  w e l l  a s  t h e  v i s c o u s  s t r e s s e s .  

The d i s c u s s i o n  i n  s e c t i o n  2 .2 .2  makes no a s sumpt ion  on t h e  form 

of t h i s  s t r e s s  t e n s o r .  

These  Reynolds s t r e s s e s  a f f e c t  t h e  mean v e l o c i t y  p r o f i l e s  b o t h  

i n  p l a n  and i n  dep th .  The l o g a r i t h ~ n i c  v e l o c i t y  p r o f i l e  w i t h  

d e p t h  d i s c u s s e d  b r i e f l y  i n  s e c t i o n  2.2.2 r e s u l t s  from a  s i m p l e  



e m p i r i c a l  r e l a t i o n  between t h e  Reynolds  s t r e s s e s  i n  t h e  

v e r t i c a l  p l a n e  and t h e  f l o w  f i e l d ,  t h e  mix ing  l e n g t h  

h y p o t h e s i s ,  s e e  Appendix I of  Acke r s ,  (1958) .  I n  t h e  

h o r i z o n t a l  p l a n e  t h e  Reynolds  s t r e s s e s  produce  a l a t e r a l  

" d i f f u s i o n "  of momentum, t h e  s i z e  of t h e  e f f e c t  be ing  r e l a t e d  

i n  a complex manner t o  t h e  bulk  f low f i e l d .  The i n c l u s i o n  of 

t h e  Reynolds  s t r e s s e s  i n  t h e  f low e q u a t i o n s  r e q u i r e s  some form 

of  t u r b u l e n c e  model. The s i m p l e s t  of t h e s e  i n t r o d u c e  no e x t r a  

e q u a t i o n s  i n t o  t h e  sys t em,  whereas  o t h e r s  i n t r o d u c e  one  o r  more 

a d d i t i o n a l  e q u a t i o n s  which d e s c r i b e  t h e  t r a n s p o r t  of 

c h a r a c t e r i s t i c  f e a t u r e s  of t h e  t u r b u l e n c e  f i e l d .  For  a 

d i s c u s s i o n  of t u r b u l e n c e  models s e e  Rodi  (1980) .  The s i m p l e s t  

t u r b u l e n c e  c l o s u r e s  l e a d  t o  e q u a t i o n s  f o r  T o r  T" l i k e :  - 
T = 3 v 2 C  (2 .38a )  

o r  

T  = 5 v 2 q  - (2 .38b)  g 

where E and 5 may be t a k e n  as c o n s t a n t  o r  may be r e l a t e d  t o  1 

some p a r a m e t e r s  o f  t h e  f low f i e l d  such  as d e p t h  and l o c a l  

v e l o c i t y  z r a d i e n t .  F a l c o n e r  (1977) examined t h e  u s e  of  

t u r b u l e n c e  models f o r  mode l l i ng  j e t  i nduced  Elows i n  h a r b o u r s .  

He conc luded  t h a t  o n l y  t h e  s i m p l e s t  form of t u r b u l e n c e  model 

was j u s t i f i e d  f o r  h i s  p a r t i c u l a r  c a s e .  Vreugdenh i l  and 

Wijbenga (1982)  a l s o  used  t h e  r e p r e s e n t a t i o n  of t u r b u l e n t  ( o r  

e f f e c t i v e )  s t r e s s e s  g i v e n  by e q u a t i o n  (2 .38a) .  



2.4  The e f f e c t s  o f  v a r i o u s  terms i n  t h e  model  e q u a t i o n s  

2 . 4 . 1  P h y s i c a l  p a r a m e t e r s  

B e f o r e  f u r t h e r  a p p r o x i m a t i o n s  t o  t h e  f l o w  e q u a t i o n s  are  

d e v e l o p e d  i t  i s  n e c e s s a r y  t o  examine  t h e  r e l a t i v e  i m p o r t a n c e  o f  

t h e  v a r i o u s  terms i n  t h e  e q u a t i o n s .  T a b l e  2.1 g i v e s  r a n g e s  of  

v a l u e s  f o r  some of  t h e  p a r a l n e t e r s  f o r  B r i t i s h  r i v e r s .  The 

g e n e r a l  p i c t u r e  i s  t h a t  o v e r  mode ra t e  d i s t a n c e s ,  s a y  a few 

k i l o m e t r e s ,  t h e  f l o w  a t  t h e  f l o o d  peak  may be t a k e n  a s  

a p p r o x i m a t e l y  s t e a d y  w i t h  t h e  f r i c t i o n  s l o p e  b a l a n c i n g  t h e  

s u r f a c e  s l o p e .  L o c a l l y  o t h e r  e f f e c t s  may become i m p o r t a n t ,  

d e p e n d i n g  upon  t h e  t o p o g r a p h i c  f e a t u r e s  o f  t h e  r i v e r  v a l l e y .  

2 . 4 . 2  The e f f e c t i v e  stresses 

The s i m p l e  t u r b u l e n c e  c l o s u r e  model  e q u a t i o n  (2 .38 )  g i v e s  r i se  

t o  boundary  o r  s h e a r  l a y e r s  i n  t h e  s o l u t i o n  t o  t h e  f l o w  

e q u a t i o n s .  V r e u g d e n h i l  and  Wi jbenga  (1982 )  show how t h e s e  

bounda ry  l a y e r s  c a n  a l t e r  t h e  t o t a l  c o n v e y a n c e  of  a c r o s s  

s e c t i o n .  The  t h i c k n e s s  o f  t h e  bounda ry  l a y e r s  d e p e n d s  upon t h e  

e f f e c t i v e  d i f f u s i v i t y  p a r a m e t e r  E o f  e q u a t i o n  ( 2 . 3 8 ) .  

D i f f e r e n t  v a l u e s  o f  E p roduce  d i f f e r e n t  v e l o c i t y  d i s t r i b u t i o n s  

a c r o s s  t h e  r i v e r  and  f l o o d  p l a i n  which  i n  t u r n  p r o d u c e  

d i f f e r e n t  t o t a l  bed s t ress  f o r  t h e  c r o s s  s e c t i o n .  Approx ima te  

v a l u e s  f o r  t h e  boundary  l a y e r  t h i c k n e s s  a r e  d e r i v e d  below.  

C o n s i d e r  s t e a d y  f l o w  i n  t h e  X d i r e c t i o n  a t  a s e c t i o n  a c r o s s  t h e  

r i v e r  and f l o o d  p l a i n  whe re  t h e  c h a n n e l  i s  s t r a i g h t  and  the  

f l o w  d e p t h s  f o r  t h e  c h a n n e l  and  f l o o d  p l a i n  are c o n s t a n t  b u t  



Parameter  

TABLE 2.1 

PARAMETER RANGES FOR UK RIVERS 

Channel Flood p l a i n  

range t y p i c a l  r ange  t y p i c a l  

width  (m) 5  t o  200 30 0  t o  2000 500 

d e p t h  of f low (m) 1 t o  10 5  0  t o  4 1 

v e l o c i t y  (m/s)  0.5 t o  3  1 0  t o  2  0 . 3  

s t reamwise  10-2  t o  10- 5 x 1 0 - ~  1 0 - 2 t o 1 0 - 5  5x10-4 

s u r f a c e  s l o p e  

t r a n s v e r s e  s u r f a c e  up t o  - up t o  10- 3 - 
s l o p e  10-2 l o c a l l y  l o c a l l y  

r a d i u s  of n a t u r a l  - > l 0 0  

c u r v a t u r e  of >30 

s t r e a m l i n e s  (m) n e a r  s t r u c t u r e s  

0  ( 1 )  - 0  ( 1 )  

r a t e  of change up t o  

of s u r f a c e  l W 3  ( t i d a l )  - 0  ( m 5 )  

e l e v a t i o n  

(m/s)  10-4 ( f l u v i a l )  10-5 

f r i c t i o n  s l o p e  10-2  t o  10- 5 5 x 1 0 - ~  10-2 t o  10- 5x10-4 

temporal  

a c c e l e r a t i o n  0  ( 1 0 - ~ )  
2  1 8  (m/s o r  l e s s  

- 0  (10- 5) 

o r  l e s s  



dlfferent, see Fig 2.2. The dynamic equation for the lateral 

distribution of the stream velocity U is: 

fU2/8~ + gaxh = U (2.39) 
YY 

We may set the surface slope a h to -S, a constant, where s > 
X 

0, and the dynamic equation becomes 

fU2/8lI = gs + dl" (2.40) 

in which the primes denote differentiation with respect to y. 

Multiplying by U' we obtain the first integral 

where c is a constant of integration, u 2  = BgDs/f and 
0 

p = 8Ddf. Now suppose that the cross section is semi-infinite 

laterally with the flow at the left hand wall y = O unaffected 

by the conditions to the right. From equation (2.40) we deduce 

tnat U + U as y + m and we use this condition to determine the 
0 

constant of integration c as 2u3/3. 
0 

Defining the velocity deficit v as U -U we find 
0 

(v') = v 2  [2u0/ p - 2v/3p] (2.41) 

Equation (2.41) can be solved analytically for the current 

simple geometry by employing some further substitutions. 

Firstly, let 112 denote 2U/ p and v denote 2v/3 p; equation 

(2.41) becomes 

= v2 ( 112 - P) 

NOW set c2 = 112 - p and the differential equation becomes 

4c2(c1)2= ($- ~ 2 ) ~  c2 



The ambiduity in sign will be resolved by appealing to the 

physical characteristics of the flow. Integrating the above 

gives 

2 arctanh( r/ $ = _+ yq + 2c 

where c is another constant of integration. Reverting to the 

original notation we have 

U(y) = U. [3 tanh2 [?(uo/2 p)' y + c ] -2 1. 
The constant c is deter~nined from the boundary condition U = O 

at y = giving c = arctanh[tJ(2/3)] that is 

c = fin [(n+n)/(n-n)]f = t 1.1462. 

At the edge of the flow we require that U > 0 which allows us 

to resolve the ambiguity of signs to give 

4 U(y) = u0[3 tanh 2[(~ 120) y + 1.1462 } -2 1. 
0 

(2.42) 

The boundary layer thicKness is commonly taken to be the 

distance over which the velocity deficit reduces to 0.01 of the 

free stream value. Putting U(6) = 0.99Uo in equation (2.42) 

gives the boundary layer thickness 6 as 

6 = 3.39 (@Uo) i 

Substituting the values of p and U gives 
0 

In order to calculate the size of the boundary layer we need to 

estimate the typical magnitude of the turbulent exchange 

parameter E, which has SO far been assumed constant. 

Vreugdenhil and Wijbenga (1982) give the following estimate 

based upon the experimental work of Lean and Ueare (1979), 



E = 0 . 0 1 6 ( N (  (2 .44 )  

Here 1 B]( i s  t h e  v e l o c i t y  of d i f f e r e n c e  a c r o s s  t h e  s h e a r  l a y e r  

which w e  may t a k e  t o  be U o .  S u b s t i t u t i n g  t h e s e  v a l u e s  i n  

e q u a t i o n  (2 .43 )  and s i m p l i f y i n g  g i v e s  

d = 0.92 D/f (2 .45 )  

Vreugdenh i l  and Wijbenga a l s o  g i v e  some sample  computa t ions  

assuming E = 3.0m2s-l and E = 1.0m2s-l.  

A f u r t h e r  estimate of  E i s  a v a i l a b l e  from t h e  t e x t  by Cunge, 

H o l l y  and Verwey (1980) .  When d i s c u s s i n g  p o l l u t i o n  m o d e l l i n g  

t h e s e  a u t h o r s  s u g g e s t  a c r o s s  s t r e a m  exchange  c o e f f i c i e n t  of  

t h e  form 

E = hU*D (2 .46 )  

where  t h e  c o n s t a n t  h l i e s  i n  t h e  r ange  (0 .25 ,  0 . 7 )  and t h e  

f r i c t i o n  v e l o c i t y  U* is r e l a t e d  t o  t h e  bed stress a by 

U* = ( $1  P) 
B 

Using e q u a t i o n  (2.22) f o r  t h e  bed stress w e  have 

E = mu ( f  1 8 )  k (2 .47 )  

We n o t e  t h a t  t h e  t u r b u l e n t  exchange  pa rame te r  now depends  upon 

t h e  f l o w  v e l o c i t y  U and t h u s  e q u a t i o n  (2.47) would g i v e  E = 0  

a t  t h e  edge  of t h e  f l o w  s i n c e  U = 0  t h e r e .  T h i s  of c o u r s e  i s  

u n a c c e p t a b l e  and presumably  r e s u l t s  from t h e  n e g l e c t  of  t h e  

u s u a l l y  i n s i g n i f i c a n t  v i s c o u s  s t r e s s e s  i n  t h e  d e r i v a t i o n  of 

(2 .46 ) .  Tak ing  a  mean v a l u e  of  h t o  b e  0.4 and a mean v a l u e  of 

U t o  be 0.5Uo and s u b s t i t u t i n g  i n t o  e q u a t i o n  (2 .43 )  a i v e s  

d = 2.5 D / £  t (2 .48 )  

T a b l e  2 .2  below g i v e s  t y p i c a l  v a l u e s  For t h e  boundary l a y e r  

w i d t h  a t  t h e  edge  of t h e  f l o o d  p l a i n  and t h e  main c h a n n e l  based  



upon the above estimates of the exchange parameter. The values 

are based upon the following physical parameters: 

Surface slope 0.0004 

Flood plain roughness size 3m 

Channel roughness size 0.3m 

Flood plain depth of flow 1.0m 

Channel depth of flow 10.0m 

Using the Colebrook-White equation (2.25) gives the friction 

factor f as 0.520 for the flood plain and 0.0344 for the 

channel and undisturbed flow velocities of 0.25m/s and 3 . 0 ~ 1 ~  

for the flood plain and channel respectively. 

Table 2.2 Estimates of boundary layer width in metres 

Channel Flood plain 

Equation (2.43) 

E = 1.0m%-I 

Equation (2.43) 

E = 3.0m%-l 

Equation (2.45) 

Equation (2.48) 



Comparing t h e s e  boundary l a y e r  s i z e s  w i t h  t h e  t y p i c a l  w id ths  of  

t h e  c h a n n e l  and f l o o d  p l a i n  quoted  i n  T a b l e  2.1 s u g g e s t s  t h a t ,  

whereas t h e  boundary l a y e r  a t  t h e  edge  of t h e  f l o o d  p l a i n  i s  

l o c a l i s e d ,  t h e  f l o w  o v e r  t h e  e n t i r e  wid th  of  t h e  main c h a n n e l  

i s  a f f e c t e d  by t h e  d r a g  from t h e  banks. The same c o n c l u s i o n  

c a n  be drawn a b o u t  t h e  i n f l u e n c e  of  t h e  s low moving f l o o d  p l a i n  

of on t h e  f low i n  t h e  main channe l .  The v e l o c i t y  may be 

a f f e c t e d  a c r o s s  t h e  e n t i r e  w i d t h  of  t h e  c h a n n e l ,  s e e  a l s o  F i g  4  

from t h e  p a p e r  by Vreugdenh i l  and Wijbenga (1982).  To e s t i m a t e  

t h e  i n f l u e n c e  of  t h e  s h e a r  f o r c e  from t h e  f a s t e r  c h a n n e l  f low 

on t h e  v e l o c i t y  d i s t r i b u t i o n  on t h e  f l o o d  p l a i n ,  we may r e p e a t  

t h e  c a l c u l a t i o n s  of e q u a t i o n s  (2 .44)  t o  (2.48) u s i n g  t h e  

c h a n n e l  v e l o c i t y  i n  e q u a t i o n  (2.44) and a  mean of h a l f  t h i s  

v a l u e  i n  e q u a t i o n  (2.47).  T h i s  g i v e s  e s t i m a t e s  of t h e  wid th  of  

t h e  s h e a r  l a y e r  on t h e  f l o o d  p l a i n  t o  be 69m u s i n g  e q u a t i o n  

(2 .44)  and 33m u s i n g  e q u a t i o n  (2 .47 ) .  Again,  g i v e n  t h a t  t h e  

f l o o d  p l a i n  i s  of t h e  o r d e r  of 500m wide,  we s e e  t h a t  t h e  s h e a r  

l a y e r  s h o u l d  n o t  i n f l u e n c e  t h e  f low ove r  i t s  e n t i r e  wid th .  

C l e a r l y  t h e  c u r r e n t  knowledge of t h e  magnitude of  t h e  t u r b u l e n t  

exchange para ine ter  E i s  u n s a t i s f a c t o r y  and t h e  above 

c o n c l u s i o n s  a r e  o n l y  t e n t a t i v e .  

The models d i s c u s s e d  i n  t h i s  t h e s i s  do n o t  c o n t a i n  any  

r e p r e s e n t a t i o n  of t h e  e f f e c t i v e  s t r e s s e s .  The re  a r e  two main 

consequences  of  t h i s  a s sumpt ion .  F i r s t l y ,  t h e  roughness  v a l u e s  

r e q u i r e d  t o  c a l i b r a t e  t h e  model a g a i n s t  p r o t o t y p e  d a t a  w i l l  be 

d i f f e r e n t ,  p o s s i b l y  s u b s t a n t i a l l y  s o ,  from t h o s e  f o r  a  model 

i n c l u d i n g  t h e  e f f e c t i v e  s t r e s s e s .  Second ly ,  t h e  t r u e  s o l u t i o n  



t o  t h e  e q u a t i o n s  s h o u l d  n o t  c o n t a i n  any  c l o s e d  s t r e a m  l i n e s  f o r  

s t e a d y  Elow c o n d i t i o n s  e x c e p t  p o s s i b l e  w i t h  g r o s s l y  non uniEorm 

v a l u e s  oE t h e  v e l o c i t y  d i s t r i b u t i o n  c o e f f i c i e n t  a o v e r  t h e  f l o w  

domain. The models ,  n e v e r t h e l e s s ,  r e p r o d u c e  i m p o r t a n t  E e a t u r e s  

of t h e  p r o t o t y p e  such  as t h e  f a s t e r  f l ow c o n c e n t r a t e d  i n  t h e  

main c h a n n e l .  

2.4.3 Closed  s t r e a m l i n e s  

Here  we c o n s i d e r  t h e  c o n d i t i o n s  under  which t h e  s o l u t i o n  t o  t h e  

m a t h e m a t i c a l  model e q u a t i o n s  can  e x h i b i t  c l o s e d  s t r e a m l i n e s .  

Suppose t h e r e  is a c l o s e d  s t r e a m l i n e ,  c ,  w i t h i n  t h e  f l o w  

domain, we may i n t e g r a t e  t h e  dynalnic e q u a t i o n  ( 2 . 3 6 )  a round  i t  

t o  g i v e :  

m uatD + U . I ( g )  + ~ u ~ I ! ( D ~ / K ~  + g - a ) - d ~  i(a,!!+ D - - 
C 

Examining t h e  l h s  of  (2 .49)  te rm by te rm we have:  

and a f t e r  some m a n i p u l a t i o n  of v e c t o r  i d e n t i f i e s  

S u f f i c i e n t  c o n d i t i o n s  For t h e  f i n a l  i n t e g r a l  i n  ( 2 . 5 3 )  t o  be 

z e r o  a r e :  

( a )  a = c o n s t a n t  on c ,  o r ;  

( b )  I u (  - = c o n s t a n t  on c ,  o r ;  



(C) (Ja)x (!((_U/ 2, ) = 0 within c. 

Now consider some particular cases. 

(1) a l, - T = O _  

Equation (2.49) reduces to: 

J at ( ~ J d s  + J g (g1 2 ~ 2 1 ~ 2  ds = o 
C C 

Since the second term is non-negative the magnitude of the 

velocity around the closed streamline decreases as the energy 

of the flow is dissipated by friction. In the limit of steady 

flow we obtain the condition that ( L I I  = 0 on the closed 

streamline. Furthermore the steady flow continuity equation 

implies that, in the absence of any internal sources or sinks, 

Iq( = 0 over the entire flow field except at isolated points. 

Hence closed streamlines only exist in the trivial case of 

stationary flow. 

(2) a constant (+l), T = - O 

This situation occurs if a power law profile is assumed for the 

depth variation of the horizontal velocity components. The 

right hand side of equation (2.53) becomes identically zero and 

again we infer that there can only be closed streamlines in the 

trivial case U = 0 if the flos is steady. 4 particular case - - 

result is a =  0 when the convection term vanishes and we obtain 

the equation of friction controlled flow. Hence steady 

friction controlled flow should contain no closed streamlines. 



T h i s  c a s e  i s  produced by a d e p t h w i s e  v a r i a t i o n  of t h e  

h o r i z o n t a l  v e l o c i t y  components t h a t  is n o t  a  power law o v e r  t h e  

whole f low domain. F o r  s t e a d y  f l o w  t h e  l i n e  i n t e g r a l  e q u a t i o n  

( 2 . 4 9 )  becomes: 

and i t  is  c o n c e i v a b l e  t h a t  some s p a t i a l  v a r i a t i o n s  of a may 

a l l o w  t h e  e x i s t e n c e  of  a c l o s e d  s t r e a m l i n e  c  f o r  which t h e  

f l u i d  v e l o c i t y  i s  non-zero. 

( 4 )  - T  * 0 

For  s t e a d y  f l o w  t h e  i n t e g r a l  e q u a t i o n  (2.49) becomes: 

Again s o l u t i o n s  t o  t h e  s t e a d y  f l o w  e q u a t i o n s  may e x h i b i t  c l o s e d  

s t r e a m l i n e s  f o r  a l l  f u n c t i o n s  a. 

Suppose t h a t  t h e  v e l o c i t y  v a r i e s  as some power of  t h e  d e p t h  

t h e n  by c a s e  2  t h e  f l o w  e x h i b i t s  no c l o s e d  s t r e a m l i n e s  when t h e  

t u r b u l e n t  s t r e s s  t e rms  a r e  n e g l e c t e d .  However, i n  t h e  

t r a d i t i o n a l  f o r m u l a t i o n  of t h e  dynamic e q u a t i o n  (2 .37 )  t h e  

d e p t h  v a r i a t i o n  o f  t h e  c o n v e c t i o n  t e rm l e a d s  t o  a non-zero 

e f f e c t i v e  s t r e s s  v e c t o r  T. Hence we c o n c l u d e  by c a s e  4  t h a t  - 

t h e  f l o w  can  c o n t a i n  c l o s e d  s t r e a m l i n e s  i n  t h e  a b s e n c e  of  

t u r b u l e n t  s t r e s s e s .  T h i s  anomaly i s  caused  by t h e  d i f f e r e n t  

methods and a s s u m p t i o n s  t o  d e p t h  i n t e g r a t e  t h e  c o n v e c t i v e  

a c c e l e r a t i o n s .  



2.5 Three mathematical models of flood plain flow 

2.5.1 Steady friction controlled flow 

The simplest mathematical model of flood plain flow considered 

in this thesis is that of steady friction controlled flow. The 

appropriate equations are: 

continuity J.g = 0 (2.56) 

dynamic - q19\/~2+ 9 = 0 (2.57) 

This pair of equations may be solved as they stand or be 

further manipulated to yield the stream function formulation or 

the potential formulation described below. 

Defining the scalar stream function, +, 
by: 

q = curl $ =  a + e  - - y -X 

and taking the curl of the dynamic equation we have: 

. (2.58) 

This is the stream function formulation of the problem and is 

the equation Franques and Yannitell (1974) used to define tne 

streamlines of the flow field. Unfortunately the equation 

cannot be solved by itself since it depends implicitly on the 

water level through the conveyance K. Thus a numerical 

approximation to the solution of this equation will contain an 

iteration between the solution of this equation and one for 

determining the local water depths. Franques and Yannitell 



produced the local depths by solving equation (2.37). with tiroe 

derivatives and effective stresses set to zero, along the 

streamlines determined from an approximate solution of equation 

(2.58). This, however, is unsound since it includes the 

streamwise coroponent of the convection term in the 

determination of water level but excludes the convection terro 

entirely from the derivation of the flow field. The streamline 

integration should be based on equation (2.57) as discussed in 

chapter 3. 

The potential formulation of the flow equations arises directly 

from a manipulation of equations (2.56) and (2.57). The 

dynamic equation can be rearranged to give the unit flow vector 

q explicitly thus: 

9 = -K 9 

Substituting this in the continuity equation we obtain: 

-4 1 a (~lh( h) = 0 (2.59) 

This, the potential formulation of the flow equations, has not 

been used before to generate a model of flood plain flow. The 

water surface h acts as a form of (non-linear) velocity 

potential. It has the advantage over the stream function 

formulation that all terms in the equation depend solely upon h 

and are independent of the unit flow vector. Thus an 

approximation to the solution of equation (2.59) can be 

generated without recourse to the calculation of intermediate 

values of the unit flows in the iterative process. 



2.5.2 S t e a d y  f l o w  w i t h  c o n v e c t i o n  and bed f r i c t i o n  

I n  t h i s  c a s e  t h e  c o n t i n u i t y  e q u a t i o n  (2.56) i s  r e t a i n e d  c o u p l e d  

w i t h  e i t h e r  of t h e  dynamic e q u a t i o n s :  

1 
! . ( a p q / D )  + F + g 1 9 ) / K 2  = 0  (2 .60 )  

o r  

1 
- U. V( (61) + F + 9 ( g ( / ~ 2  = 0  (2 .61 )  
g  - - 

1 
I n  e i t h e r  case w r i t i n g  t h e  c o n v e c t i o n  te rm - U . V  ( a  U )  as c we 

8 - -  - - 

may r e a r r a n g e  t h e  dynamic e q u a t i o n  as: 

-+ 
g  = -K ( 3  + c )  - (F + c l  (2 .62)  

a n d  combining  t h i s  w i t h  t h e  c o n t i n u i t y  e q u a t i o n  w e  o b t a i n  a n  

e q u a t i o n  s imilar  t o  t h e  p o t e n t i a l  f o r m u l a t i o n  above  b u t  which 

now depends  i m p l i c i t l y  on t h e  w a t e r  v e l o c i t i e s :  

1. ( K ( ~ + ~ I - '  ( _ h + s ) )  = 0  (2.63) 

2.5.3 Unsteady f l o w  w i t h  c o n v e c t i o n  and bed f r i c t i o n  

The t h i r d  m a t h e m a t i c a l  model examined i n  t h i s  i n v e s t i g a t i o n  was 

based  upon a d d i n g  t h e  u n s t e a d y  terms t o  t h e  f l o w  e q u a t i o n s  of  

s e c t i o n  2.5.2 above .  The m o t i v a t i o n  f o r  t h i s  das t h e  

development  of a n  i t e r a t i o n  method based  upon t i m e  s t e p p i n g  t o  

s o l v e  t h e  s t e a d y  f l o w  e q u a t i o n s  i n c l u d i n g  t h e  c o n v e c t i o n  te rm 

( s e e  c h a p t e r  5 ) .  The c o n t i n u i t y  and  dynamic e q u a t i o n s  a r e :  

v.g + - ath = 0  (2 .64 )  

a t l  + J.(qq/D) + gDjh + g ~ q J q ( 1 ~ ~  - - = 0  (2 .65 )  

I n  t h e  dynamic e q u a t i o n  t h e  v e l o c i t y  d i s t r i b u t i o n  c o e f f i c i e n t  a 

h a s  been set  t o  1 .0  f o r  a l l  c o m p u t a t i o n s .  A l t e r n a t i v e l y  t h e  

dynamic e q u a t i o n  may be w r i t t e n  i n  t e rms  of t h e  d e p t h  mean 



v e l o c i t y  K: 

dtg  + ( g . ) L j  + g J h  + g ~ 2 ~ ( u i / ~ 2  = 0 ( 2 . 6 6 )  

Note t h a t  f rom t h e  d i s c u s s i o n  i n  s e c t i o n  2.4.3 any  c l o s e d  

s t r r a c n l i n e s  p r e s e n t  i n  t h e  i n i t i a l  d a t a  f o r  t h e  s o l u t i o n  of  

t h e s e  e q u a t i o n s  s h o u l d  decay  when s t e a d y  s ta te  b o u n d a r y  

c o n d i t i o n s  a r e  a p p l i e d .  

2.6 C l a s s i f i c a t i o n  o f  e q u a t i o n s  

2 .6 .1  F r i c t i o n  c o n t r o l l e d  f l o w  

Both  t h e  stream f u n c t i o n  and  p o t e n t i a l  f o r m u l a t i o n s  c a n  be  

w r i t t e n  i n  t h e  form 

v. [G I j m l  P_om] = 0 - ( 2 . 6 7 )  

w h e r e  t h e  power P  is 2  f o r  t h e  s t r e a m  f u n c t i o n  f o r m u l a t i o n  and  

P  is - k  f o r  t h e  p o t e n t i a l  f o r m u l a t i o n .  D e n o t i n g  t h e  

d e r i v a t i v e s  by a. where  X i = l and  y  i = 2  and u s i n g  
1 

summation c o n v e n t i o n  we h a v e  

ai [G( a.ma.m)" aim] = o 
J J 

( 2 . 6 8 )  

E x p a n d i n s  e q u a t i o n  ( 2 . 6 8 )  we have:  

sic: a i a ( a . a a . m ) "  + P a . .ma .ac ; (a .ma .a )  
%P- l 

J J  1 J  J J J  
ai m 

+ G ( a.ma.m)iP aiia = o 
J J  

( 2 . 6 9 )  

and  i f  G i s  a f u n c t i o n  o f  m, X and  y  o n l y  w e  see t h a t  t h e  

c o e f f i c i e n t s  of  t h e  s e c o n d  o r d e r  d e r i v a t i v e s  are: 

P  2  m :  G [l + p l g m ~ - ~ ( a ~ m )  ] = a  

P  -2 
% , m :  Gl1ml [2 P I O I  a,@ a,,@]= 2 b  

2  
a~~ m : ~ / g m l ~ [ l  + ~ l q m ( - ~  (ay@) 1 = C 



The c o n d i t i o n  f o r  e q u a t i o n  (2.67) t o  be e l l i p t i c  i s  b 2  < a c  and 

u s i n g  t h e  d e f i n i t i o n s  of a ,  b and c  t h i s  becomes l + P s 0 i f  

G ( V @ I ~  i s  everywhere non ze ro .  Hence bo th  f o r m u l a t i o n s  of t h e  

s t e a d y  f r i c t i o n  c o n t r o l l e d  f low a r e  e l l i p t i c .  S i n c e  t h e  f low 

can have no c l o s e d  s t r e a m l i n e s  \F\ and I!+( can only  v a n i s h  a t  

i s o l a t e d  p o i n t s .  Also t h e s e  g r a d i e n t s  canno t  become l o c a l l y  

s i n g u l a r  i n  t h e  absence  of s o u r c e s  and s i n k s  of f low. These 

a - p r i o r i  c o n d i t i o n s ,  however, a r e  n o t  s t r o n g  enough t o  meet t h e  

s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  of a  unqiue  s o l u t i o n  t o  

t h e  non l i n e a r  e q u a t i o n s  g i v e n  by F r o i d e v a w  (1975).  E x i s t e n c e  

and uniqueness  of t h e  s o l u t i o n  have been proved by E E S u l i  

( p r i v a t e  conununication) and t h i s  is reproduced i n  Appendix 4 .  

S u i t a b l e  boundary c o n d i t i o n s  on t h e  f low v a r i a b l e  - + i n  (2 .58)  

o r  h  i n  (2 .59)  - a r e  f o r  t h e  v a l u e  of t h e  v a r i a b l e  i t s e l f ,  i t s  

normal d e r i v a t i v e ,  o r  a  combinat ion of t h e s e  two t o  be 

s p e c i f i e d  around t h e  e n t i r e  boundary of t h e  f low domain. The 

c o n d i t i o n s  imposed on s t r e a m  f u n c t i o n  and w a t e r  l e v e l  a r e  

complementary: when + i s  s p e c i f i e d  on a  no-flow ( s o l i d )  

boundary i n  t h e  s t r e a m  f u n c t i o n  f o r m u l a t i o n ,  anh i s  s e t  t o  z e r o  

on t h e  same boundary i n  t h e  p o t e n t i a l  f o r m u l a t i o n .  S i m i l a r l y  

where a + i s  s e t  t o  z e r o  i n  t h e  s t r eam f u n c t i o n  f o r m u l a t i o n ,  n  

i n d i c a t i n g  normal f low a c r o s s  t h e  boundary, h  should  be 

s p e c i f i e d  a s  c o n s t a n t  i n  t h e  p o t e n t i a l  f o r m u l a t i o n .  

2 .6 .2  Steady f low w i t h  c o n v e c t i o n  and bed f r i c t i o n  

W r i t i n g  t h e  s o l u t i o n  v e c t o r  U _ =  (1, h ) t ,  we may r e p r e s e n t  t h e  



e q u a t i o n s  ( 2 . 6 0 )  and  2.56)  as a f i r s t  o r d e r  s y s t e m  t h u s :  

A a x u  + say u_+ %(U_, = o ( 2 . 7 0 )  

where:  

i 

and  c = (gD)', t h e  s p e e d  of  s r a v i t y  waves;  p = ( a  - D$ d and 

L(!) c o n t a i n s  t h e  l o w e r  o r d e r  terms f rom t h e  bed F r i c t i o n  

and bed g r a d i e n t .  F o l l o w i n g  G a r a b e d i a n  (1964 )  p  g a f f ,  t h e  

sys te ln  h a s  c h a r a c t e r i s t i c  c u r v e s  @ ( x , y )  = c o n s t a n t  where :  

d e t  (Aa @ + B a  @) = 0  
X Y 

S e t t i n g  a @' ax@ = - X  and  e x p a n d i n g  t h e  d e t e r m i n a n t  w e  h a v e :  
Y 

Thus h = U / V  

-pv + c  [ p  ( u 2 +  v 2 )  - c 2 1  o r  X = 

( c 2  - PJ2) 

The r o o t s  oE t h i s  q u a d r a t i c  e q u a t i o n  a r e  r e a l  i f :  

p(uJ 2  + c  

T h i s  i s  tile c o n d i t i o n  f o r  s u p e r c r i t i c a l  f l o w ,  w i t 1 1  t h e  

p a r a m e t e r :  

.2 = B / u _ (  2/c ( 2 . 7 6 )  

b e i n g  t h e  two d i m e n s i o n d l  e q u i v a l e n t  o f  t h e  c r i t i c a l  f l ow  

number i n t r o d u c e d  by P r i c e  and  Samue l s  ( 1 9 8 0 )  For t h e  o n e  

dimensional f l o w  e q u a t i o n s .  When tile v e l o c i t y  d i s t r i b u t i o n  

c o e f f i c i e n t  a  i s  s e t  t o  1: 



V = l l I l / ( g ~ ) +  = F r  (2 .77)  

where F r  i s  t h e  Froude  number of t h e  f low.  F o r  s u p e r c r i t i c a l  

f l o w  t h e  s y s t e m  h a s  t h r e e  r e a l  c h a r a c t e r i s t i c s  one d i r e c t e d  

a l o n g  t h e  v e l o c i t y  v e c t o r  g and t h e  o t h e r  two l y i n g  a t  e q u a l  

a n g l e s  0 on e i t h e r  s i d e  of t h e  f l o w  d i r e c t i o n  where :  

"i 
0 = t a n - l  ( ( v 2 -  1 )  ) (2 .78 )  

Thus f o r  s u p e r c r i t i c a l  f l ow a l l  t h r e e  c h a r a c t e r i s t i c s  e n t e r  t h e  

f l o w  domain on  a n  i n f l o w  boundary and none e n t e r  on a n  o u t f l o w  

boundary.  - 4 p p r o p r i a t e  c o n d i t i o n s  t h e r e f o r e  a r e  t o  s p e c i f y  d a t a  

on 9 and h  on a n  i n f l o w  boundary and none on a n  o u t f l o w  

boundary.  On t h e  s o l i d  b o u n d a r i e s  a t  t h e  s i d e  of t h e  f l o w  

domain we may s p e c i f y  ¶.n_ t o  be  z e r o ,  i e ,  one boundary 

c o n d i t i o n  o n l y .  

The c a s e  f o r  s u b c r i t i c a l  f l ow i n  which t h e r e  i s  o n l y  one  r e a l  

c h a r a c t e r i s t i c  i s  n o t  s o  c l e a r  c u t .  When c o n s i d e r i n g  

c o a p r e s s i b l e  a e r o d y n a ~ n i c  f l o w  i n  which t h e  f low e q u a t i o n s  a r e  

t h e  same as (2 .70 )  w i t h  a = 8 = 1 and w i t h  i(UJ s e t  t o  z e r o  

G a r a b e d i a n  (1964)  r e d u c e s  t h e  s u b s o n i c  ( o r  s u b c r i t i c a l )  c a s e  t o  

a n  e l l i p t i c  problem by u s i n g  t h e  BernouLl i  e q u a t i o n  a l o n g  

s t r e a m l i n e s .  Fo r  t h i s  c a s e  t h e  a p p r o p r i a t e  boundary c o n d i t i o n s  

For t h e  s t r e a m  f u n c t i o n  a r e  t h e  same a s  t h o s e  f o r  E r i c t i o n  

c o n t r o l l e d  f l o w  ( s e c t i o n  2 .6 .1) .  The s a n e  a p p r o a c h ,  however, 

c a n n o t  be  used  f o r  t h e  more g e n e r a l  e q u a t i o n  (2 .70)  s i n c e  t h e  

B e r n o u l l i  f u n c t i o n  now c o n t a i n s  a n  i n t e g r a l  of t h e  F r i c t i o n a l  

r e s i s t a n c e ,  t h e  te rm C(U)  a l o n g  t h e  s t r e a m l i n e ,  s e e  F ranques  



and Y a n n i t e l l  (1974) .  T h i s ,  however, i s  o n l y  a t e c h n i c a l  

d i f f i c u l t y  a s  z e r o  o r d e r  t e rms  shou ld  no t  a f f e c t  t h e  

c l a s s i f i c a t i o n  o f  t h e  e q u a t i o n s .  The number and l o c a t i o n  o f  

boundary c o n d i t i o n s  f o r  t h e s e  two c a s e s  a r e  shown on 

F i g u r e  2.3. 

Although t h e  boundary  c o n d i t i o n s  which g u a r a n t e e  a w e l l  posed  

problem a r e  no t  known, t h e  numer i ca l  c a l c u l a t i o n s  were found t o  

be  s t a b l e  w i t h  w a t e r  l e v e l  p r e s c r i b e d  on t h e  i n f l o w  and o u t f l o w  

b o u n d a r i e s  and t h e  c o n v e c t i o n  t e r m  (!.I)! s e t  t o  z e r o  i n  t h e  

e l e m e n t s  t o u c h i n g  a f l o w  boundary.  Uhen combined w i t h  a  

c o n s t a n t  w a t e r  l e v e l  a l o n g  each  f low boundary t h i s  produced 

z e r o  t a n g e n t i a l  v e l o c i t i e s .  Values  of w a t e r  l e v e l  on t h e  f l o w  

b o u n d a r i e s  a r e  a n  a p p r o p r i a t e  c o n d i t i o n  f o r  bo th  s t e a d y  

f r i c t i o n  c o n t r o l l e d  f low ( s e c t i o n  2.6.1)  and f o r  u n s t e a d y  

s u b c r i t i c a l  f low w i t h  c o n v e c t i o n  and f r i c t i o n  ( s e c t i o n  2 .6 .3) .  

I n  a l l  c a s e s  s p e c i f y i n g  as z e r o  t h e  normal  component of  t h e  

d e p t h  mean v e l o c i t y  o r  u n i t  f l ow v e c t o r  i s  a p p r o p r i a t e  on 

b o u n d a r i e s  a c r o s s  which t h e r e  is no f low.  

2 .6 .3  Unsteady f low w i t h  c o n v e c t i o n  and bed f r i c t i o n  

t 
Employing t h e  same s o l u t i o n  v e c t o r  U ( ¶ , h )  as i n  s e c t i o n  

2.6.2, we may w r i t e  t h e  f low e q u a t i o n s  (2 .30)  and ( 2 . 7 )  a s  a  

f i r s t  o r d e r  sys t em t h u s :  

r a t  u + A ( U )  a u  + B ( U )  a u +  C ( U )  = o - - X -  y -  - -  (2 .79 )  

where I i s  t h e  i d e n t i t y  m a t r i x ,  A and B a r e  g i v e n  by ( 2 . 6 5 )  d ~ i d  

(2 .66 )  r e s p e c t i v e l y  and C c o n t a i n s  t h e  lower  o r d e r  t e r ~ n s  Crsrn 



t h e  bed f r i c t i o n  and  bed g r a d i e n t .  F o l l o w i n g  G a r a b e d i a n  (1964)  

t h e  s y s t e m  has  c h a r a c t e r i s t i c  s u r f a c e s  d e f i n e d  by: 

$ ( x _ , t )  = c o n s t a n t  

where $ is d e t e r m i n e d  by t h e  e q u a t i o n :  

d e t  ( I a t@+A\@+B$$)  = 9 (2 .80 )  

The  n a t u r e  of t h e  c h a r a c t e r i s t i c s  i m p l i e d  by t h e  e q u a t i o n  

(2 .80 )  is  d i s c u s s e d  i n  d e t a i l  i n  Appendix 1 u s i n g  methods  

s i m i l a r  t o  t h o s e  of Daube r t  and  G r a f f e  (1967 j .  They i d e n t i f i e d  

t h e  c h a r a c t e r i s t i c s  of t h e  s h a l l o w  w a t e r  e q u a t i o n s ,  i e  t h e  

l i m i t  i n  which t h e  v e l o c i t y  d i s t r i b u t i o n  c o e f f i c i e n t  a i s  

u n i t y .  The skewed c i r c u l a r  b i c h a r a c t e r i s t i c  c o n e  found by 

Daube r t  and G r a f f e  a p p e a r s  as t h e  a p p r o p r i a t e  s p e c i a l  c a s e  ( a  = 

1 )  of t h e  g e n e r a l  s y s t e m  (2 .79 ) .  I n  p r a c t i c e  t h e  d i s t r i b u t i o n  

c o e f f i c i e n t  is  l i k e l y  t o  be  c l o s e  t o  u n i t y  and  t h e  s h a p e  of t h e  

b i c h a r a c t e r i s t i c  s u r f a c e ,  i n  l o o s e  terms, is a skewed 

e l l i p t i c a l  cone.  ( I n  some cases a t r u e  e l l i p s e  and  i n  o t h e r s  

a n  o v a l  which i s  n o t  a c o n i c  s e c t i o n ) .  Fo r  v a l u e s  of a (and  

i t s  d e p t h w i s e  v a r i a t i o n )  o u t s i d e  t h o s e  of p r a c t i c a l  i m p o r t a n c e ,  

t h e  b i c h a r a c t e r i s t i c  s u r f a c e  h a s  some u n u s u a l  s h a p e s  which  are 

t o p o l o g i c a l l y  d i f f e r e n t  f rom a c i r c u l a r  cone .  

Fo r  t h e  n e a r  e l l i p t i c a l  cases t h e  c o n d i t i o n  f o r  t h e  

b i c h a r a c t e r i s t i c  s u r f a c e  t o  l i e  whol ly  w i t h i n  t h e  problem 

domain,  i e  f o r  t h e  f low t o  be s u p e r c r i t i c a l ,  is i d e n t i c a l  t o  

t h a t  found f o r  s t e a d y  f l o w  i n  s e c t i o n  2 .6 .2 .  The c o n d i t i o n  is 

t h a t  t h e  c r i t i c a l  f l o w  number of  e q u a t i o n  (2 .76)  s a t i s f i e s  

v2 > 1. The i n t i m a t e  l i n k  between t h e  c h a r a c t e r i s t i c s  of t h e  

s t e a d y  and u n s t e a d y  f l o w  e q u a t i o n s  c a n  be  f u r t h e r  i l l u s t r a t e d  



i n  t h e  c a s e  of  s u p e r c r i t i c a l  f l o w  a n d  a = 1 by c o n s i d e r i n g  t h e  

normal  g r o j e c t i o n  of  t h e  skew c i r c u l a r  b i - c h a r a c t e r i s t i c  c o n e  

of t h e  u n s t e a d y  f l o w  e q u a t i o n s  o n t o  t h e  p l a n e  t = U. The 

e x t r e m e  g e n e r a t o r s  o f  t h e  c o n e ,  when p r o j e c t e d ,  f a l l  on  l i n e s  

a t  a n  a n g l e  e i t h e r  s i d e  of  t h e  X a x i s  g i v e n  by 

t a n - l ( ( F r 2  - l)-']. 

T h e s e  l i n e s  are p r e c i s e l y  t h e  c h a r a c t e r i s t i c s  o f  t h e  s t e a d y  

f l o w  e q u a t i o n s ,  see F i g  2.4.  

D a u b e r t  a n d  G r a f f e  ( 1 9 6 7 )  d i s c u s s  t h e  number o f  bounda ry  

c o n d i t i o n s  t h a t  s h o u l d  b e  a p p l i e d  t o  t h e  s h a l l o v  w a t e r  

e q u a t i o n s .  They show t h a t  f o r  s u b c r i t i c a l  f l o w  two q u a n t i t i e s  

mus t  be s p e c i f i e d  on  a n  i n f l o w  bounda ry  and one  on a n  o u t f l o w  

bounda ry .  F o r  s u p e r c r i t i c a l  f l o w  t h r e e  c o n d i t i o n s  s h o u l d  be  

g i v e n  on a n  i n f l o w  bounda ry  and none  on a n  o u t f l o w  boundary .  

Along a boundary  a c r o s s  which t h e r e  i s  no Flow a s i n g l e  

c o n d i t i o n  s h o u l d  be s p e c i f i e d .  The  same a r g u m e n t s  h o l d  f o r  t h e  

more g e n e r a l  e q u a t i o n s  i n  t h i s  s e c t i o n  s i n c e  t h e  

b i - c h a r a c t e r i s t i c  s u r f a c e  i s  t o p o l o a i c a l l y  e q u i v a l e n t  t o  t h e  

skew c i r c u l a r  c o n e  of  D a u b e r t  and  G r a f f e .  The one  c o n d i t i o n  

t h a t  c h a n g e s  i s  t h e  d e f i n i t i o n  of  when t h e  f l o w  i s  s u b  o r  

s u p e r c r i t i c a l ,  which  i n  D a u b e r t  a n d  G r a f f e ' s  work d e p e n d s  upon 

t h e  s q u a r e  of  t h e  F r o u d e  number e q u a t i o n  ( 2 . 7 7 ) ,  b u t  h e r e  

d e p e n d s  on t h e  c r i t i c a l  f l o w  number v2. 

Having  e s t a b l i s h e d  t h e  number o f  boundary  c o n d i t i o n s  which  mus t  

be  a p p l i e d  we need  t o  c h o o s e  t h o s e  c o n d i t i o n s  which  g i v e  a  wel l  

posed  prob lem.  The a p p r o p r i a t e  c o n d i t i o n s  f o r  t h e  s h a l l o w  



water  e q u a t i o n s  have been d i s c u s s e d  by O l i g e r  and Sundstr6m 

(1978) and a t  g r e a t e r  l e n g t h  by Verboom, S t e l l i n g  and O f f i c i e r  

(1982).  The i d e n t i f i c a t i o n  of t h e  c h a r a c t e r i s t i c s  of t h e  non- 

l i n e a r  sys tem (2 .79)  e n s u r e s  t h e  e x i s t e n c e  of a  unique s o l u t i o n  

t o  t h e  e q u a t i o n s  f o r  a n a l y t i c  Cauchy d a t a  by expanding t h e  

s o l u t i o n  a s  a  T a y l o r  s e r i e s .  Cons ide r ing  t h e  f low i n  a  domain 

over  t h e  t ime [o, T  ] t h e  i n i t i a l - b o u n d a r y  v a l u e  problem f o r  t h e  

h y p e r b o l i c  sys tem (2 .79)  produced by g i v i n g  d a t a  on Q a t  t = 0 

and on a Q x  ( 0 ,  T) y i e l d s  a  Cauchy problem provided t h a t  t h e  

i n f l o w  and ou t f low boudar ies  a r e  nowhere c h a r a c t e r i s t i c ,  t h a t  

i s  t h e  f low i s  not  e x a c t l y  c r i t i c a l  on t h e s e  boundar ies .  

Verboom e t  a 1  ( o p . c i t )  app ly  t h e  c l a s s i c a l  energy method t o  

de te rmine  what boundary d a t a  g i v e s  a  s t a b l e  s o l u t i o n  of t h e  

sha l low w a t e r  e q u a t i o n s .  They c o n s i d e r  t h e  f low e q u a t i o n s  wi th  

t h e  depth  mean v e l o c i t y  - U a s  a  dependent v a r i a b l e  i n s t e a d  of 

t h e  u n i t  f low v e c t o r  3 .  T h i s  change of v a r i a b l e s  should  not  

a f f e c t  the  c h o i c e  of boundary c o n d i t i o n s  which provide  a  w e l l  

posed problem, n e i t h e r  should  t h e  c o e f f i c i e n t  a f o r  v a l u e s  

s u f f i c i e n t l y  c l o s e  t o  1 ( t h e  sha l low water  c a s e ) ,  s i n c e  t h e  

topology of t h e  b i - c h a r a c t e r i s t i c  s u r f a c e s  is u n a f f e c t e d .  The 

energy method a s  a p p l i e d  by Ver~oom e t  a 1  p r o v i d e s  s u f t i c i e n t  

c o n d i t i o n s  f o r  a  w e l l  posed problem which may i n  f a c t  no t  be 

n e c e s s a r y  s i n c e  t h e  s t a b i l i s i n g  e f f e c t  of  t h e  non- l inea r  

f r i c t i o n  l o s s e s  i s  ignored .  I n  p a r t i c u l a r  they show t h a t  f o r  

s u b - c r i t i c a l  f l o g  t h e  f o l l o w i n g  boundary d a t a  a r e  a p p r o p r i a t e :  

on i n f l o w  boundar ies  - wate r  l e v e l  and t a n g e n t i a l  

v e l o c i t y  



on o u t f l o w  b o u n d a r i e s  - w a t e r  l e v e l  

on  s o l i d  b o u n d a r i e s  - n o n n a l  v e l o c i t y .  

2 . 6 . 4  H i g h e r  o r d e r  t e r m s  

I n c l u d i n g  t h e  t u r b u l e n t  stresses i n  t h e  model a s  a d i f f u s i v e  

t y p e  term (see s e c t i o n  2 . 3 )  c h a n ~ e s  t h e  t y p e  of t h e  f l o w  

e q u a t i o n s .  The s y s t e m  r e p r e s e n t e d  by e q u a t i o n s  (2 .7 )  a n d  

( 2 . 3 0 )  is no l o n g e r  h y p e r b o l i c .  G u s t a f s s o n  and  Sunds t rom 

( 1 9 7 8 )  d e s c r i b e  s u c h  s y s t e m s  a s  i n c o m p l e t e l y  p a r a b o l i c  a n d  t h e y  

a n a l y s e  a p p r o p r i a t e  boundary  d a t a .  I n  p a r t i c u l a r  f u r t h e r  

c o n d i t i o n s  need t o  be  imposed on t h e  s o l i d  b o u n d a r i e s  which may 

d e s c r i b e  e i t h e r  no s l i p  o r  f r e e  s l i p  f o r  t h e  t a n g e n t i a l  

colnponent o f  v e l o c i t y .  The no s l i p  c o n d i t i o n  g i v e s  r ise  t o  t h e  

f o r m a t i o n  of  a  bounda ry  l a y e r  i n  which t h e  t a n g e n t i a l  component  

v e l o c i t y  rises f rom z e r o  a t  t h e  edge  of  t h e  f l o w  r e g i o n  t o  t h e  

f r e e  s t r e a m  v a l u e .  'The t y p i c a l  s i z e  of  s u c h  a  boundary  l a y e r  

h a s  been  d i s c u s s e d  i n  s e c t i o n  2 .4 .2  a b o v e  and  i t  w i l l  r e q u i r e  a  

mesh of compa rab l e  s i z e  t o  r e s o l v e  it.  V r e u g d e n h i l  and  

Wi jbenga  (1982 )  found  t h i s  t o o  r e s t r i c t i v e  f o r  t h e i r  p r a c t i c a l  

c o m p u t a t i o n .  

2 . 7  S t r e a m l i n e  c o o r d i n a t e  s y s t e m  

When t h e  f l o w  i s  s t e a d y  t h e  a p p r o p r i a t e  c o n t i n u i t y  e q u a t i o n  

( 2 . 5 6 )  i m p l i e s  t h e  e x i s t e n c e  o t  a s t r e a m  f u n c t i o n .  The f l o w  

e q u a t i o n s  may b e  w r i t t e n  i n  t h e  c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  

b a s e d  dpon l i n e s  oE c o n s t a n t  stredin f d n c t i o r r  and  normdl4 t o  

them. 



L e t  ( s , n )  b e  t h e  streamwise and normal  c o o r d i n a t e s  a n d  

x ( s , n )  and y ( s , n )  be  t h e  mapping f u n c t i o n s  f rom ( s , n )  t o  t h e  

common c a r t e s i a n  c o o r d i n a t e s  ( x , y ) .  The metric f u n c t i o n s  f o r  

t h e  ( s , n )  s y s t e m  a r e :  

as = + ( a S Y ) 2 l C  ( 2 . 8 1 )  

an = ( a n Y ) 2 ) b  ( 2 . 8 2 )  

S i n c e  t h e  ( s , n )  s y s t e m  i s  o r t h o g o n a l  we have  t h e  r e l a t i o n s h i p :  

as" an" + asy any = o ( 2 . 8 3 )  

F o r  t h e  c a s e  of a = 1 e q u a t i o n s  (2 .56 )  and  ( 2 . 6 0 )  become (Xouse 

1959):  

as( an q )  = 0  ( 2 . 8 4 )  

as(h + ~ ~ 1 2 ~ )  + I I D % ~ / ~ ~  = o ( 2 . 8 5 )  
S 

- s1 anas ( u 2 / g )  + anh = o ( 2 . 8 6 )  

w h e r e  q  = UD i s  now t h e  m a g n i t u d e  of t h e  two d i m e n s i o n a l  u n i t  

f l o w  v e c t o r  g. The c o n t i n u i t y  e q u a t i o n  (2 .84)  c a n  be  

i n t e g r a t e d  i m m e d i a t e l y  t o  g i v e :  

II q  = c o n s t a n t  on a s t r e a m l i n e  
n  

T h e  components  of t h e  c o n v e c t i o n  term are: 

stream d i r e c t i o n  as(u 2 /2g)  

n o r m a l  d i r e c t i o n  - u ~ / ~ R .  

The  r a d i u s  of c u r v a t u r e  R o f  t h e  s t r e a l n l i n e s  i s  g i v e n  by 

R = IIs(anIIs)-' 

T h e r e  d o e s  n o t  a p p e a r  t o  be any  a d v a n t a g e  i n  b a s i n g  a  

c o m p u t a t i o n a l  a l g o r i t h m  on  t h e s e  e q u a t i o n s  s i n c e  t h e  m e t r i c  

f u n c t i o n s  ( 2 . 8 1 )  and  ( 2 . 8 2 )  and  t h e  o r t h o g o n a l i t y  c o n d i t i o n  

(2 .83)  are p a r t  o f  t h e  o v e r a l l  p rob lem as is bed t o p o g r a p h y  i n  

t h e  ( s , n )  s y s t e m .  However,  t h e  s i m p l e  n a t u r e  o f  t h e  c o n v e c t i o n  



t e rm i n  t h i s  c o o r d i n a t e  s y s t e m  may be  used  t o  check  v a l u e s  

o b t a i n e d  from a c t u a l  c o m p u t a t i o n s ,  p rov ided  t h a t  t h e  r a d i u s  of 

c u r v a t u r e  of t h e  s t r e a m l i n e s  can  be e s t i m a t e d .  

A c a s e  where t h e  u s e  of s t r e a m l i n e  c o o r d i n a t e s  i s  h e l p f u l  i s  

f low round a bend whicn is a n  a r c  of a  c i r c l e .  Cons ide r  

s t e a d y ,  un i fo rm Elow a  c h a n n e l  w i t h  r e c t a n g u l a r  c r o s s  s e c t i o n  

forming a  180') bend ( a s  r e p r e s e n t e d  by ;4esh 8  of Appendix 2 ) .  

I f  t h e  s t r e a ~ n l i n e s  a round  t h e  bend a r e  s e m i - c i r c l e s  follow in^ 

t h e  c h a n n e l  geometry we mdy w r i t e  t h e  Flow e q u a t i o n s  u s i n g  

p o l a r  c o o r d i n a t e s  ( K ,  O) 

IJD = q ( r )  (2 .88)  

- 1 2 2 -2 
-r b & + U D  K = O  ( 2 . 8 9 )  

brh - u 2 ( g r ) - '  = 0  (2 .90 )  

The d e p t h  mean v e l o c i t y  U i s  a  f u n c t i o n  of r o n l y  and t h e  

a s sumpt ion  of u n i f o r n  f low i m p l i e s  a h  is  a c o n s t a n t .  Suppose 
0 

t h a t  t h e  w a t e r  d e p t h  i s  c o n s t a n t  ( t o  f i r s t  o r d e r )  a c r o s s  t h e  

f low;  e q u a t i o n  (2 .89)  r e d u c e s  t o  

where C l i s  K ( a  h)'~-'. The magni tude  of t h e  c o n v e c t i o n  t e rm 
0 

i n  e q u a t i o n  ( 2 . 5 0 )  i s  

2  2  -1 
where C 2  i s  K aOh (gD ) . The w a t e r  l e v e l  d i f f e r e n c e  a c r o s s  

t h e  f l o w  i s  

where R is  t h e  r a d i u s  of  t h e  i n s i d e  of t h e  bend and R i s  t h e  
i 0 



radius of the o u t s i d e .  A second order s o l u t i o n  could be  

produced by including t h i s  v a r i a t i o n  of water l e v e l  i n  equation 

( 2 . 8 9 )  and ( 2 . 9 0 ) .  



CHAPTER 3  

TKE STREAM FUNCTION MODEL 

3.1  I n t r o d u c t i o n  

The s t r e a m  f u n c t i o n  model i s  based upon t h e  p a i r  of  e q u a t i o n s :  

v. [K- 21'$) '$3 - ( 3 . 1 )  

ash + K- 21 '$1 2 ( 3 . 2 )  

s e e  s e c t i o n  2.5.1 above. 

Equa t ion  (3 .1)  i s  formed by t a k i n g  t h e  c u r l  of t h e  s t e a d y  two 

d imens iona l  f low dynamic e q u a t i o n  t o  remove t h e  g r a d i e n t  of t h e  

wa te r  l e v e l .  It de te rmines  t h e  s t r e a m l i n e  geometry f o r  t h e  

g i v e n  mesh and boundary c o n d i t i o n s .  Equa t ion  (3 .2)  is inerely 

t h e  t r a c e  of t h e  f u l l  dynamic e q u a t i o n  (2.57) i n  t h e  d i r e c t i o n  

s of a  s t r e a m l i n e .  S i n c e  t h e  conveyance f u n c t i o n  K i n  e q u a t i o n  

(2.31a) depends upon t h e  f low d e p t h  (and hence upon s u r f a c e  

l e v e l )  e q u a t i o n s  (3 .1)  and (3 .2 )  a r e  so lved  by s u c c e s s i v e  

i t e r a t i o n .  The s t r e a m  f u n c t i o n  $ i s  determined from (3 .1)  

g i v e n  a  wa te r  l e v e l  f u n c t i o n  h ,  and h  determined from (3 .2 )  

g i v e n  a  s t r e a m  f u n c t i o n  $. 

The method o u t l i n e d  above i s  e s s e n t i a l l y  t h e  same a s  t h a t  

proposed by Franques  and Y a n n i t e l l  (1974).  The p r i n c i p a l  

d i f f e r e n c e  i s  t h a t  i n  c o n t r a s t  t o  t h e  work of Franques  and 

Y a n n i t e l l  t h e  B e r n o u l l i  e q u a t i o n  ( 3 . 2 )  c o n t a i n s  no c o n t r i b u t i o n  

from t h e  c o n v e c t i o n  term. The reason f o r  t h i s  i s  t h a t  t h e  

e q u a t i o n  ( 3 . 1 )  used t o  d e f i n e  t h e  Flow F i e l d  a l s o  omi t s  t h e  



convec t ion  term. A consequence of t h i s  i s  t h a t  t h e  water  l e v e l  

shou ld  be c o n s t a n t  on a n  ou t f low boundary which i s  normal t o  

t h e  f low d i r e c t i o n .  One t e s t  of t h e  q u a l i t y  of t h e  numerical  

r e s u l t s  i s  t h a t  t h e  wa te r  l e v e l  c a l c u l a t e d  on each i n f l o w  

boundary should a l s o  be c o n s t a n t .  

The s t ream f u n c t i o n  f o r m u l a t i o n  was t e s t e d  f o r  s e v e r a l  

d i f f e r e n t  mesh g e o m e t r i e s ,  s e e  Tab le  A2.1 i n  Appendix 2. Nuch 

of t h i s  c h a p t e r  d i s c u s s e s  t h e  convergence of v a r i o u s  i t e r a t i v e  

methods f o r  g e n e r a t i n g  approximate  s o l u t i o n s  t o  e q u a t i o n  (3 .1)  

and (3 .2) .  Having ob ta ined  methods which converge u s i n g  a n  

a c c e p t a b l e  amount of computat ion t h e  q u a l i t y  of t h e  numerical  

r e s u l t s  and t h e i r  p h y s i c a l  s i g n i f i c a n c e  a r e  then  d i s c u s s e d .  

3.2 The f i n i t e  element approx imat ion  

3.2.1 The b a s i s  f u n c t i o n s  

I n  t h e  s t ream f u n c t i o n  f o r m u l a t i o n  bo th  t h e  s t r e a m  f u n c t i o n  

i t s e l f  and t h e  water  l e v e l  a r e  r e p r e s e n t e d  by p iecewise  l i n e a r  

con t inuous  f u n c t i o n s  based upon t h e  v a l u e s  a t  t h e  nodes of t h e  

mesh. For  example t h e  s t ream f u n c t i o n  $(x,y) is  approximated 

by l ' (x ,y)  which i s  g iven  by: 

e  
Y = 1 Y. N .  ( x , y )  

3 3 ( 3 . 3 )  

e  where t h e  sum r u n s  over  a l l  t h e  e lements  e  and N .  ( x , y )  a r e  t h e  
1 

b a s i s  f u n c t i o n s .  I n  t h e  computer code t h e  b a s i s  f u n c t i o n s  f o r  



a  g e n e r a l  t r i a n g l e  have been determined from t h e  a r e a  

c o o r d i n a t e s ,  thus  f o r  t h e  t r i a n g l e  i n  F i g  3.1,  

N; ( p )  = a r e a  ( p j k ) / a r e a  ( i j k )  (3 .4)  

Oef ining t h e  o r t h o g o n a l  u n i t  v e c t o r s  ( e2, 5 3) w i t h  s 3  
p o i n t i n g  o u t  of t h e  p lane  of t h e  t r i a n g l e  i j k  we may d e f i n e  t h e  

b a s i s  f u n c t i o n  and i t s  g r a d i e n t  by 

e  
Ni ( X )  = A-l k x , .  J + X+XX + ~ ~ x x ~ ] .  s 3  (3.5)  

e  
I N i  ( 5 )  = A-]  ( X .  - E ~ ) x : ~  

-J 
( 3 . 6 )  

where A = ( x _ ~ x ~ . + x . x x  + X  X X . ) .  g 3  - -k -k -1 ( 3 . 7 )  

i s  twice  t h e  a r e a  of t h e  t r i a n g l e  i j k  and X .  e t c  a r e  p o s i t i o n  
-1 

v e c t o r s  from a n  a r b i t r a r y  o r i g i n .  

The use  of l i n e a r  t r i a n g l e s  f o r  t h e  b a s i s  f u n c t i o n  has  a  

f u r t h e r  consequence of numer ica l  importance:  a l l  t h e  

s t r e a m l i n e s ,  i e  c o n t o u r s  of Y i n  a  g i v e n  e lement ,  a r e  p a r a l l e l  

l i n e s .  Thus excep t  i n  t h e  t r i v i a l  c a s e  t h a t  Y i s  a  c o n s t a n t  i n  

a n  element we may deduce t h e  fo l lowing  s imple  o b s e r v a t i o n s .  

O b s e r v a t i o n  1 

I n  each t r i a n g l e  t h e r e  e x i s t s  a  node, k ,  f o r  which t h e  

s t r e a m l i n e  through t h a t  node is c o n t a i n e d  w i t h i n  t h e  t r i a n g l e  

and c u t s  t h e  o p p o s i t e  s i d e ,  S ,  of t h e  t r i a n g l e  i n t e r n a l l y .  

Observa t ion  2 

Except i n  t h e  c a s e  t h a t  t h e  s t r e a m l i n e  c o i n c i d e s  w i t h  a  s i d e  of 

t h e  t r i a n g l e  t h e  node i n  o b s e r v a t i o n  1 i s  unique.  



O b s e r v a t i o n  3  

Each t r i a n g l e  i n  t h e  mesh f a l l s  i n t o  one  of t h e  f o l l o w i n g  

c a t e g o r i e s ,  s e e  F i g  3 . 2 :  

A : a s i d e  of t h e  t r i a n g l e  c o i n c i d e s  w i t h  a s t r e a m l i n e ,  

B : t h e  s i d e  s is downstream of  node k ,  

C : t h e  s i d e  s i s  ups t r eam of node  k. 

These  o b s e r v a t i o n s  a l l o w  a p a r t i c u l a r l y  s i m p l e  s t r e a m l i n e  

i n t e g r a t i o n  p r o c e d u r e  t o  be drawn up t o  approx ima te  t h e  

s o l u t i o n  of e q u a t i o n  ( 3 . 2 ) ,  see s e c t i o n  3 . 2 . 4  below. 

3 . 2 . 2  The bed topography  

The c h a n n e l  bed l e v e l  and  f l o o d  p l a i n  ground l e v e l  i n  g e n e r a l  

s l o p e  g e n t l y  i n  t h e  downstream d i r e c t i o n .  A t  t h e  r i v e r  bank,  

however,  t h e r e  i s  a s h a r p  change  i n  bed l e v e l ,  and one of t h e  

e a r l y  c h o i c e s  t o  be made i n  m o d e l l i n g  t h e  topography was how t o  

i n c l u d e  t h i s  c h a r a c t e r i s t i c  f e a t u r e .  The o p t i o n s  were e i t h e r  

t o  model t h e  ground l e v e l  as c o n t i n u o u s  as i n  n a t u r e  bu t  w i t h  a 

much r e f i n e d  g r i d  i n  t h e  neighbourhood of t h e  r i v e r  banks ,  o r  

t o  a d o p t  a  d i s c o n t i n u o u s  r e p r e s e n t a t i o n  of the bed. 

The second o p t i o n  was chosen  s i n c e  t h e  g r i d  r e f i n e m e n t  r e q u i r e d  

f o r  t h e  f i r s t  o p t i o n  was not  p r a c t i c a l .  The change  between 

f l o o d  p l a i n  and  c h a n n e l  bed l e v e l s  o c c u r s  o v e r  a d i s t a n c e  of  



t y p i c a l l y  l e s s  t h a n  one  t w e n t i e t h  of t h e  main channe l  w i d t h .  

Away f rom t h e  e s s e n t i a l  d i s c o n t i n u i t i e s  a c r o s s  t h e  r i v e r  banks  

t h e  ground l e v e l  may be t r e a t e d  as c o n t i n u o u s  o r  d i s c o n t i n u o u s .  

The e a r l y  t e s t s  of t h e  s t r e a m  f u n c t i o n  model took t h e  ground 

s u r f a c e  away from t h e  banks t o  be p i e c e w i s e  l i n e a r  c o n t i n u o u s ,  

u s i n g  t h e  same b a s i s  f u n c t i o n s  a s  f o r  t h e  s t r e a m  f u n c t i o n  and 

w a t e r  l e v e l .  The on ly  d i s c o n t i n u i t i e s  l a y  a t  t h e  r i v e r  banks .  

The f i n a l  tests  of t h e  s t r e a m  f u n c t i o n  model and a l l  t e s t s  of  

t h e  p o t e n t i a l  f o r m u l a t i o n  used  a lower  o r d e r  a p p r o x i m a t i o n  f o r  

ground l e v e l :  p i e c e w i s e  c o n s t a n t  based  n o t i o n a l l y  on t h e  

c e n t r o i d  of each  t r i a n g u l a r  e l emen t .  An a d v a n t a g e  of t h i s  

l a t t e r  method was t h a t  no a d d i t i o n a l  "book-keeping" w a s  

r e q u i r e d  i n  t h e  c o u r s e  of t h e  c a l c u l a t i o n  s i n c e  t h e  

d i s c o n t i n u i t y  a t  a r i v e r  bank w a s  a u t o m a t i c a l l y  i n c l u d e d .  The 

bed topography e n t e r s  t h e  computa t ion  on ly  i n  t h e  e v a l u a t i o n  of 

t h e  f r i c t i o n  l o s s e s  w i t h  a s u i t a b l e  q u a d r a t u r e  r u l e .  

3.2.3 F i n i t e  e lement  e q u a t i o n s  f o r  t h e  s t r e a m  f u n c t i o n  

The implemen ta t ion  of t h e  s t r e a m  f u n c t i o n  ne thod has  been based  

upon t h e  s t a n d a r d  (Bubnov -) G a l e r k i n  p rocedure  of we idh ted  

r e s i d u a l s .  T h i s  i s  done u s i n g  t h e  weak form of e q u a t i o n  

(3 .1) .  

- c 1. (cf&),  Q ' = < C ~ J + , J Q >  + J cf  Qan@r = o ( 3 . 8 )  

where Q i s  any C1 c o n t i n u o u s  t e s t  f u n c t i o n ,  r i s  t h e  boundary  

t o  t h e  f low domain 4 C  = K-* l  and t h e  i n n e r  p r o d u c t  f  



n o t a t i o n  i s  d e f i n e d  by iJa_.bd8. Thus g i v e n  a  water  l e v e l  

approximat ion H and choosing g t o  be one of t h e  b a s i s  f u n c t i o n s  

N .  w e  o b t a i n  t h e  fo l lowing  equa t ion  f o r  t h e  approximat ion Y t o  
J 

t h e  s t ream f u n c t i o n :  

< CfJY, _aJ .>  = - CfNjanU r 
J 

(3 .9)  

The boundary of t h e  f low domain may be c l a s s i f i e d  a s  e i t h e r :  

1. rD on which D i r i c h l e t  d a t a  a r e  s p e c i f i e d  f o r  t h e  s t r e a m  

f u n c t i o n :  t h e  no flow boundar ies .  

2. r on which homogeneous Neumann d a t a  a r e  s p e c i f i e d  f o r  t h e  N 

s t r eam f u n c t i o n ;  t h e  inf low and outf low boundar ies .  

The c h o i c e  of t e s t  f u n c t i o n s  i s  r e s t r i c t e d  t o  those  f o r  which 

N = O f o r  p o i n t s  on t h e  boundary segments r s e e  S t r a n g  and 
j D' 

Fix  (1973) and Zienkiewicz (1977). On t h e  boundary we have 
N 

a Q =  0 s i n c e  r i s  normal t o  t h e  flow d i r e c t i o n .  ilence i n  a l l  
n  N 

c a s e s  t h e  boundary i n t e g r a l  i n  equa t ion  (3 .9 )  i s  i d e n t i c a l l y  

z e r o  and we have t h e  f i n i t e  element equa t ions :  

<C$% -Wj> = 0 1 < j < N  j n o t o n r  D (3 .10)  

wi th  t h e  boundary c o n d i t i o n s  Y;c given  f o r  k  on r . 1n t h e  
D 

i n i t i a l  v e r s i o n  of t h e  s t ream f u n c t i o n  method, t h e  c o e f f i c i e n t  

C was e v a l u a t e d  from i n f o r m a t i o n  a t  t h e  preceding i t e r a t i o n .  
f  

However, i n  t h e  f i n a l  v e r s i o n  t h e  v a l u e  of ( V Y ~  i n  Cf was - 
i n c o r p o r a t e d  a t  t h e  new i t e r a t i o n  l e v e l .  

Suppose t h e  nodal  v a l u e s  of s t r e a m  f u n c t i o n  a t  t h e  new 



i t e r a t i v e  l e v e l  n+l a r e  w r i t t e n  as: 

and t h e  f i n i t e  e lement  e q u a t i o n s  r e - w r i t t e n  i n  terms of 5 .  A 

quasi-Newton form of  e q u a t i o n  (3 .10)  i s  o b t a i n e d  by expanding 

t o  f i r s t  o r d e r  i n  5. t h u s :  
3 

The pa ramete r  p c o n t r o l s  how t h e  i n f l u e n c e  of t h e  v a r i a t i o n  c 

a f f e c t s  t h e  magni tude  of t h e  g r a d i e n t  of t h e  s t r e a m  f u n c t i o n .  

Taking p =  0  g i v e s  t h e  s u c c e s s i v e  s u b s t i t u t i o n  a l g o r i t h m  u s e d  

by F ranques  and Y a n n i t e l l  (1974)  and t a k i n g  = 1 g i v e s  a  

comple te  f i r s t  o r d e r  v a r i a t i o n  and p roduces  a Newton scheme. 

When forming t h e  i n n e r  p r o d u c t s  i n  e q u a t i o n  ( 3 . 1 2 )  n u m e r i c a l  

q u a d r a t u r e  must be used .  For  t h e  f i n a l  v e r s i o n  of t h e  s t r e a m  

f u n c t i o n  model t h e  c e n t r o i d  v a l u e  was used s i n c e  a l l  t h e  te rms 

a r e  p i e c e w i s e  c o n s t a n t  i n  each e l emen t .  The i n i t i a l  tests of 

t h e  s t r e a m  f u n c t i o n  and p o t e n t i a l  f o r m u l a t i o n s  i n c l u d e d  some 

t r i a l s  of d i f f e r e n t  q u a d r a t u r e  r u l e s .  

The f i n i t e  e l emen t  e q u a t i o n s  a r e  w r i t t e n  i n  t h e  f o r a :  

a . .  F. = b .  (3.13) 
13 -l 3 

e  e  where a . .  = 1 a . .  and b .  = 1 b .  f o r  l + c  number of e l e m e n t s .  
1 3  13 1 3 

From e q u a t i o n  ( 3 . 1 2 )  f o r  e l emen t  e  we have ,  u s i n g  c e n t r o i d  

q u a d r a t u r e :  



e  
a . .  = Ae K-'IJY?I cOi..~. + p(!Y?.-Wi)(!Y?.-Wj)l VY?I- ']  (3 .14)  
1 l 1 - 1  

I n  t h e s e  e q u a t i o n s  Ae i s  t h e  a r e a  of t h e  element and a l l  terms 

e x c e p t  K-' a r e  c o n s t a n t s  by d e f i n i t i o n .  Thus t h e  e f f e c t  of  

numer ica l  q u a d r a t u r e  was r e s t r i c t e d  t o  t h e  f u n c t i o n  K-'. 

The a n a l y s i s  i n  s e c t i o n  3.4.2 i n d i c a t e s  t h a t  a  more g e n e r a l  

u p d a t i n g  p rocedure  than  e q u a t i o n  (3.11) should  be used t o  

o b t a i n  8" t h u s :  
l 

?+l = ? + A t ,  
3 J 3 

where h i s  a  r e l a x a t i o n  parameter  

3.2.4 The stream l i n e  i n t e g r a t i o n  p rocedure  

The B e r n o u l l i  e q u a t i o n  (3 .2)  i s  used t o  d e f i n e  t h e  wa te r  l e v e l s  

a t  each node a p p r o p r i a t e  t o  a  g iven  s e t  of noda l  v a l u e s  of 

s t r e a m  f u n c t i o n .  The o b s e r v a t i o n s  i n  s e c t i o n  3.2.1 on t h e  

s t r e a m l i n e  geometry a l l o w  t h e  implementa t ion of a  p a r t i c u l a r l y  

s i m p l e  e x p l i c i t  marching p rocedure ,  a s  Follows: 

1 d e f i n e  wa te r  l e v e l  a t  nodes on each o u t f l o w  boundary,  

2  examine a l l  t h e  e l e ~ u e n t s  connected t o  t h e  o u t f l o w  boundary, 

s e t t i n g  up a  s t a c k  of i n t e g r a b l e  e lements ,  

3  i f  s t a c k  i s  empty, h a l t ,  

4  c a l c u l a t e  t h e  wa te r  l e v e l  a t  t h e  upstream node of t h e  

i n t e g r a b l e  e lement  a t  t h e  top  of t h e  s t a c k  and remove t h a t  

e lement  from t h e  s t a c k ,  



5 examine each  e l emen t  c o n t a i n i n g  t h e  node where t h e  w a t e r  

was d e f i n e d  i n  s t e p  4 and add i t  t o  t h e  s t a c k  i E  i t  i s  

now i n t e g r a b l e ,  

6 l o o p  back t o  s t e p  3 .  

The i n t e g r a b l e  e l e m e n t s  of s t e p s  2  and 5 a r e  t h o s e  of c l a s s  B 

( s e e  F i g  J . 2 ) ,  where t h e  w a t e r  l e v e l  is known a l o n g  t h e  

downstream s i d e  and unknown a t  t h e  ups t r eam node,  t o g e t h e r  w i t h  

t h o s e  of  c l a s s  A, where t h e  w a t e r  l e v e l  i s  known a t  t h e  

downstream node and a t  t h e  node no t  on t h e  s t r e a m l i n e  bu t  i s  

unkrlown a t  t h e  ups t r eam node. I n  s t e p  4 ,  i f  t h e  w a t e r  l e v e l  is 

found t o  be known a t  a l l  nodes of  a n  e l e m e n t ,  t hen  t h e  n e x t  

i t e m  on t h e  s t a c k  is t a k e n  immedia te ly .  

We o b s e r v e  t h a t  

1 a t  t h e  end of s t e p  2 t h e  s t a c k  must be non-empty i f  a n  

oucf low boundary c o n t a i n s  more than  one  node,  

2 t h e  a l z o r i t h m  i s  f i n i t e ,  

3  t h e  algorithm may n o t  be un ique  and i n  t h a t  c a s e  t h e  

o r d e r i n g  of  t h e  e l emen t s  may a f f e c t  t h e  c a l c u l a t e d  w a t e r  

l e v e l s .  

The c o n d i t i o n  f o r  t h e  a l ao r i th ru  t o  be un ique  is t h a t  tile e l e . n e n t s  i n  

c l a s s  A l i e  a l o n g  t h e  no f l o w  b o u n d a r i e s  of  t h e  mesh. 

The c a l c u l a t i o n  of  wa te r  l e v e l  a t  t h e  ups t r eam node is based  

upon a n u m e r i c a l  approx ima t ion  t o  e q u a t i o n  ( 3 . 1 ) .  Thus: 



where h U  i s  t h e  unknown w a t e r  l e v e l  a t  t h e  ups t r eam node ,  h  i s  d  

t h e  w a t e r  l e v e l  a t  t h e  p o i n t  where t h e  s t r e a m  l i n e  i n t e r s e c t s  

t h e  downstream s i d e ,  and As is t h e  l e n g t h  of t h e  segment of 

s t r e a m l i n e  w i t h i n  t h e  t r i a n g l e .  The g r a d i e n t  of  t h e  s t r e a m  

f u n c t i o n  is e v a l u a t e d  f rom t h e  most r e c e n t  i t e r a t i o n .  The 

conveyance  f u n c t i o n  K is o b t a i n e d  a t  t h e  c e n t r o i d  of t h e  

e l emen t  and depends  upon t h e  unknown l e v e l  hU. Hence a Newton 

method was used  on  e q u a t i o n  (3.17) w i t h  t h e  d e r i v a t i v e  of  K w r t  

h  b e i n g  o b t a i n e d  f rom t h e  a p p r o p r i a t e  power law a p p r o x i m a t i o n ,  
U 

s e e  s e c t i o n  2 .2 .2 .  

I n  t h e  i n i t i a l  t e s t s  of t h e  s t r e a m  f u n c t i o n  model t h e  Chezy 

f r i c t i o n  law was used ,  which g i v e s  a q u a r t i c  e q u a t i o n  t o  s o l v e  

f rom (3 .17 ) .  I n  t h i s  c a s e ,  s i n c e  t h e  bed topography was 

p i e c e w i s e  l i n e a r ,  t h e  mean v a l u e  of K w a s  d e t e r m i n e d  f rom t h e  

two ends  of t h e  s t r e a ~ n l i n e  r a t h e r  t h a n  by t a k i n g  t h e  e l e ,nen t  

a v e r a g e  v a l u e  a t  t h e  c e n t r o i d .  

I n t e g r a t i n g  a g a i n s t  t h e  s t r e a m  d i r e c t i o n  e n s u r e s  t h a t  t h e  

c a l c u l a t i o n  is s t a b l e  t o  growth  of rounding  e r r o r .  Suppose 

t h a t  h. i s  t h e  s o l u t i o n  of e q u a t i o n  (3 .2)  and  5 is a 

p e r t u r b a t i o n  from a n  e r r o r  c a t  t h e  downstream end s = d  of 
0 

t h e  s t r e a m l i n e .  We have 

where D i s  t h e  u n d i s t u r b e d  d e p t h  of f l o w  ( h  -z ) and p is  t h e  
0 0 b 

power i n  t h e  r e l a t i o n s h i p  



K = CD' ( 3 .19 )  

T h i s  e q u a t i o n  c a n  be i n t e g r a t e d  a s  

a s )  = C, ~ X P I - ~ ( ~ P D ~ ) ! + ~  k - 2 )  d s  1 (3 .20 )  

We have 1.5 < p  < 2  ( s e e  s e c t i o n  2.2.2) and d  > s s i n c e  we a r e  

c o n s i d e r i n g  s p o s i t i v e  i n  t h e  downstrealn d i r e c t i o n .  Hence we 

s e e  t h a t  c ( s )  < CO and t h u s  e r r o r s  decay a g a i n s t  t h e  s t r e a m  

d i r e c t i o n .  

It i s  p o s s i b l e  t o  i n t e r p r e t  t h e  s t r e a m l i n e  i n t e g r a t i o n  

p r o c e d u r e  a s  a  P e t r o v - G a l e r k i n  f i n i t e  e lement  method based upon 

t h e  f u l l  dynamic e q u a t i o n :  

& ( h )  = + ( J , ~ K - ~  - c u r l  J, = 0  (3 .21 )  

D e f i n e  t h e  w e i g h t i n g  f r i c t i o n  f o r  a n  e l emen t  a s  f o l l o w s :  

e  
( a )  x, = 1 i f  e  i s  i n  c l a s s  A o r  c l a s s  B and k  i s  t h e  u p s t r e a m  

node,  

e  ( b )  x, = 0 o t h e r w i s e  

T h i s  d e f i n i t i o n  i s  a p p r o p r i a t e  t o  t h e  c a s e  where a l g o r i t h m  i s  

u n i q u e  a s  d e f i n e d  above .  Where t h i s  i s  n o t  t h e  c a s e  < is 

t a k e n  as 1 i n  t h e  f i r s t  e l emen t  e n c o u n t e r e d  i f  e  l i e s  i n  c l a s s  

A and t h e  s t r e a m l i n e  s i d e  i s  n o t  a l o n g  a mesh boundary.  A 

e  
p o s s i b l e  b u t  s o  f a r  u n t e s t e d  a l t e r n a t i v e  is t o  t a k e  x, = !5 i n  

t h e  two e l e m e n t s  concerned  i n  such  a c a s e .  The Pet rov-Galer ic in  

e q u i v a l e n t  of t h e  s t r e a m l i n e  i n t e g r a t i o n  p r o c e d u r e  i s  then :  

e  
< & ( h ) .  +,& X = 0 (3 .22 )  



3.2.5 Numerical q u a d r a t u r e  

Most of t h e  computa t ions  used c e n t r o i d  q u a d r a t u r e ,  t h i s  be ing  

t h e  s i m p l e s t  r u l e  compat ib le  w i t h  e q u a t i o n  (3.1),  s e e  S t r a n g  

and F i x  (1973).  However, two o t h e r  formulae  were t e s t e d .  The 

3  p o i n t  d e g r e e  2 r u l e  based upon t h e  a r e a  c o o r d i n a t e  v a l u e s  

(213,  116, 116) w i t h  weight  113, and t h e  7  p o i n t  d e g r e e  5  r u l e  

of Tab le  4.1 i n  S t r a n g  and Fix .  The t a b l e  of c o e f f i c i e n t s  i n  

S t r a n g  and F i x  c o n t a i n s  a n  e r r o r  f o r  t h i s  l a t t e r  r u l e .  The 

weight  a s s o c i a t e d  w i t h  t h e  c e n t r o i d  should  be 0.225 e x a c t l y ,  

n o t  0.22503300033000 a s  i n d i c a t e d  i n  t h e  t e x t :  t h i s  c o r r e c t i o n  

e n s u r e s  t h a t  

1 w i = l  (3 .23)  

where W i s  t h e  we igh t ing  v a l u e  f o r  q u a d r a t u r e  p o i n t  i. 
i 

3.3 Sof tware  t e c h n i q u e s  

3.3.1 I n t r o d u c t i o n  

The i n i t i a l  s o f t w a r e  development and t e s t i r ~ g  was c a r r i e d  o u t  on 

a n  I C L  1904s computer. Th i s  had a  u s a b l e  s t o r a g e  c a p a c i t y  of 

abou t  85k words, e q u i v a l e n t  t o  about  40k s i n g l e  p r e c i s i o n  r e a l  

numbers. During t h e  r e s e a r c h  t h i s  computer was r e p l a c e d  w i t h  

an  ICL 2972 which imposes no l i m i t a t i o n  on program s i z e .  The 

f i n i t e  element codes  have a l l  been w r i t t e n  i n  ANSI (1966j  



s t a n d a r d  F o r t r a n  and have  o p e r a t e d  s u c c e s s f u l l y  on b o t h  

compute r s .  

The c h o i c e s  made f o r  i n t e r n a l  d a t a  s t o r a g e  and m a n i p u l a t i o n  

were  i n f l u e n c e d  by r e s t r i c t e d  c o r e  s p a c e  of t h e  ICL 1904s 

computer  and  as a r e s u l t  t h e  s o f t w a r e  s h o u l d  f i t  e a s i l y  on  many 

of  t h e  c u r r e n t  g e n e r a t i o n  of  16 b i t  micro-computers .  

3 . 3 . 2  S o l u t i o n  of  l i n e a r  e q u a t i o n s  

P r a c t i c a l  problems i n  r i v e r  e n g i n e e r i n g  a r e  l i k e l y  t o  l e a d  t o  

meshes w i t h  s e v e r a l  hundred nodes and v a r i a b l e s .  To f i t  t h i s  

s i z e  problem on t h e  1904s  computer ,  o b v i o u s l y  a n  o u t  of c o r e  

method of s o l v i n g  t h e  l i n e a r  e q u a t i o n s  w a s  r e q u i r e d .  The 

f r o n t a l  t e c h n i q u e  deve loped  f o r  symmetr ic  sys t ems  by I r o n s  

(1970)  and a d a p t e d  f o r  non-symmetric sys t ems  by Hood (1976)  w a s  

a n  o b v i o u s  c h o i c e .  I ts  o p e r a t i o n  i s  based  upon t h e  f i n i t e  

e l emen t  p h i l o s o p h y  of t h e  g r a d u a l  a s sembly  of t h e  sys t em of 

l i n e a r  e q u a t i o n s  and i s  p a r t i c u l a r l y  s u i t e d  t o  2D problems 

where  t h e  mesh h a s  s i g n i f i c a n t l y  more nodes i n  one  d i r e c t i o n  

t h a n  t h e  o t h e r .  T h i s  i s  t y p i c a l l y  t h e  c a s e  f o r  r i v e r  models  

where  t h e  l e n g t h  of t h e  r e a c h  of  a  r i v e r  v a l l e y  b e i n s  s t u d i e d  

i s  u s u a l l y  s e v e r a l  t imes  t h e  wid th  of  t h e  v a l l e y .  Appendix 3  

d e s c r i b e s  some i a o d i f i c a t i o n s  made t o  Hood's code .  

3 . 3 . 3  doundary  d a t a  

I n  t h e  f i n a l  v e r s i o n  of  t h e  code  t h e  mesh boundary i s  d i v i d e d  



i n t o  a  number of segments where D i r i c h l e t  o r  Neumann d a t a  a r e  

imposed. The program examines t h e  mesh i n  o r d e r  t o  pick up t h e  

element edges a l o n g  t h e  boundar ies .  These e lements  do no t  

s h a r e  a  common s i d e  wi th  any o t h e r  element.  The u s e r  need only  

supp ly  t h e  nodes which d i v i d e  t h e  f o l l o w i n g  d i f f e r e n t  boundary 

types :  

1. no f low - s t r e a m  f u n c t i o n  s p e c i f i e d  

2. ou t f low - water  l e v e l  s p e c i f i e d  

3. i n f l o w  - no d a t a  given.  

The code checks  t h a t  a l l  t h e  boundary has been c l a s s i f i e d ,  

warns i f  t h e  mesh r e p r e s e n t s  a  m u l t i p l y  connected r e g i o n ,  and 

checks  t h a t  t h e  boundary d a t a  a r e  c o n s i s t e n t .  T h i s  l a s t  t e s t  

i n c l u d e s  a  check on t h e  v a l u e s  of t h e  s t ream f u n c t i o n  a t  t h e  

l i m i t s  of t h e  f low boundar ies  t o  e n s u r e  t h a t  t h e  d a t a  i n  f a c t  

g i v e s  i n f l o w  o r  ou t f low a s  a p p r o p r i a t e .  

3.3.4 I n i t i a l i z a t i o n  

The i t e r a t i v e  a l g o r i t h m  us ing  equa t ion  (3.12) r e q u i r e s  some 

i n i t i a l  v a l u e s  f o r  ( J P I  and f o r  t h e  conveyance f u n c t i o n  K. The 

most impor tan t  f e a t u r e  was found t o  be t h a t  of p rov id ing  

r e a s o n a b l e  e s t i m a t e s  f o r  t h e  conveyance K, s i n c e  t h i s  has  a 

s i g n i f i c a n t l y  d i f f e r e n t  value  i n  t h e  main channe l  from t h a t  

t y p i c a l  f o r  t h e  f l o o d  p l a i n .  The v a l u e  /_vY( was s e t  t o  u n i t y  

i n  a l l  e l ements  f o r  t h e  i n i t i a l  i t e r a t i o n  and t h e  conveyance 

f u n c t i o n  c a l c u l a t e d  from t h e  f r i c t i o n  law t o g e t h e r  wi th  a n  

e s t i m a t e d  dep th  a t  t h e  c e n t r o i d  of each e lement .  Th i s  d e p t h  

was c a l c u l a t e d  from t h e  wate r  d e p t h s  s p e c i f i e d  a l o n g  t h e  

o u t f l o w  



boundar ies  t a k i n g  account  of t h e  v a r i o u s  r e g i o n s  of t h e  mesh 

d e f i n e d  r i v e r b a n k s  and t h e  mesh boundary. 

3.3.5 Convergence c r i t e r i a  

The convergence r a t e  i s  of prime importance  i n  d e t e r m i n i n g  

whether t h e  method i s  of use  f o r  p r a c t i c a l  c a l c u l a t i o n s .  A s  

t h e r e  a r e  no known a n a l y t i c  s o l u t i o n s  t o  t h e  f low e q u a t i o n s  

excep t  f o r  t r i v i a l  geomet r i e s ,  t h e  convergence c r i t e r i a  have 

been based on moni tor ing t h e  r e l a t i v e  change i n  p r o p e r t i e s  of 

t h e  s o l u t i o n  a s  the  i t e r a t i o n  p r o g r e s s e s .  The measures of 

convergence adopted may be w r i t t e n  i n  t h e  form: 

Here cn i s  t h e  convergence parameter  f o r  t h e  n-th i t e r a t i o n  of 
f  

t h e  f u n c t i o n  f .  The l i m i t  .X of t h e  range of  j i s  t h e  number U€ 

nodes i f  f  i s  based a t  nodes ( e g  s t r eam f u n c t i o n )  o r  t h e  number 

o f  e lements  i f  f  i s  based on e lements  (eg  dep th  a t  c e a t r o i d  o r  

v e l o c i t y ) .  

From t h e  d e f i n i t i o n  of we may deduce t h e  f o l l o w i n g  
f  

p r o p e r t i e s :  

n 
( a )  i f  t h e  sequence [ E .  1 d i v e r g e s  a t  some v a l u e  of j t h e n  

J 

En + 2 ,  
f  

( b )  i f  t h e  sequence {f" o s c i l l a t e s  between two v a l u e s  a t  some 
J 
n- l 

v a l u e  of j then E" = E 
f  f '  

n  * 
( c )  i f  t h e  sequence {f j ]  converges  t o  a l i m i t  [f ] a t  a l l  



v a l u e s  o f  j t h e n  cn + 0 .  
f  

F o r  t h e  s t r e a m  f u n c t i o n  f o r m u l a t i o n  t h e  c o n v e r g e n c e  p a r a m e t e r s  

w e r e  c a l c u l a t e d  f o r  t h e  v a l u e s  o f  s t r e a m  f u n c t i o n  and  d e p t h  a t  

t h e  nodes .  The c o n v e r g e n c e  p a r a m e t e r  f o r  d e p t h  was c a l c u l a t e d  

o n l y  i n  t h e  e l e m e n t  u sed  t o  d e f i n e  t h e  w a t e r  l e v e l  a t  t h e  node  

i n  q u e s t i o n  d u r i n g  t h e  s t r e a m  l i n e  i n t e g r a t i o n  p r o c e d u r e .  

3 .4  P e r f o r m a n c e  and  a n a l y s i s  o f  t h e  i t e r a t i v e  me thods  

3 .4 .1  I n t r o d u c t i o n  

The tests  d e s c r i b e d  i n  t h i s  s e c t i o n  were a l l  ba sed  upon meshes  

d e r i v e d  f rom S o o k y ' s  ( 1964 )  f l u m e  g e o m e t r y ,  see meshes 1 and  4  

i n  Append ix  2. The a n a l y s i s  h e r e  c o n c e r n s  o n l y  t h e  c o n v e r g e n c e  

ra te  of  t h e  i t e r a t i v e  method f o r  t h e  f i n i t e  e l e m e n t  e q u a t i o n s  

and  n o t  t h e  c o n v e r g e n c e  of  t h e  f i n i t e  e l e m e n t  s o l u t i o n  t o  a 

s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  as t h e  e l e m e n t  s i z e  i s  

r e d u c e d .  I n  e n g i n e e r i n g  p r a c t i c e  t h e  mean e l e m e n t  s i z e  i s  

l i k e l y  t o  be  d e t e r m i n e d  more by t h e  t o p o g r a p h y  of  t h e  p r o t o t y p e  

and  t h e  c o m p u t i n g  r e s o u r c e s  a v a i l a b l e  t h a n  by t h e  c o n v e r g e n c e  

p r o p e r t i e s  o f  t h e  method as t h e  mesh s i z e  i s  r e d u c e d .  

The i n i t i a l  u s e  o f  t h e  stream f u n c t i o n  f o r m u l a t i o n  i n v o l v e d  t h e  

s u c c e s s i v e  s u b s t i t u t i o n  a l g o r i t h m  o f  F r a n q u e s  a n  Y a n n i t e l l  

( 1974 )  and  t h e  deve lopmen t  o f  t h e  two p a r a m e t e r  u p d a t i n g  

a l g o r i t h m .  T h e s e  t e s t s  were based  upon t h e  geome t ry  of  mesh 1 



and a p i e c e w i s e  l i n e a r  a p p r o x i m a t i o n  t o  t h e  ground l e v e l  w i t h  

d i s c o n t i n u i t i e s  a t  t h e  b o u n d a r i e s  between t h e  c h a n n e l  and t h e  

f l o o d  p l a i n .  The tests  assumed Chezy ' s  f r i c t i o n  l a w  and t h e  

f i r s t  t e s t  i n c l u d e d  t h e  c o n v e c t i o n  te rm i n  t h e  s t r e a m l i n e  

i n t e g r a t i o n .  

The second phase  of t h e  work used  t h e  more g e n e r a l  form of t h e  

f i n i t e  e l emen t  e q u a t i o n s  (3 .12 )  t o  (3 .15 ) .  The bed geometry  

f o r  t h e s e  t e s t s  was p i e c e w i s e  c o n s t a n t  i n  e a c h  e l emen t  w i t h  

s i g n i f i c a n t l y  l a r g e r  d i s c o n t i n u i t i e s  a t  t h e  boundary between 

c h a n n e l  and f l o o d  p l a i n  t h a n  e l s e w h e r e .  T e s t s  of t h e  p o t e n t i a l  

f o r m u l a t i o n  were a l s o  based  on t h i s  d e s c r i p t i o n  of t h e  geometry  

s e e  c h a p t e r  4. 

3.4.2 S u c c e s s i v e  s u b s t i t u t i o n  a l g o r i t h m s  

These  algorithms a r e  based  upon t a k i n g  t h e  p a r a m e t e r  i n  

e q u a t i o n  (3 .12)  as z e r o .  They may be  w r i t t e n  a s  a p p r o x i m a t i o n s  

t o  s o l u t i o n s  o f :  

V. [ ( K ( ~ ~ ) ) - ~ I ~ J : J _ v (  ;+c) j = 0 - 

$+l = J: + X <  

h n+ l a+ l 
=I(* 1 

where t h e  s u p e r s c r i p t s  11, n+l d e n o t e  t h e  i t e r a t i o n  Leve l s ,  is  

a  r e l a x a t i o n  p a r a m e t e r  and L (  ) r e p r e s e n t s  t h e  s t r e a m l i n e  

i n t e g r a t i o n  p r o c e d u r e  l a i d  o u t  i n  s e c t i o n  3 .2 .4 .  Tak iag  h a s  1 

we o b t a i n  t h e  a l g o r i t h m  p u b l i s h e d  by F ranques  and Y a n n i t e l l .  

T h i s  had a poor conve rgence  r a t e  i n  a l l  t e s t s  of t h e  method. 



CONVERGENCE PARAMETERS FOR FRANQUES AM) PANNITELL'S WETEOD 

T e s t  1 With I n i t i a l  Model T e s t  2 With F i n a l  Model 

I t e r a t i o n  S t ream Depth St ream Depth 

F u n c t i o n  F u n c t i o n  

a v e r a g e  r a t e  0.96 0.95 0.92 0.84 

a s y m p t o t i c  0.96 0.97 0.90 0.94 

r a t e  

Note: The ave rage  convergence  r a t e  shown has  been c a l c u l a t e d  from a l l  

t h e  i t e r a t i o n s .  The a s y m p t o t i c  r a t e  is f o r  t h e  l a s t  f o u r  

on ly .  



The convergence pa ramete r ,  c, f o r  s t r e a m  f u n c t i o n  and d e p t h  a t  

t h e  nodes both s a t i s f i e d  t h e  approximate  r e l a t i o n s h i p :  

The convergence r a t e  r f o r  s t r e a m  f u n c t i o n  l a y  between 0.9 and 

0.97 i n d i c a t i n g  t h a t  a t  l e a s t  20 i n t e r a c t i o n s  would be r e q u i r e d  

t o  a c h i e v e  each decimal  d i g i t  of p r e c i s i o n .  The convergence 

pa ramete r  f o r  t h e  s t r e a m  f u n c t i o n  was always a n  o r d e r  of 

magnitude l a r g e r  than t h a t  f o r  t h e  wa te r  d e p t h ,  s e e  T a b l e  3.1.  

That  t h e  convergence r a t e  was n e a r  1 sugges ted  t h a t  t h e  v a l u e s  

of t h e  s o l u t i o n  were o s c i l l a t i n g  and t h i s  was confirmed by 

p l o t t i n g  t h e  v a l u e s  of s t r eam f u n c t i o n  a t  two nodes e i t h e r  s i d e  

of a  bank a g a i n s t  one a n o t h e r ,  s e e  F ig  3.3. Thus t h e  f low was 

t i p p i n g  between t h e  channe l  and f l o o d  p l a i n .  

The performance of t h e  i t e r a t i o n  method can  be a n a l y s e d  

approx imate ly  assuming t h a t  t h e  conveyance f u n c t i o n  K i s  

c o n s t a n t .  Hence we c o n s i d e r  the  model e q u a t i o n :  

9. (1 !+I ~ $ 1  = O (3 .29)  

* 
and suppose  t h a t  t h e  G a l e r k i n  e q u a t i o n s  have a  s o l u t i o n  (Y. } of 

J 

noda l  v a l u e s .  That  is ,  f o r  a l l  t e s t  f u n c t i o n s  N . ,  
J 

where we have used summation conven t ion  on r e p e a t e d  s u f f i c e s .  



* 
Now l e t  t h e  n t h  i t e ra t e  f o r  $ be: 

k 
* $ =  % + E :  ( 3 . 3 1 )  

where  E" i s  t h e  n o d a l  e r r o r .  The weak form of e q u a t i o n  ( 3 . 2 6 )  
k 

f o r  t h e  u p d a t i n g  f u n c t i o n  5 t h e n  becomes: 

Expanding t o  f i r s t  o r d e r  o n l y  i n  terms of E" and 4 w e  have :  
-k 

To s i m p l i f y  e q u a t i o n  (3 .33)  f u r t h e r  w e  r e c a l l  t h a t  W i s  - k  

c o n s t a n t  i n  e a c h  e l e m e n t  and t h a t  a l l  t h e  i n n e r  p r o d u c t s  are 

e v a l u a t e d  u s i n g  c e n t r o i d  q u a d r a t u r e .  I n  each  e l e m e n t  e w e  can  

wr i te :  

where  t h e  o r t h o g o n a l  u n i t  v e c t o r s  e and e are i n  t h e  
-S -t 

* 
d i r e c t i o n s  of t h e  approx ima te  s t r e a m l i n e  and VY r e s p e c t i v e l y .  - 

Thus t h e  two i n n e r  p r o d u c t s  a t  t h e  r i g h t  hand s i d e  of ( 3 . 3 3 )  

c a n  be combined and w r i t t e n  as: 

Using t h e  u p d a t i n g  p r o c e d u r e  (3 .27)  w e  deduce  t h a t  E 
n+ l 



satisfies the following Galerkin equations (to first order). 

By examining the form of equation (3.36) we see that the finite 

n+ l 
element equations for -m will produce the weighted best fit 

for 

(1-2 A)G; gt + (l- A)F: gs (3.37 ) 

However, the piecewise constant function represented by (3.37) 

does not in general lie in the image under grad of the 

piecewise linear approximation space used for the stream 

function. 

n 
Suppose the error E is such that Gn 2 2  Fn in a patch of 

e e 

elements, ie the stream direction is correct but the unit flows 

are inaccurate. In this case we would expect 

Gn+l = (1-2 A)G~ (3.38) 

and hence if h = 1, as suggested by Franques and Yannitell, we 

n+l n 
have G = - G and thus the successive iterates oscillate 

about the true solution. This explains the behaviour exhibited 

in the early tests and demonstrated by Fig 3.3. If, however, 

Gn << Fn we might take h = 1 and 
e e 
Fn+l n 

= (l-h)F 
e 

(3.39) 
e, 

that is the error in the stream direction is eliminated. 



Suppose now A  = li then ,  from equa t ion  (3..38), we s e e  t h a t  t h e  

e r r o r  i n  t h e  c r o s s  s t r e a m  e r r o r  i s  l i k e l y  t o  be e l i m i n a t e d ,  

should t h i s  dominate. However, from e q u a t i o n  (3.39) t h e  e r r o r  

i n  t h e  s t ream d i r e c t i o n  i s  only halved where i t  i s  dominant. 

Th i s  s u g g e s t s  t h a t  f o r  A =  4 t h e  convergence r a t e  r should be 

approximately  0.5. 

The o b s e r v a t i o n  t h a t  t h e  s t reamwise  e r r o r  i s  approx imate ly  

e l i m i o a t e d  by A = 1 and t h e  c r o s s  s t ream d i r e c t i o n  e r r o r  

e l i m i n a t e d  by A  = h s u g g e s t s  t h a t  a n  i t e r a t i v e  method based 

upon t a k i n g  t h e  r e l a x a t i o n  parameter a s  A =  %, A =  l i n  

a l t e r n a t e  i t e r a t i o n s  should out-perform t h e  a l g o r i t h m  o b t a i n e d  

by t a k i n g  e i t h e r  of t h e s e  v a l u e s  f o r  a l l  i t e r a t i o n s .  

S e v e r a l  t e s t s  were c a r r i e d  out  which conf i rm t h e  main p o i n t s  of 

t h e  a n a l y s i s  above. These t e s t s  a r e  summarized i n  Table  3.2 

( a l o n g  w i t h  o t h e r s )  and t h e  convergence paramete rs  g iven  i n  

Tab les  3.3 and 3.4. 

The convergence r a t e s  ob ta ined  i n  a l l  t h e s e  t e s t s  a r e  a  marked 

improvement upon t h e  performance of t h e  Franques-Yanni te l l  

i t e r a t i o n  procedure  ( s e e  Tab le  3.1).  The asympto t ic  r a t e s  

i n d i c a t e  t h e  performance of t h e  schemes a f t e r  d i f f e r e n c e s  i n  

t h e  i n i t i a l i z a t i o n  have been removed, and l i e  mostly i n  t h e  

range 0.39 t o  0.32. Thus approximately  one d i g i t  of p r e c i s i o n  

i s  o b t a i n e d  f o r  every  two i t e r a t i o n s .  The r a t e s  have been 

based upon t h e  number of i t e r a t i o n s  f o r  t h e  s t r e a m  f u n c t i o n ,  

s i n c e  t h e  c a l c u l a t i o n  of water  l e v e l s  is e x p l i c i t  and does  not 

r e q u i r e  t h e  s o l u t i o n  of any s e t s  of l i n e a r  e q u a t i o n s .  



TESTS OF THE STREAM FUNCTION FORMULATION 

T e s t  Model Mesh R e l a x a t i o n  G r a d i e n t  I t e r a t i o n s  R e s u l t s  

p a r a m e t e r s  p a r a m e t e r  F o r  S t ream T a b l e  

A P F u n c t i o n  

I n i t i a l  

F i n a l  

I n i t i a l  

I n i t i a l  

I n i t i a l  

F i n a l  

F i n a l  

F i n a l  

F i n a l  

Note: The d i f f e r e n c e s  be tween t h e  i n i t i a l  and f i n a l  models  a r e  

d e s c r i b e d  i n  s e c t i o n  3 .4 .1 .  



TABLE 3.3 

CONVERGENCE PAMKETEBS FOR TESTS 3. 4 AND 5 WITE THE INITIAL MODEL 

I t e r a t i o n s  T e s t  3  T e s t  4  T e s t  5  

f o r  Stream Stream Water Stream Water Stream Water 

Func t ion  Func t ion  Level Func t ion  Level Func t ion  Level  

average  0.32 0.34 0.29 0.26 0.31 0.26 

r a t e  

asympto t ic  0.39 0.39 0.32 0.35 0.34 0.25 

r a t e  

Notes: ( a )  1.72(-6) = 1.72 X 1 0 - ~  

( b )  t h e  a v e r a t e  r a t e s  have a l l  been based upon t h e  number of  

i t e r a t i o n s  f o r  s t ream f u n c t i o n  which is a  measure of work 

involved 

( c )  * d e n o t e s  change from prev ious  i t e r a t i o n  wi thou t  a  

r e c a l c u l a t i o n  of water  l e v e l .  



CONVERGENCE PARAKETEBS FOB TESTS 6 AND 7 WITH THE FINAL MODEL 

Iteration Test 6 Test 7 

For Stream Stream Water Stream Water 

Function Function Depth Function Depth 

Average rate 0.33 

Asymptotic 0.33 

rate 

Notes: (a) all sites based upon numbers of iterations for stream function 

(b) * denotes changes from the previous iteration of stream function 

without a recalculation of water levels. 



Comparing the asymptotic rates achieved for tests 3 and 4 

( X =  4 and X =  4, l alternately) the two parameter algorithm 

seems to offer a small advantage in its speed of convergence. 

In tests 5 and 7 two iterations of stream function were carried 

out for each iteration of water level, the reasoning behind 

this being that since the proportionate changes in water depth 

were in general somewhat smaller than the changes in stream 

function, the total effort might be reduced by obtaining these 

loore accurate values of stream function. Although the 

convergence rates obtained in test 5 are coluparable with those 

for test 4 with the initial model, the rates obtained in test 7 

seem inferior to those of test 6 with the final model. These 

results indicate that the two parameter algorithms X = 0.5, 

X =  1, in alternate iterations, for the stream function is 

probably the best of the successive substitution methods. 

There is no clear advantage in not re-evaluating water levels 

each time the stream function is updated. The method takes 

about 12 or 13 iterations to achieve an accuracy of 1 part in 

10 6 .  Having obtained a solution for the numerical model of the 

flow it is reasonable then to look at the relationship between 

the model results and what is observed in the prototype. This 

is done in section 3.4.4 below. 

3.4.3 First order variation method 

The idea of the first order variation method came from work on 



t h e  p o t e n t i a l  f o r m u l a t i o n  d i s c u s s e d  i n  c h a p t e r s  4 and 5  below. 

The method i n c l u d e s  t o  f i r s t  o r d e r  t h e  change i n  I ~ Y (  a t  t h e  

new i t e r a t i o n  l e v e l .  The G a l e r k i n  e q u a t i o n s  f o r  t h e  method a r e  

g iven  by e q u a t i o n s  (3 .12)  t o  (3.15) t a k i n g  t h e  g r a d i e n t  

parameter  p a s  1.0. 

T e s t s  were done w i t h  t h e  f i n a l  v e r s i o n  of t h e  model on ly  on t h e  

geometry of mesh 4 w i t h  t h e  ground ( o r  bed) be ing  a  p iecewise  

c o n s t a n t  f u n c t i o n .  T a b l e  3.5 g i v e s  t h e  convergence pa ramete r s  

f o r  two t e s t s  of t h e  method. I n  t h e  f i r s t  of t h e s e  t e s t s ,  

(number 8 of Tab le  3 . 3 ) ,  t h e  water  l e v e l  was r e c a l c u l a t e d  a f t e r  

each i t e r a t i o n  f o r  t h e  s t r e a m  f u n c t i o n .  I n  t h e  o t h e r  t e s t  two 

i t e r a t i o n s  of s t r eam f u n c t i o n  were done b e f o r e  t h e  water  l e v e l s  

were r e c a l c u l a t e d .  

The r e s u l t s  c l e a r l y  show t h a t ,  f o r  t h e  f lume geometry used,  t h e  

pa ramete r s  f o r  t e s t  8 g i v e  t h e  optimum performance i n  terms of 

convergence r a t e .  Convergence t o  machine p r e c i s i o n  (6 decimal  

d i g i t s )  occur red  i n  abou t  6  t o  7 i t e r a t i o n s .  The f a c t  t h a t  t h e  

changes  t o  water  l e v e l s  made f o r  each i n v o c a t i o n  of t h e  s t r e a m  

l i n e  i n t e g r a t i o n  p rocedure  were n e a r l y  t h e  same i n  t e s t s  8 and 

9 i n d i c a t e s  t h a t  t h e  e x t r a  i t e r a t i o n  f o r  s t r e a m  f u n c t i o n  i n  

t e s t  9 produced no b e n e f i t .  It is  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  

a d d i t i o n a l  ( even)  i t e r a t i o n  f o r  s t r e a m  f u n c t i o n  i n  t e s t  9 

produced changes of t h e  o r d e r  of t h e  s q u a r e  of t h e  p reced ing  

(odd)  i t e r a t i o n  (of t h e  s t a r r e d  and u n s t a r r e d  v a l u e s  i n  T a b l e  

3 .6) .  T h i s  i n d i c a t e s  t h a t  i n  t h e  absence of changes t o  wa te r  

l e v e l  (and hence t h e  conveyance f u n c t i o n  K )  t h e  f i r s t  o r d e r  

v a r i a t i o n  method a c h i e v e s  an  a lmos t  q u a d r a t i c  convergence.  



TABLE 3.5 

CONVERGENCE PARAMETERS FOR FIRST ORDER VARIATION METHOD 

Iteration Test 8 Test 9 

For Stream Stream Water Stream Water 

Function Function Depth Function Depth 

1.07(0)  1 .48 ( - l )  

1 . 3 - l )  1.63(-2) 

1.25(-2)  1.71(-3) 

1 .44(-3)  1.77(-4) 

2.14(-4) 2.34(-5) 

2.73(-5) 2.89(-6) 

3.10(-6) 1.65(-6)  

Converged to machine 

precision - 
- - 

Averagerate 0.12 0 .11  0.36 0.35 

for iterations 1 to 7 l to 6 1 to 11 2 to 12  

Notes: * denotes changes from the previous iteration of stream function 

without a recalculation of water levels. 



3.4 .4  Comparison w i t h  t h e  p r o t o t y p e  

I n  t h i s  s e c t i o n  we c o n s i d e r  t h e  r e l a t i o n s h i p  between t h e  

numer ica l  s o l u t i o n  f o r  meshes 1 and 4, wi th  t h e  s t r e a m  f u n c t i o n  

f o r m u l a t i o n ,  and Sooky's  (1964) exper imenta l  r e s u l t s  (Geometry 

4 )  upon which t h e  meshes were based. The meshes have an 

i d e n t i c a l  d e s c r i p t i o n  of t h e  geometry of a  s i n g l e  meander wave, 

a p a r t  from t h e  a r e a s  a f f e c t e d  by making t h e  mesh r e g u l a r  ( s e e  

Appendix 2 ) .  No t e s t s  have been done t o  look  a t  t h e  

convergence ( i n  space )  a s  t h e  c h a r a c t e r i s t i c  mesh dimension i s  

reduced.  I n  e n g i n e e r i n g  p r a c t i c e  t h e  q u a l i t y  of t h e  f i t  

between t h e  model and t h e  p r o t o t y p e  w i l l  depend upon t h e  

a v a i l a b i l i t y  of c a l i b r a t i o n  d a t a ,  and t h e  c a l i b r a t i o n  p r o c e s s  

w i l l  r e s u l t  i n  roughness v a l u e s  (and p o s s i b l y  o t h e r  p h y s i c a l  

parameters  i n c l u d e d  i n  t h e  model) which match t h e  s i m u l a t i o n s  

t o  t h e  p r o t o t y p e .  The very  p rocess  of c a l i b r a t i o n  w i l l  

i m p l i c i t l y  i n c l u d e  many phenomena such a s :  

1. p h y s i c a l  p r o c e s s e s  no t  inc luded  i n  t h e  mathemat ica l  model, 

2. numerical  e r r o r s  such a s :  

( a )  t r u n c a t i o n  e r r o r  

( b )  rounding e r r o r  

( c )  q u a d r a t u r e  e r r o r ,  

3 .  approximat ion t o  n a t u r a l  geometry. 

The s t r eam f u n c t i o n  f o r m u l a t i o n  i s  based upon t h e  assumpt ion 

t h a t  i n  t h e  dynamics of t h e  f low t h e  bed f r i c t i o n  i s  dominant.  



Hence certain aspects of Sooky's observations cannot be 

reproduced. These include: 

1. the boundary layer at the edge of the flume, 

2. secondary flow cells in the main channel, 

3. water level variations due to the centripetal force around 

the meanders, 

4. the shear layer between the channel and the flood plain. 

Sooky's thesis (1964) contains detailed measurements of the 

flow structure with depth. However, in Table 11 he presents an 

integration throughout the depth giving the discharge in 

various sub-sections of the flume at various locations. Table 

3.6 presents a comparison of Sooky's experimental results with 

the simulations in tests 4 and 8 (with the initial and final 

models respectively). No attempt was made to calibrate the 

computational model against the flume experiments. In test 4 

the discharge was 0.00814m3/s (0.29cfs), the Chezy roughness 

coefficient C was set to 38.35 and the water level was 

horizontal on the outflow boundary. In test 8 the discharge 

was 0.01017m3/s (0.36cfs), a roughness size (ks) of 3.6mm was 

used in the Colebrook-White equation and the water level was 

horizontal on the outlow boundary. (These discharge and 

roughness figures take account of the linear scaling factor of 

100 applied to Mesh 4, see Appendix 2.) In Sooky's test the 

discharge was 0.28cfs and Sooky quotes a Manning value of 0.017 

as being appropriate. The downstream depths in the 

computations were set to the mean value obtained by Sooky. 



COMPARISON OF DISCHARGE DISTRIBUTION 

Percen tage  of Flow 

Value X/L T e s t  P o s i t i o n  L e f t  Main Kight  

from Sooky Channel 

0 .5  Sooky Meander 27.2 44.9 27.9 

c r o s s e s  

4 t h e  c e n t r e  25.2 49.4 25.4 

l i n e  of 

8 t h e  f lume 23.0 53.6 23.4 

0.598 Sooky Meander 22.1 43.8 34 .2  

moving 

4 t o  l e f t  22.2 49.5 28.3 

8 hand edge 20.5 53.6 25.9 

Sooky Meander a t  

l e f t  hand 

edge 

Downstream 

end 

*Centre  

Upstream 

end 

Downstreaw 

end 

*Centre  

Upstream 

end 

d / s  l i m i t  

U /S  l i m i t  

Note: * d e n o t e s  l e f t  and r i g h t  hand v a l u e s  t r ansposed  t o  f a c i l i t a t e  

comparison.  



The computat ions  and exper iment  a g r e e  i n  t h e  o v e r a l l  p i c t u r e ;  

t h e  f low is c o n c e n t r a t e d  i n  t h e  main channe l  and t h e  main 

channe l  d i s c h a r g e  remains more o r  l e s s  c o n s t a n t  a l o n g  t h e  

l e n g t h  of t h e  meander. The c a l c u l a t i o n s ,  however, do n o t  g i v e  

t h e  same s p l i t  of d i s c h a r g e  between t h e  channe l  and f l o o d  p l a i n  

sub-sec t ions  a s  observed i n  Sooky's flume. I n  Sooky's  

exper iment  t h e  channe l  accounted f o r  44 t o  45% of t h e  t o t a l  

f low,  whereas i n  t e s t  4 w i t h  t h e  i n i t i a l  model i t  c a r r i e d  48 t o  

50% and i n  t e s t  8 t h i s  i n c r e a s e d  t o  52 t o  54%. The d i f f e r e n c e s  

between t e s t s  4 and 8 can be a t t r i b u t e d  t o  t h e  d i f f e r e n c e  i n  

the  roughness  laws.  For  a  c o n s t a n t  v a l u e  of ks, t h e  v a l u e  of 

Chezy C should  be h i g h e r  i n  t h e  deeper  p a r t  of t h e  f low.  The 

d i f f e r e n c e s  between t h e  c a l c u l a t i o n  and exper iment  however a r e  

s i g n i f i c a n t ,  a s  i n  t e s t  8 t h e  main channel  c a r r i e d  202 more 

d i s c h a r g e  than  observed,  and t h e  most l i k e l y  cause  of t h i s  

d i f f e r e n c e  i s  t h e  i n a b i l i t y  of t h e  mathemat ica l  model t o  

r e p r e s e n t  t h e  s h e a r  l a y e r s  a t  t h e  boundary between t h e  main 

channe l  and f l o o d  p l a i n  and a t  t h e  edge of t h e  f l o o d  p l a i n .  

T h i s  i s  d i s c u s s e d  i n  s e c t i o n  2.4.2 above and by Vreugdenhi l  and 

Wijbenga ( 1 9 8 2 )  who p r e d i c t  changes of t h i s  o r d e r  of magnitude 

a t t r i b u t a b l e  t o  t h e  t r e a t m e n t  of t h e  s h e a r  l a y e r .  

A second check on t h e  q u a l i t y  of t h e  model r e s u l t s  i s  t h e  wa te r  

l e v e l  v a r i a t i o n  p r e d i c t e d  a t  t h e  upstream boundary. The wa te r  

l e v e l  should  be h o r i z o n t a l  s i n c e  t h i s  boundary is normal t o  t h e  

f low d i r e c t i o n .  I n  bo th  t e s t s  4 and 8 a  v a r i a t i o n  of l e v e l  was 

produced on t h e  boundary. I n  t e s t  4 t h e  v a r i a t i o n  was 

approx imate ly  0.072 of t h e  dep th  of f low i n  t h e  channe l  and i n  



t e s t  8 i t  was 0.1% of t h e  d e p t h  of f low i n  t h e  main channe l .  

F i g  3 . 4  shows t h e  wa te r  l e v e l  v a r i a t i o n  on t h e  upst ream 

boundary from t e s t  8. 

3 . 5  T e s t s  w i t h  t h e  T a l l a h a l a  Creek d a t a  

Having concluded t h a t  t h e  f i r s t  o r d e r  v a r i a t i o n  method provided 

a  s a t i s f a c t o r y  s o l u t i o n  procedure  f o r  t h e  meandering r i v e r  

channe l  type  of geometry,  t h e  f i n a l  v e r s i o n  of t h e  model was 

t e s t e d  on t h e  T a l l a h a l a  Creek d a t a  from Tseng (1975).  Th i s  

p r e s e n t s  a  d i f f e r e n t  t y p e  of geomet r i c  i r r e g u l a r i t y  i n  t h a t  t h e  

d a t a  c o n t a i n s  no s p e c i f i c  r e p r e s e n t a t i o n  of a  r i v e r  channe l  but  

t h e  l a t e r a l  ( s o l i d )  boundar ies  of t h e  f low domain show a  s e v e r e  

c o n s t r i c t i o n  a t  t h e  embankment l e a d i n g  t o  a c l e a r  span  road 

b r i d g e ,  s e e  F i g  A2.6 .  Tseng ' s  r e p o r t  i n c l u d e s  v a l u e s  f o r  t h e  

Chezy roughness c o e f f i c i e n t ,  t h e  ground l e v e l  and t h e  boundary 

c o n d i t i o n s  on w a t e r  l e v e l  and d i s c h a r g e .  

The r e s u l t s  of t h e  computat ions  were d i s a p p o i n t i n g  i n  t h a t  t h e  

convergence r a t e  of t h e  i t e r a t i v e  method was poor and t h a t  t h e  

end s o l u t i o n  was unaccep tab le .  I n  a l l ,  t h r e e  t e s t s  were done 

and t h e  same g e n e r a l  performance was o b t a i n e d  i n  each ,  s e e  

Tab le  3 .7  and F i g  3.5. I n  t e s t  1 t h e  f i r s t  o r d e r  v a r i a t i o n  

method was used,  s e e  s e c t i o n  3 . 4 . 3 .  T e s t  2 used t h e  two 

parameter  u p d a t i n g  method w i t h  pa ramete r s  0.5 and 1.0 being 

used i n  a l t e r n a t e  i t e r a t i o n s ,  s e e  s e c t i o n  3 . 4 . 2 .  I n  t e s t  3  t h e  

f i r s t  o r d e r  v a r i a t i o n  method was a g a i n  used b u t  t h e  s t r e a m l i n e  

i n t e g r a t i o n  p rocedure  was modif ied .  T e s t s  1 and 2 ach ieved  i n  



CONVERGENCE PARAMETERS FOR TESTS WITH PIESH FOR TBLLAtlALh CREEK 

Test l Test 2 Test 3 

Iteration Stream Water Stream Water Stream Water 

Number Function Level Function Level Function Level 



practice the same convergence rate (see Table 3.7) and the 

water level profile on the upstream boundary was identical when 

plotted (see Fig 3.8). This suggested that the problem lay in 

the calculation algorithm for water level. The water level on 

the upstream boundary should of course be horizontal since the 

flow is assumed normal to the mesh boundary. Possible 

deficiencies of the streamline integration procedure of section 

3.2.4 are that it is only based upon about half of the elements 

in the mesh (all those in class C, Fig 3.2, are excluded) and 

that it does not define the cross-stream gradient of water 

level. Test 3 included an allowance for the direction of the 

gradient of the water surface and was again based upon the 

first order variation method for stream function. The equation 

used for integration in each element was: 

The first term in equation (3.40) is identical (except for the 

pre-multiplier) to the left hand side of equation (3.22) in 

section 3.2.4. The second term, with the penalty parameter q, 

expresses the condition that the surface gradient should be 

normal to the gradient of the stream function. The original 

algorithm corresponds to taking q as 0.0: in a test with q = 1 

the calculation procedure failed with negative water depths. 

In test 3 q was set to 0.1. The convergence rate improved from 

tests 1 and 2, see Table 3.7 and the distribution of water 

levels on the inflow boundary changed, see Fi2 3.5. The 

transverse water surface slopes, however, were still of the 



same order as the streamwise water surface slope which is not 

acceptable. The cause for this poor performance of the method 

has not been identified but is probably related to the large 

changes of gradient of stream function around the contracted 

and the selective nature of the stream line integration 

procedure discussed above. 

3.6 Concluding remarks 

This chapter has considered the application of the stream 

function formulation to two test problems. The first of these 

related to the experimental work of Sooky ( 1 9 6 4 )  and the 

numerical method achieved a satisfactory performance. The 

second problem was based upon a field application froa Tseng 

( 1 9 7 5 )  and here the stream function model performed badly. The 

area where the method needs to be improved most is probably in 

the streamline integration procedure. The model produces a 

water level variation on the upstream boundary which is normal 

to the stream direction, and hence a line on which water level 

should be horizontal. The inclusion of an orthogonality 

condition via a penalty parameter in the streamline integration 

procedure equation ( 3 . 4 0 )  did not solve the problem. Further 

work is required on this topic before the method can be used in 

engineering practice. 

The stream function formulation tested was based upon the 

lowest order of approximation possible: piecewise linear basis 

functions. The use of higher order approximations should 



improve t h e  d e s c r i p t i o n  of t h e  f low f i e l d  but a t  t h e  c o s t  of  

more computa t iona l  e f f o r t  and p o s s i b l y  more r i g o r o u s  

topograph ic  d a t a  r equ i rements .  The s t r e a m  f u n c t i o n  f o r m u l a t i o n  

cannot  i n c l u d e  t h e  d i f f u s i o n  o r  convec t ion  terms i n  t h e  f low 

e q u a t i o n s  w i t h o u t  u s i n g  C in te r -e lement  c o n t i n u i t y .  The u s e  

of such  e lements  is known t o  pose d i f f i c u l t i e s  p a r t i c u l a r l y  

where t h e  m a t e r i a l  p r o p e r t i e s  - i n  our  c a s e  conveyance K - i s  

d i s c o n t i n u o u s  between e lements ,  s e e  Zienkiewicz  (1977) c h a p t e r  

10.  The u s e  of h i g h e r  o r d e r  e lements  f o r  t h e  s t r e a m  f u n c t i o n  

w i l l  c o m p l i c a t e  t h e  s t r e a m l i n e  i n t e g r a t i o n  procedure .  The 

d i v i s i o n  of t h e s e  e lements  i n t o  t h e  t h r e e  c l a s s e s  of s e c t i o n  

3.2.1 w i l l  no t  be p o s s i b l e ,  s i n c e  t h e  s t r e a m l i n e s  w i l l  no t  i n  

g e n e r a l  be s t r a i g h t  l i n e s  and hence t h e  s t r e a m l i n e  through a  

node may i n t e r s e c t  one of t h e  s i d e s  connected t o  t h a t  node. 

T h i s  w i l l  produce a n  a lgor i th ro  t h a t  w i l l  l i n k  t h e  water  l e v e l  

a t  s e v e r a l  nodes and s o  w i l l  n o t  be s o l v a b l e  by t h e  s imple  

marching a l g o r i t h m .  T h i s  w i l l  be c o u p u t a t i o n a l l y  more complex 

and expens ive  but  s o  would any a l g o r i t h m  based upon t h e  l i n e a r  

t r i a n g u l a r  e l ements  which i n c l u d e s  those  e lements  i n  c l a s s  C i n  

d e t e r m i n i n g  t h e  wa te r  l e v e l s .  



CHAPTER 4 

USING THE PRIMITIVE VARIABLES 

4.1 Introduction 

In this chapter we examine two possible formulations of the 

steady friction controlled flow equations in terms of the 

primitive variables. These are the unit flow vector l a n d  the 

water surface level h. The flow equations themselves are 

discussed in Chapter 2  and some general material in Chapter 3  

is pertinent, specifically the remarks on basis functions, bed 

approximations and numerical quadrature in Section 3 . 2  and the 

software techniques in Section 3 . 3 .  

The two methods both achieve a reduction of the order of the 

system of linear equations to be solved. First we discuss the 

use of approxinately divergence free spaces for the trial 

functions, see Temam (1977)  and Griffiths ( 1 9 7 7 ) .  The second 

approach is to use the potential formulation in which the unit 

flow vector is eliminated from the model equations by formal 

manipulation. 

4 . 2  Approximately Divergence Free Elements 

4 . 2 . 1  Introduction 

Here we demonstrate the failure of Temam's approximation APX5 

for the flood plain flow equations, which produces satisfactory 



results for the Navier Stokes (NS) equations. The 

approximation for the unit flow vector is non-conforming being 

spanned by piecewise linear discontinuous basis functions, see 

Fig 4.1. The use of the method is covered neither by the 

analysis of Temam (1977)  for the NS equations nor by the work 

of Girault and Raviart (1979) .  Temam considers both the Stokes 

and the NS equations but in each case the physical dissipation 

is related to v2 U whereas for flood plain flow the dissipation -- 

is of a lower order i.e. qlq(, and requires different boundary 

data. An appropriate linear model for the flood plain flow 

equations is a mixed method for the Laplace equation. Girault 

and Raviart discuss mixed methods for the Laplace equation but 

their analysis is restricted to conforming approximations. The 

approximation APX5 is the lowest order scheme that Temam shows 

can be applied to the NS equations. Including the convection 

and turbulent stress terms in the flood plain flow equations 

leads to a system similar to the NS equations and this 

motivated the study of Temam's approximation APX5 of the more 

simple case of friction controlled flow. 

4.2.2 Approximation spaces 

The key idea in this approach is that instead of searching for 

1 1 
q in domain of over the whole product space H ( R ) x  HE(R) the 
- E 

choice is restricted to the divergence free subspace D(R) 

defined by 

1 1 
D(R) = q in HE(R)x HE(R) with V.q = 0 - - ( 4 . 1 )  

Here the suffix E denotes functions which satisfy any Dirichlet 



boundary data given. Following Griffiths (1977) we may 

characterise the approximation to D(Q) by values of the 

tangential component at the mid-point of each element side, 

together with a stream function based upon the vertices to give 

the normal component at the mid side nodes. The basis function 

for a midside node and the area coordinate N for the v 

opposite vertex are related by 

x, = 1- 2N 
v' (4.2) 

see Fig 5.1. The divergence free condition is satisfied 

weakly, in the sense that in each element we have 

<!.g, @eh= 0 (4.3) 

Here Q is described by the stream function and tangential - 

components as above, and @ is the piecewise constant basis 
e 

function used in the approximation for water level in the 

element. 

4.2.3 Application to the Laplace equation 

Taking the equations of friction controlled flow and setting 

to 1 we have: 

1.5 = 0 (4.4) 

q +  C h = O  - - (4.5) 

which imply a Laplace equation for the water level h. 

Appropriate data are 

g."_ 0 

h = constant 

On no flow and normal flow boundaries respectively. We 

introduce a weak form of (4.4) and (4.5), thus 



Using Green 's  theorem f o r  s u i t a b l y  smooth 4 e q u a t i o n  ( 4 . 8 )  

becomes 

q, 4" + I ( h  - J*n j  .- d T  = - V.*, hhz ( 4 . 9 )  
r 

where r i s  t h e  boundary of t h e  domain. I f  now we r e s t r i c t  - q  

and 4 t o  D(B), e q u a t i o n  (4 .7)  i s  s a t i s f i e d  by d e f i n i t i o n  and 

t h e  r i g h t  hand s i d e  of e q u a t i o n  (4.9) i s  zero .  

The GalerKin e q u a t i o n s  based upon (4 .9)  a r e  t h e r e f o r e  

< Q k  Y  k ,  Y j " =  - I (fie@e +."_ di- (4 .10)  
r 

Here Q = ;( 
- k l i c  

and H = H @ (wi th  summation convent ion on k  and 
e  e 

e )  and j ranges over  t h e  b a s i s  f u n c t i o n s  where D i r i c h l e t  d a t a  

a r e  n o t  s u p p l i e d .  The d i r e c t i o n  of 4 is  t h a t  of t h e  u n i t  

v e c t o r  a s s o c i a t e d  wi th  Q i e  t h e  u n i t  normal o r  t a n g e n t  
k' 

v e c t o r s  a t  t h e  mid-sides of t h e  t r i a n g l e .  We n o t e  t h a t  i f  t h e  

Xj 
were t o  p rov ide  a  conforming approximat ion,  then t h e  r i g h t  

hand s i d e  of equa t ion  (4 .10 j  would be ze ro .  

Now c o n s i d e r  t h e  mesh shown i n  F ig  4.2 w i t h  two r i g h t  t r i a n g l e s  

jo ined  t o  form a  u n i t  square .  We app ly  boundary d a t a  

c o n s i s t e ~ i t  wi th  Q = (1,O) t o  t h e  G a l e r k i n  system (4.10);  

Stream f u n c t i o n  

T a n g e n t i a l  v e l o c i t y  

= L v e r t i c e s  1 and 2 

= 0  v e r t i c e s  3 and 4  

= 1 mid-side nodes 5 and 7  

= 0 mid-side nodes 6 and 8  



The s o l e  v a r i a b l e  n o t  s p e c i f i e d  by t h i s  boundary d a t a  i s  t h e  

t a n g e n t i a l  v e l o c i t y  a t  t h e  i n t e r i o r  mid-side node 9 which 

should have magnitude 1/d. The s o l e  G a l e r k i n  e q u a t i o n  i s  

Qg < 4.4 > =  I (Hebe 4." d r  (4.11) 
r 

S i n c e  t h e  b a s i s  f u n c t i o n s  $ a r e  c o n s t a n t  i n  each e lement  t h e  
e  

r i g h t  hand s i d e  of equa t ion  (4.11) i s  i d e n t i c a l l y  ze ro  t a k i n g  

account  of t h e  d e f i n i t i o n  of X i n  e q u a t i o n  (4 .2 ) .  Hence we 

o b t a i n :  

113 Qg = 0, (4.12) 

whereas t h e  t r u e  s o l u t i o n  i s  Q = 1/J2 .  However, we can 9  

i n c l u d e  t h e  t r u e  s o l u t i o n  f o r  water  l e v e l  i n  t h e  boundary 

i n t e g r a l s  of e q u a t i o n  (4.11).  On in f low and ou t f low boundar ies  

t h e  wa te r  l e v e l  i s  c o n s t a n t  s o  t h e  boundary i n t e g r a l s  remain 

z e r o ,  but  on t h e  no f low boundar ies  t h e  water  s u r f a c e  has  u n i t  

z r a d i e n t .  C a l c u l a t i n g  t h e  i n t e g r a l s  a l o n g  t h e  no f low 

boundar ies  g ives :  

113 Qg  = R l 6 ,  

t h a t  is  t h e  exac t  s o l u t i o n .  

The above example is  a  form of pa tch  t e s t  f o r  t h i s  p a r t i c u l a r  

mixed f i n i t e  element rnethod s i n c e  t h e  numerical  v a l u e s  ob ta ined  

a r e  independent of t h e  element s i z e ;  s e e  Zienkiewicz (1977).  

S i n c e  t h e  f a i l u r e  of t h e  p a t c h  t e s t  is  r e l a t e d  t o  t h e  poor 

r e p r e s e n t a t i o n  of i n t e g r a l s  around t h e  boundar ies  i t  i s  obvious  



t o  c o n s i d e r  r a i s i n g  t h e  o r d e r  of t h e  e l e m e n t .  T h i s  l e a d s  t o  

s o r e  complex b a s i s  f u n c t i o n s  f o r  t h e  f l o w  f i e l d  Q t o  be  - 

a p p r o x i m a t e l y  d i v e r g e n c e - f r e e ,  s e e  G r i f f i t h s  (1977).  I n  f a c t  

t h e  h i g h e r  o r d e r  e l e m e n t s  a l l  p r o v i d e  conforming a p p r o x i m a t i o n s  

and s o  t h e  problem c a l c u l a t i n g  of  t h e  boundary i n t e g r a l s  

d i s a p p e a r s .  

T h i s  app roach  h a s  n o t  been pu r sued  f u r t h e r  s i n c e  one  a i m  of t h e  

r e s e a r c h  w a s  t o  i n v e s t i g a t e  t h e  low o r d e r s  of a p p r o x i m a t i o n  

t h a t  were assumed t o  be  c o n s i s t e n t  t h e  q u a l i t y  of  d a t a  

a v a i l a b l e  f o r  p r a c t i c a l  c a l c u l a t i o n s .  The c o m p a t i b i l i t y  

c o n d i t i o n s  be tween t h e  o r d e r s  of  a p p r o x i m a t i o n  of t h e  u n i t  f l o w  

v e c t o r  and t h e  w a t e r  l e v e l  f o r  t h e s e  h i g h e r  o r d e r  methods may 

be examined u s i n g  t h e  t h e o r e t i c a l  framework of G i r a u l t  and  

R a v i a r t  (1979).  S i n c e  t h e s e  methods a r e  n o t  t e s t e d  h e r e  t h i s  

a n a l y s i s  has  n o t  y e t  been  done  b u t  s h o u l d  p r e c e d e  any f u r t h e r  

work on t h e  a p p r o x i m a t e l y  d i v e r g e n c e - f r e e  f o r m u l a t i o n s .  

4.3 The p o t e n t i a l  f o r m u l a t i o n  

4.3.1 I n t r o d u c t i o n  

The d i s c u s s i o n  h e r e  c o n c e n t r a t e s  on f o u r  f e a t u r e s  of t h e  

method: 

1. t h e  conve rgence  r a t e  of t h e  s u c c e s s i v e  s u b s t i t u t i o n  

a l g o r i t h m s  used ,  

2. t h e  e f f e c t s  of n u n e r i c a l  q u a d r a t u r e ,  

3 .  t h e  r e p r e s e n t a t i o n  of  boundary f l u x ,  



4. a  comparison w i t h  t h e  r e s u l t s  of t h e  s t ream f u n c t i o n  

fo rmula t ion .  

A l l  t h e  c a l c u l a t i o n s  were based upon a  r e p r e s e n t a t i o n  of 

Sooky's exper imenta l  geometry, s e e  Mesh 1 i n  Appendix 2. The 

water  l e v e l  was approximated,  a s  i n  t h e  s t r e a m  f u n c t i o n  

f o r m u l a t i o n ,  by a  p iecewise  l i n e a r  con t inuous  f u n c t i o n  u s i n g  

t h e  b a s i s  f u n c t i o n s  s e t  out  i n  S e c t i o n  3.2.1. The ground l e v e l  

was t aken  a s  p iecewise  c o n s t a n t  w i t h i n  each element,  a s  i n  t h e  

f i n a l  t e s t s  of t h e  s t r e a m  f u n c t i o n  fo rmula t ion .  Two f r i c t i o n  

fo rmulae  were t e s t e d ,  Chezy's law and t h e  Colebrook-White 

equa t ion .  

The c a l c u l a t i o n s  a r e  based upon t h e  mathemat ical  model 

e q u a t i o n s  l a i d  o u t  i n  S e c t i o n  2.5.1. The dynamic e q u a t i o n  

(2.56) is  rea r ranged  t o  g i v e  

b 1 = - K(1- > (4 .14)  

and s e t t i n g  d i v  9 t o  z e r o  we o b t a i n  

-4 
J . ( K ( > (  % ) = O  (4.15)  

With a p p r o p r i a t e  boundary d a t a  on t h e  water  l e v e l  h  t h i s  

e q u a t i o n  p o s s e s s e s  a  unique s o l u t i o n ,  s e e  S e c t i o n  2.6.1. 

The f i n i t e  element approximat ion t o  t h e  s o l u t i o n  of e q u a t i o n  

(4.15) may be g e n e r a t e d  u s i n g  s u c c e s s i v e  s u b s t i t u t i o n s  thus :  

< cf(Hn)! (Hn+$, U i i h  + bn (4.16) 
J 

Here H~ i s  t h e  approximat ion t o  t h e  water  l e v e l  a t  i t e r a t i o n  



number n and b: is determined by the boundary data. These 
J 

Galerkin equations are solved for the updating vector T) and the 

water level vector at the new iteration is defined by 

n H~+' = H + All  (4.17) 

where A is a relaxation parameter. The unit flow vector in 

each element may be defined as 

n -b 
Q~ = - 1 9 - (4.18) 

Here K is the average value of the conveyance function defined 

by the quadrature rule thus, 

- 
K = 1 w~K(H~(x. -1 ) )  (4.19) 

where the sums runs over all the quadrature points i for the 

element. The friction parameter Cf in equation (4.16) may then 

be expressed as 

A key distinction between the stream function formulation and 

the potential formulation is the way the continuity equation is 

represented. By definition, a stream function satisfies the 

continuity equation locally and globally over the whole flow 

domain. In the potential formulation, however, the continuity 

equation is only satisfied as a weighted average, thus, from 

equation (4.16) 

* 
< Q ,  - V N . r = O  (4.21) 

J * 
where - Q is limit of the sequence of values hn 1 from equation 
(4.18) and j ranges over all the interior nodes of the finite 

element mesh. 



4.3.2 Convergence of the iterative method 

The convergence of the successive substitution algorithm 

defined by equations (4.16) to (4.20) may be studied in a 

similar way to the analysis in Section 3.4.2. Define as before 

* 
Hk as the nodal values of the solution of the Galerkin 

n 
equations and the error E  at iteration n by 

k 

The approximations to the stream and normal vectors, e and e 
-S -t' 

* 
in each element are parallel and normal to - V H respectively. 

We define in each element streamwise and normal components of 

n 
the gradient of E  by 

Then we deduce that the error {E~+'] at the new iteration 
k 

satisfies the following Galerkin equations to first order 

e [(l - A) G:]} W.> 
-t - J  

On the right hand side of equation (4.24) the term 

H * , ( E ~ / D  comes from the variation of the conveyance 



function which is assumed to be of the form 

K(D) = CD' (4.25) 

where D is the mean depth in the element defined by the 

quadrature rule. 

Assuming that this term is small compared with F: and G: then 

we deduce that a two parameter updating algorithm will be 

effective in solving the non-linear finite element equations. 

The relaxation parameters should be 1 and 2 in alternate 

iterations giving the approximate elimination of the normal and 

streamwise components of V E respectively. We may estimate 

when the term from the variation of the conveyance function is 

likely to be small. Let us examine the coefficient of e in 
S 

the right hand side of equation (4.24). This is approximately 

(l - f A) Fn - hps </D 
e 

(4.25) 

where s is the mean surface slope. Setting Fn as </A 
e 

approximately where Ais the mean length of the element in the 

stream direction, the expression (4.25) becomes 

(l - % A -  &SAD) F: (4.26) 

Hence the importance of the variation of conveyance depends 

upon the magnitude of psA/D. For the test geometry, Mesh 1, we 

have D = 0.02173,s - 0.002,~ = 1.8 and A = 0.081~. Hence the 

expression (4.26) becomes approximately (1 - fh - 0.02A) F" and 
e 

it should be appropriate to use parameter values 1 and 2 in 

alternate iterations for this Seometry. 



The value of the parameter psA/D should, however, be examined 

for each application of the method. It is easy to forsee 

examples where the variation of the conveyance may not be 

negligible. Suppose we are calculating flow over a flood plain 

using a mesh with the following typical physical parameters: 

S = 0.001, p = 1.7, A = loom, D = 1.0m. The expression (4.26) 

n 
now has the value (1 - 0.67 h)P and relaxation parameters of 1 

e 

and 1.5 would be appropriate. These estimates assume of course 

n .  that the nodal error Ek is essentially random rather than 

systematic. 

Three pairs of relaxation parameters were tested and the 

convergence rates are shown in Table 4.1. (The convergence 

parameters are defined in Section 3.3.5). The results shown in 

Table 4.1 indicate that increasing the relaxation parameter to 

1.5 or 2.0 in alternate iterations (tests 2 and 3) improves the 

convergence rate from using a value of 1.0 for all iterations. 

The convergence rate of 0.5 achieved in test 1 is the same as 

would be inferred from equation (4.24). The asymptotic rates 

for tests 2 and 3 are close to those found for the two 

parameter updating method applied to the stream function 

formulation, see Tables 3.3 and 3.4. 



TABLE 4 1 

CONVERGENCE PARAMETERS FOR THE POTENTIAL FOWLATION 

Test 1 Test 2 Test 3 

I t era t ion  Water Discharge Water Discharge Water Discharge 

Level Level Level 

Average 

rate  0.53 

Asymptotic 

rate  0.49 

Relaxation odd 1.0 

parameters even 1.0 

odd 1.0 

even 1.5 

odd 1.0 

even 2.0 



The subsequent  t e s t s  r e p o r t e d  i n  t h i s  Chapter a l l  used t h e  

r e l a x a t i o n  parameters  1 .0  and 2.0 a l t e r n a t e l y  s i n c e  t h i s  gave 

marg ina l ly  t h e  b e s t  r a t e  of convergence i n  t h e  f i r s t  t h r e e  

t e s t s .  

The t h r e e  q u a d r a t u r e  r u l e s  of S e c t i o n  3.2.5 were t e s t e d  w i t h  

t h e  p o t e n t i a l  fo rmula t ion .  The convergence r a t e s  f o r  t h e  

i t e r a t i o n  and v a l u e s  of water  l e v e l  were found t o  be 

i n s e n s i t i v e  t o  t h e  degree  of t h e  q u a d r a t u r e  r u l e .  The maximum 

d i f f e r e n c e  i n  water  l e v e l  a f t e r  10 i t e r a t i o n s  between t h e  r u l e s  

was on ly  6 x  10-7mm compared wi th  a  f l o o d  p l a i n  d e p t h  of 20mm. 

The v a r i a t i o n  i n  t h e  magnitude of t h e  u n i t  f low v e c t o r  

c a l c u l a t e d  from e q u a t i o n s  (4.18) and (4.19) was somewhat 

l a r g e r .  For  example i n  element number 148 a t  t h e  downstream 

end of t h e  flow domain ( s e e  F ig  4.3) t h e  f o l l o w i n g  va lues  were 

ob ta ined .  

Degree of q u a d r a t u r e  Unit  f low magnitude Convergence 

(m3/s) parameters  

The convergence parameter  i n d i c a t e s  t h a t  changes of t h e  o r d e r  

of 2 p a r t s  i n  1 0 5  were o c c u r r i n g  i n  - the  magnitude of t h e  u n i t  



f low and t h a t  t h e  d i f f e r e n c e  i n  t h e  r e s u l t s  o b t a i n e d  w i t h  t h e  

r u l e s  of degree  2  and 5 a r e  not s i g n i f i c a n t .  The e f f e c t  of 

us ing c e n t r o i d  q u a d r a t u r e  r a t h e r  than t h e  h igher  degree  r u l e s  

i s  a l s o  b a r e l y  s i g n i f i c a n t  i n  numerical  terms. I n  p r a c t i c e  t h e  

lowest  degree  of q u a d r a t u r e  may be used s i n c e  t y p i c a l  

c a l i b r a t i o n  c r i t e r i a  f o r  models of f l o o d  f low r a r e l y  c o n s i d e r  

d i f f e r e n c e s  i n  v e l o c i t y  of t h e  o r d e r  of one percen t  

s i g n i f i c a n t  . 

4.3.4  Boundary f l u x  

One of t h e  measures of t h e  q u a l i t y  of t h e  s o l u t i o n  f o r  t h e  

s t ream f u n c t i o n  f o r m u l a t i o n  was whether t h e  water  l e v e l  was 

uniform a long  each i n f l o w  boundary, s e e  S e c t i o n  3 . 4 . 4 .  However 

t h i s  c o n d i t i o n  i s  imposed a s  d a t a  on t h e  p o t e n t i a l  fo rmula t ion  

and we use  i n s t e a d  a  complementary measure of t h e  q u a l i t y  of  

t h e  r e s u l t s  of t h i s  method, namely whether t h e  i n f l o w  and 

ou t f low t o  t h e  reg ion  a g r e e .  I n  each element t h e  program 

computed t h e  magnitude of  t h e  approximat ion t o  t h e  u n i t  flow 

v e c t o r  ( Q (  u s i n g  e q u a t i o n  ( 4 . 1 8 ) .  For e lements  l y i n g  on a  f low - 
boundary Q i s  normal t o  t h e  element s i d e  on t h e  boundary s i n c e  - 

t h e  wa te r  l e v e l  i s  s p e c i f i e d  a s  uniform t h e r e .  Hence a n  

e s t i m a t e  of t h e  t o t a l  d i s c h a r g e  QT on a  f low boundary could be 

b u i l t  up a s  

QT = l1&lde ( 4 . 2 7 )  

where t h e  sum runs  over a l l  t h e  e lements  w i t h  a  s i d e  on t h e  

flow boundary and de i s  t h e  l e n g t h  of t h e  s i d e  on t h e  flow 

boundary. Although t h e  in f low and ou t f lows  were found t o  match 

t o  b e t t e r  than  1 p a r t  i n  105 f o r  a  t e s t  based on Mesh 1 b u t  

w i t h  no channel ,  when t h e  channel  wi th  i t s  dep th  d i s c o n t i n u i t y  



was reintroduced the discrepancy between inflow and outflow 

rose to about 3 percent. 

The cause of this supposed error is simply that equation 

(4.27) is not a true statement of the Galerkin equations used 

to define the weak form of the continuity equation. The 

proper representation of the boundary flux is set out below. 

The continuity equation is 

< 8.1, n > = -  < q  - , - Vn > +  /nq.n - d r  (4.28) 

Hence for an inflow or outflow boundary rf 

QT = In?: drf = < - q, - Vn > (4.29) 

if n is defined such that it is zero on all other flow 

boundaries. One suitable definition for n is 

n = l for all nodes on r 
f 

n = 0 at all other nodes. 

With this definition for the test function nwe have the 

following approximation to the boundary flux: 

e e 
qT = 1 <Q,]n 
where the sum runs over all the elements lying on or touching 

the flow boundary. 

This definition of QT was included in the computer code and 

after ten iterations (using relaxation coefficients of 1.0 and 

2.0 alternately) the inflow and outflow only differed by 

3 parts in 10'. The convergence parameter for the unit flow 

magnitude was 2.6(-5) after ten iterations indicating that the 

boundary flux converged faster than the interior solution. The 

convergence of the boundary flux was checked in subsequent 



tests by evaluating the inflow and outflow for each iteration. 

Table 4.2 shows the boundary fluxes for a test based upon 

Mesh 1, vhich clearly shows a more rapid convergence for the 

flux compared to the solution as a whole. 

This observation is of practical importance since it means that 

relatively few iterations need to be done to achieve a good 

estimate of the discharge in or out of the region. The total 

discharge will be a calibration parameter in the case where a 

roughness value is assumed and water levels are given on the 

flow boundaries. Hence the roughness can be adjusted (manually 

or automatically) after a few iterations of the algorithm. The 

same is the case in the typical design situation where the 

total flow and the roughnesses are known but the upstream water 

level is unknown. Only a few iterations need to be done for 

each trial water level. 



Iteration 

TABLE 4 .2  

CONVERGENCE OF BOUNDAN FLUX 

Inflow (m 3/s) Outflow (m 3/s) 

Results for a test of Mesh 1 using relaxation parameters of 1.0 and 

2.0 alternately and a roughness size of ks = 3.6md in the 

Colebrook-White resistance equation. E is the convergence parameter 
q 

for the magnitude of the unit flow vector. 

4.3.5 Comparison with prototype and stream function model 

The results from the potential formulation may be compared with 

the flume data of Sooky (1964) in a similar fashion to the 

results in Section 3.4.4. The physical basis of the 

mathematical model of the flow is the same in each case, hence 

the limitations of the stream function model are pertinent 



here. Table 4.3 gives a comparison of the flow division for 

the two formulations and the flume data. The discharges for 

each subsection in the potential formulation were calculated by 

hand using equation (4.27) and so may be subject to a small 

error. 

The test of the potential formulation using Chezy's friction 

law had the upstream level set to the average water level on 

the upstream boundary from test 4 of the stream function model. 

The discharge was 8.13801(-3)m3/s compared with 8.14109(-3)m3/s 

for the stream function formulation. This difference although 

of numerical significance is of little practical importance. 

For the tests using the Colebrook-White roughness the upstream 

level was set to achieve a surface slope equal to the bed slope 

of the flume, ie 0.00160 compared with the surface slope of 

0.00107 for the test using the Chezy law. The discharges for 

the potential and stream function for a roughness size of 3.6mm 

were both set to 1.017978(-2), and for a roughness value of 

1.6mm the total discharge was 1.18256(-2)m3/s. 

The results shown in Table 4.3 show that, for the same friction 

law, the two formulations agree more closely with each other in 

terms of the division of the flow between the channel and flood 

plains than they do with the flume data of Sooky (1964). The 

principal cause of the discrepancies is the omission of 

turbulents stresses from the mathematical model (see Section 

3.4.4). 

Further comparison of the two formulations, is possible, 

Table 4.4 gives the water levels across the centre of the mesh 



TABLE 4.3 

FLOW D I V I S I O N .  COWARISON 

Position Formulation Friction Percentage of flow 

law Left Channel Right 

Left limit Sooky's 

of meander experiments 

Downstream SF inital Chezy 

end (38.35) 19.6 47.7 32.7 

Potential Chezy 

(38.35) 19.3 48.9 31.8 

SF final Colebrook 

(3.6) 18.2 52.7 29.1 

Potential Colebrook 

(3.6) 17.5 53.6 28.9 

Potential Colebrook 

(1.6) 17.8 52.9 29.3 

Centre (Left SF initial Chezy 

and Right (38.35) 19.5 48.0 32.5 

transposed) Potential Chezy 

(38.35) 20.0 47.3 32.7 

SF final Colebrook 

(3.6) 17.8 52.2 30.0 

Potential Colebrook 

(3.6) 18.2 51.7 30.1 

Potential Colebrook 

(1.6) 18.5 51.0 30.5 



TABLE 4.3 

FLOW DIVISION. COMPARISON (CONT'D) 

Upstream SF i n i t i a l  Chezy 

end (38.35) 19.4 48.4 32.2 

P o t e n t i a l  Chezy 

(38 .35)  19.9 47.3 32 .8  

SF f i n a l  Colebrook 

(3 .6)  18 .3  52.7 29.0 

P o t e n t i a l  Colebrook 

(3 .6 )  1 8 . 3  51.6 30 .1  

P o t e n t i a l  Colebrook 

(3 .6 )  18.5 51 .0  30.5 

Notes 

1 R e s u l t s  f o r  s t ream f u n c t i o n  (SF) i n i t i a l  model a r e  f o r  t e s t  4 i n  

Tab le  3.6,  and f o r  t h e  f i n a l  model f o r  t e s t  8. 

2 The v a l u e  i n  ( ) a f t e r  t h e  name of t h e  f r i c t i o n  law deno tes  t h e  

c o e f f i c i e n t  v a l u e  w i t h  u n i t s  mm f o r  Colebrook-White. 



Node 

for the two tests using the Chezy friction law. Two features 

are apparent. Firstly, the water level on the left flood plain 

tends to be higher than on the right flood plain. It is not 

clear whether this difference is a feature of the solution of 

the flow equation, as no tests have been done on reduced mesh 

sizes. Secondly, there is considerably more variation in the 

transverse water surface profile from the stream function 

formulation, confirming the criticism of the streamline 

integration algorithm in Section 3 . 6 .  

TABLE 4.4 

WATER U V E L S  ACROSS CENTRE OF PIESH 1 

Position 

R H edge of flow 

edge of channel 

edge of channel 

edge of channel 

LH edge of flow 

Stream function Potential 

formulation formulation 

(m) (m) 



4.4 Concluding Remarks 

Of the two approaches discussed in this chapter the divergence 

free formulation has been shown to require a higher order 

approximation than the potential formulation. Hence in line 

with the philosophy outlined in chapter one concentration has 

been centred on the potential formulation. This method is in a 

sense complementary to the stream function formulation. The 

potential formulation performed satisfactorily on tests of a 

discretization of Sooky's experimental geometry. This method 

has been developed further by the introduction of the 

convection term into the mathematical model and by an improved 

iteration scheme similar to the first order variation method 

the stream function model. 

These points form the subject of Chapter 5 which also includes 

a discussion of the application of the potential formulation 

for the Tallahala Greek data. 



CtlAPTER 5 

MODELLING THE CONVECTION TERM 

5 .1  I n t r o d u c t i o n  

Th i s  c h a p t e r  c o n s i d e r s  t h e  e x t e n s i o n  of t h e  p o t e n t i a l  

f o r m u l a t i o n  t o  i n c l u d e  t h e  convec t ion  term which i s  d e f i n e d  i n  

s e c t i o n  2.5 .2 .  I n  t h e  i t e r a t i v e  sequence t h e  c o n v e c t i o n  term 

i s  always based upon known v a l u e s  of water  l e v e l  and u n i t  f low 

r a t e .  The convec t ion  t e r m  i t s e l f  i s  recovered  by e s t i m a t i n g  

s p a t i a l  d e r i v a t i v e s  of t h e  r e p r e s e n t a t i o n  of mean f low v e l o c i t y  

impl ied  by t h e  approx imat ions  used f o r  t h e  p r i n c i p a l  f low 

v a r i a b l e s  and t h e  ground topography. The a l g o r i t h m  used t o  

c a l c u l a t e  t h e s e  d e r i v a t i v e s  i s  new. The i t e r a t i v e  sequence i s  

o n l y  c o n d i t i o n a l l y  convergen t  depending upon t h e  magnitude of a  

mesh Froude number which i s  d i s c u s s e d  i n  S e c t i o n s  5.4 and 5.5. 

When t h e  i t e r a t i o n  method was changed t o  one mot ivated by time 

s t e p p i n g  t o  a  s t e a d y  s t a t e ,  s t a b l e  c a l c u l a t i o n s  were o b t a i n e d .  

The i n i t i a l i s a t i o n  of t h e  i t e r a t i v e  method r e q u i r e s  t h e  

c a l c u l a t i o n  of t h e  f low f i e l d  w i t h o u t  convec t ion  and t h i s  i s  a  

s t r a i g h t f o r w a r d  a p p l i c a t i o n  of t h e  p o t e n t i a l  f o r m u l a t i o n  of 

S e c t i o n  4.3. The i t e r a t i v e  method has  been r e f i n e d  producing 

a n  improved method f o r  t h e  p o t e n t i a l  f o r m u l a t i o n  based upon 

f i r s t  o r d e r  v a r i a t i o n s  similar t o  t h a t  d i s c u s s e d  i n  S e c t i o n  

3.4.3.  



Some of the general discussion in Chapter 3  is relevant here, 

particularly the basis functions and topographic discretization 

in Section 3 . 2  and software techniques in Section 3 . 3 .  The 

method was applied to several of the mesh geometries described 

in Appendix 2. 

The computations are based upon the following model equations. 

Steady flow 

8 . 9  = 0 - ( 5 . 1 )  

(U_.!)U_/g + D + q l q l / ~ ~  = 0 ( 5 . 2 )  

Unsteady flow 

v. q + ath = 0 - ( 5 . 3 )  

( l / @ )  8,s + (U_.J)U_/g + I + D % ( U _ I / K '  = 0 ( 5 . 4 )  

The convection term c is the dimensionless vector quantity - 

defined by 

c - = @.)!/g ( 5 . 5 )  

5 . 2  Calculating the convection tern 

5 . 2 . 1  The basic method 

The potential formulation of Chapter 4  used the following 

orders of approximation in each element: 

Water level : piecewise linear 

Bed level : piecewise constant 

unit flow vector : piecewise constant 

Formally then, the representation of the depth D is piecewise 



linear discontinuous and the flow velocity is a discontinuous 

rational function. However, in the calculations the depth and 

discharge are only ever sampled at the element centroids when 

the one point integration rule is used. An approximation to 

the convection term - c(U) - of equation (5.5) may therefore be 

defined by the following steps: 

1 calculate the mean velocity 5 = (&/Dk in each element k 

with all values notionally at the centroid 

2 For each element k define a set % of neighbouring 

elements, with at least two distinct elements in n 
k' 

These will usually share a cormnon side with element k  but 

the definition of % is discussed at greater length in 

Section 5.2.2. 

3 carry out a least squares best fit to the mean velocity 

vector assuming that it varies linearly and continuously 

+ 
over all the elements in % defined as the union of nk and 

k. 

4 calculate the convection term from the velocity and its 

derivatives found in step 3. 

The least squares fitting procedure in step 3 is as follows. 

+ 
For each ,9. in n let 

k 

E ~ = U , - v " , -  U a av "  - p av" 
n x k  n y k  

E~ = v n - VUk - a a Q  - pnaxv", 
V n x  k  

where U  = (U V ) and the best fit velocity components and - 1 n' n - 
derivatives are Uk, a x q ,  etc. The coefficients a and p are n n 



t h e  components of t h e  p o s i t i o n  v e c t o r  

w i t h  X being t h e  c e n t r o i d  of element I. The parameters  ffk, 
- P  

a ff e t c  a r e  then  ob ta ined  by min imisa t ion  of 
X k 

E' = C(E;)' (5 .ea)  
U 

I 2 
E: = (5.8b) 

w i t h  r e s p e c t  t o  t h e s e  parameters  where t h e  sums run over  t h e  

+ 
s e t  nk. By d e f i n i t i o n  t h i s  s e t  c o n t a i n s  a t  l e a s t  t h r e e  

d i s t i n c t  e lements  and t h e  f i t t i n g  procedure  is o n l y  ill 

condi t ioned  when t h e  p o s i t i o n  v e c t o r s  ( a  I, PI) a r e  n e a r l y  

c o l l i n e a r .  

Having c a r r i e d  o u t  t h e  l e a s t  squares  f i t t i n g  t h e  approximate  

va lue  of t h e  convec t ion  term i n  element k i s  d e f i n e d  as 

Some tests of t h e  method included a  c o n d i t i o n  on a c c e p t i n g  t h e  

approximat ion C based upon t h e  s i z e  of the  r e s i d u a l  s q u a r e  -k 

e r r o r  from t h e  f i t t i n g  procedure ,  r e l a t i v e  t o  t h e  r e s i d u a l  

+ 
based upon assuming t h e  v e l o c i t y  i s  c o n s t a n t  i n  n  a t  i ts mean 

k 

va lue .  Where t h e  f i t t i n g  procedure  d i d  not produce a  

s i g n i f i c a n t l y  b e t t e r  r e s u l t  than  u s i n g  t h e  mean v e l o c i t y  C was -k 

s e t  t o  ze ro .  Th is  re f inement ,  however, d i d  n o t  have much 

e f f e c t  i n  p r a c t i c e  except  i n  t h e  c a s e  where t h e  c a l c u l a t i o n s  

were d i v e r g i n g  and t h e  mean v e l o c i t y  was no t  c o h e r e n t l y  

s t r u c t u r e d .  

Where t h e  s e t  of e lements  n  c o n t a i n s  t h e  t h r e e  e lements  w i t h  
k 



a  common s i d e  w i t h  k ,  s e e  F i g  5.1, t h e  l e a s t  squares  f i t t i n g  

procedure  g i v e s  what can be cons idered  a s  a  g e n e r a l i s e d  c e n t r a l  

d i f f e r e n t  approximat ion t o  t h e  v e l o c i t y  g r a d i e n t s .  The s e t  nk 

does no t  i n  t h i s  c a s e  t a k e  any account  of t h e  a c t u a l  s t r e a m  

d i r e c t i o n  o r  an  a  p r i o r i  e s t i m a t e  of i t .  

Consider  t h e  c a s e  where t h e  a c t u a l  f low v e l o c i t y  v a r i e s  

l i n e a r l y  wi th  X and y. I t  i s  easy t o  show t h a t  t h e  p iecewise  

c o n s t a n t  b e s t  f i t  t o  t h i s  v e l o c i t y  f i e l d  i s  ob ta ined  by t a k i n g  

t h e  a c t u a l  f low v e l o c i t y  a t  t h e  c e n t r o i d  of each t r i a n g u l a r  

e lement .  The l e a s t  s q u a r e s  recovery procedure  above r e t u r n s  

t h e  e x a c t  v a l u e s  of t h e  v e l o c i t y  and i t s  d e r i v a t i v e s ,  and t h e  

convec t ion  term C d e f i n e d  by e q u a t i o n  (5 .9)  i s  e x a c t  a t  t h e  
-k 

element c e n t r o i d  and a l s o  g i v e s  t h e  e x a c t  i n t e g r a l  over  t h e  

element a r e a  when combined wi th  one p o i n t  quadra tu re .  These 

a r e  a t t r a c t i v e  p r o p e r t i e s  of t h e  recovery procedure.  F i n a l l y  

w e  n o t e  t h a t  l i n e a r  v a r i a t i o n  of v e l o c i t y  i m p l i e s  a  q u a d r a t i c  

v a r i a t i o n  of s t ream f u n c t i o n  and thus  we recover  i n  some c a s e s  

t h e  e x a c t  p o i n t  v a l u e s  of convec t ion  term and i t s  i n t e g r a l  over  

a n  element f o r  f lows w i t h  curved s t r e a m l i n e s .  For example, 

i n v i s c i d ,  i r r o t a t i o n a l  f low i n t o  t h e  c o r n e r  bounded by t h e  X 

and y a x e s  i s  g iven  by t h e  s t ream f u n c t i o n  xy, s e e  Ba tche lo r  

(1967) ,  p411. 

During t h e  development of t h e  model of s t e a d y  f low w i t h  

c o n v e c t i o n ,  s e v e r a l  v a r i a n t s  of t h e  l e a s t  squares  recovery 

procedure  f o r  t h e  convec t ion  term were t e s t e d .  One v a r i a n t  

f i t t e d  t h e  v a l u e s  of t h e  v e l o c i t y  d e r i v a t i o n s  a l o n e  from d a t a  



in the patch of neighbouring elements. The convection term was 

evaluated from these derivatives and the approximation to the 

velocity calculated from the water surface in the target 

element. The numerical results quoted in Section 5.3 were 

obtained using this variant. The algorithm as described in 

steps (lj to (4) above, however, gave a better fit (measured by 

the sum of squares of the residual velocity error at each 

element centroid) and this forms the basis of the computations 

of Section 5.6. 

5.2.2 Neighbouring element sets 

The computations presented later in this chapter use four 

different definitions of the set of neighbouring elements "k ' 
These are the standard and upwind sets, each of which may 

recognise (or not) the presence of the edges of a main channel, 

across which there is a large variation in velocity. Some 

variation of the definitions was necessary for elements at the 

boundary of the flow domain. 

1 The standard set 

In this case the neighbour set nk of an element k in the 

interior of the flow domain contains the three elements which 

share a common side with k, see Fig 5.1. This definition is 

also suitable for elements with only one node on the mesh 

boundary. Elements with one or two sides along the mesh 

boundary require special action since they have a reduced 

number of interior neighbours. Where the element k has only 

one side on the boundary, the basic neighbour set comprises the 

two elements which share a common side with element k. 



A t h i r d  element which s h a r e s  a common node w i t h  k is added t o  

t h e  b a s i c  s e t .  A l l  e lements  s h a r i n g  a common node a r e  

cons ide red  i n  o r d e r  of d i s t a n c e ,  c e n t r o i d  t o  c e n t r o i d ,  from k. 

The c l o s e s t  e lement  is chosen which s a t i s f i e s  a t e s t  on t h e  

s i z e  of t h e  de te rminan t  t h e  c o e f f i c i e n t s  of t h e  e q u a t i o n s  i n  

t h e  l e a s t  s q u a r e s  f i t t i n g  procedure .  T h i s  e n s u r e s  t h e  f i t t i n g  

p rocedure  i s  w e l l  c o n d i t i o n e d .  For a n  e lement  k w i t h  two s i d e s  

on t h e  boundary and hence on ly  one neighbour  n w i t h  a common 

s i d e ,  t h e  neighbour  s e t  f o r  element k i s  t aken  a s  t h e  neighbour  

set f o r  element n. F ig  5 .1  a l s o  shows t y p i c a l  c a s e s  a t  t h e  

boundary. 

Using t n e  d e f i n i t i o n  of t h e  c o e f f i c i e n t s  a and p e q u a t i o n s  
II n' 

(5 .7) ,  we s e t  

w i t h  t h e  sums running over  t h e  e lements  i n  t h e  neighbour  s e t .  

Now d e f i n e  

and t h e  d e t e r m i n a n t  of t h e  m a t r i x  from t h e  l e a s t  s q u a r e s  

f i t t i n g  p rocedure  i s  

D e t  = d - d2 
1 

The t e s t  employed f o r  e lements  near  t h e  boundary i s  t h a t  t h e  

r a t i o  d l / d 2 m u s t  n o t  l i e  i n  t h e  i n t e r v a l  (0.95,  1 .05) .  The 

c h o i c e  of t h i s  i n t e r v a l  was a r b i t r a r y  and no a d j u s t m e n t s  were 

t e s t e d  s i n c e  t h e  c a l c u l a t i o n s  were a c c e p t a b l e .  



2 Standard set with banks 

The definition is identical to the standard set with the 

exception of the strings of element sides along the depth 

discontinuities at the edges of the channel. These are 

treated in the same way as the exterior boundary of the 

flow do~nain. 

3 A priori upwinding 

The iterative procedure starts with a solution of the 

problem with zero convection. This solution can be used 

to define the velocity U in each element and hence 4 

introduce a degree of upwinding in the calculation of the 

convection term. In practice the set n in this case only 
k 

contained two elements for every k and hence the least 

squares fitting procedure reduced to an exact fit for the 

velocity and its derivatives based on the three elements 

(ie, k and those in rj). The set rj was defined firstly 

from elements R with a common side to k or a common node 

with k which satisfy the upwind condition 

(X, - ?$).Ek< 0 (5.10) 

where _x and X+ are the position vectors of the centroids n 
of eleaents 1 and k respectively. From this set of 

elements the two closest to k (centroid to centroid) were 

retained in rj. At the boundary of the mesh where no 

upwind neighbours could be found, a downwind approximation 

must be taken. Fig 5.2 shows typically neighbours for 

this case. 



4 Upwinding with banks 

The definition is the same as for the upwinded set of 

elements with the edges of the incised channel being 

treated in the same manner as the exterior boundary. The 

neighbour set nk is not allowed to straddle the edge 

channel for any element. 

5.3 Iteration for steady flow 

5.3.1 The finite element equations 

First of all we examine the following three stage iterative 

procedure 

n+l n 
1 Calculate the water level approximation H given K , 

n 
Qnl and C , the approximations to conveyance, unit flow l- p 

magnitude and convection term, from the Galerkin 

equations 

<((~~)~/l~"n( (pn+' + cn)>yj> = 0 (5.11) 

2 Calculate Q"+' in each element k, given H"+I and C", from 
-k - 

Q:+1 = -K n+l + sn)/l_mln+l + C n t  1 (5.12) 

n+ l n+l n+ l 
3 Calculate C in each element k from H and gk using 

-k 

the least squares fitting procedure. 

At each stage of the iteration the Galerkin equations (5.11) 

n+ l 
for water level H represent an elliptic problem since the 

remaining coefficients are all evaluated at the previous 

iteration level and we may specify Dirichlet or Neurnann data 

n+l 
for H around the mesh boundary. For sufficiently slow flows 

the iteration sequence 1,2,3; 1,2,3 .... was found to converge. 



The n a t u r e  of t h e  l i m i t  on v e l o c i t y  f o r  convergence i s  

d i s c u s s e d  i n  S e c t i o n  5.4. The r e s u l t s  d e s c r i b e d  i n  t h i s  

s e c t i o n  a r e  f o r  f lows  which meet t h i s  c o n d i t i o n ,  wi th  t h e  

v e l o c i t y  being a d j u s t e d  by a l t e r i n g  t h e  f r i c t i o n a l  r e s i s t a n c e  

t o  t h e  f l u i d  motion. I n  an a t t e m p t  t o  ex tend  t h e  l i m i t  f o r  

convergence t h e  i t e r a t i o n  sequence based upon 

1 ( 2 3 ) ( 2 , 3 ) ( 2 , 3 )  . 1 ( 2 , 3 ) , ( 2 , 3 ) . . 1  e t c ,  was t e s t e d  b u t  

no advantage was ob ta ined  i n  i t e r a t i n g  on e q u a t i o n s  (2 ,3 )  t o  

convergence b e f o r e  r e - c a l c u l a t i n g  t h e  water  l e v e l .  The o v e r a l l  

r a t e  of convergence was s lower  and s o  t h e  o r i g i n a l  i t e r a t i o n  

sequence was r e t a i n e d  f o r  t h e  comparat ive  t e s t s  r e p o r t e d  below. 

The comparison f o r  t h e s e  two i t e r a t i v e  sequences was c a r r i e d  

o u t  on t h e  geometry of Mesh 1 of Appendix 2. 

5.3.2 Boundary c o n d i t i o n s  

A t  a  " s o l i d "  boundary a c r o s s  which t h e r e  i s  no f low we have t h e  

c o n d i t i o n  

1." = 0  (5.13) 

From e q u a t i o n  (5.2) we s e e  t h a t  t h i s  is e q u i v a l e n t  t o  

CL + g(u_)}.? = 0 (5.19) 

which is t h e  n a t u r a l  boundary c o n d i t i o n  on t h e  G a l e r k i n  

e q u a t i o n s  (5.11).  

On t h e  f low boundar ies  we impose t h e  c o n d i t i o n  t h a t  

g.t = 0  (5.20) 

where - t is  t h e  u n i t  v e c t o r  t a n g e n t i a l  t o  t h e  boundary. Taking 

t h e  d o t  p roduc t  of equa t ion  (5.2) w i t h  t we o b t a i n  t h e  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  boundary v a r i a t i o n  of wa te r  



l e v e l :  

W,.& + 5 . t  = 0  - (5 .21)  

Hence g iven  _C we may c a l c u l a t e  t h e  t a n g e n t i a l  v a r i a t i o n  of 

w a t e r  l e v e l  a c r o s s  t h e  boundary. T h i s  can be viewed a s  p a r t  of 

i t e r a t i v e  p r o c e s s  c a r r i e d  o u t  b e f o r e  s t e p  1 of t h e  a l g o r i t h m  

l a i d  o u t  i n  S e c t i o n  5.3.1. The wa te r  l e v e l s  a t  a d j a c e n t  nodes 

i and j i n  e lement  k a l o n g  t h e  boundary a r e  r e l a t e d  by 

where i s  t h e  l e n g t h  of t h e  boundary segment f o r  element k .  

A s  f o r  t h e  p o t e n t i a l  f o r m u i a t i o n  of f r i c t i o n  c o n t r o l l e d  f low,  

one measure of t h e  q u a l i t y  of t h e  numerical  r e s u l t s  is t h e  

agreement i n  t h e  f l u x  a c r o s s  t h e  in f low and o u t f l o w  boundar ies .  

The boundary f l u x  i s  c a l c u l a t e d  from e q u a t i o n  (4.30) w i t h  t h e  

u n i t  f low v e c t o r  i n  each element g iven  by e q u a t i o n  (5 .12)  

excep t  t h a t  a l l  terms a r e  e v a l u a t e d  a t  t h e  same i t e r a t i o n .  

5.3.3 The U-shaped channe l  

Some t e s t s  were c a r r i e d  o u t  u s i n g  Mesh 8 ( s e e  Appendix 3 )  which 

r e p r e s e n t s  a  U-shaped r e c t a n g u l a r  channe l  wi thou t  f l o o d  p l a i n .  

The f l o o r  of t h e  channe l  s loped  l o n g i t u d i n a l l y  by O . l m  from t h e  

i n f l o w  t o  t h e  o u t f l o w  boundary and a  c o n s t a n t  d e p t h  of f low of 

0.18m was a p p l i e d  a t  each end. These t e s t  c o n d i t i o n s  should  

g e n e r a t e  a  f low f o r  which t h e  f i r s t  o r d e r  a n a l y t i c  s o l u t i o n  

g i v e n  i n  S e c t i o n  2.7 i s  v a l i d ,  s i n c e  f o r  s u f f i c i e n t l y  slow 

v e l o c i t y  t h e  s t r e a m l i n e s  i n  t h e  absence  of secondary f l o w s  

should  f o r n  c i r c u l a r  a r c s  around t h e  1 8 0 °  bend. The 



approximate solution gives 

U = r  -f 

where r is the radius of curvature of the streamline. The 

three stage iteration converged only for the lowest velocity 

condition tested. The mean velocity was approximately 

0.043m/s, which corresponded to a roughness (k ) size of 30.0~1. 
S 

The flow conditions are not of any physical consequence since 

the roughness is unrealistically large. However, the results 

merit some discussion as the approximate analytic form of the 

solution is known. 

The convergence of the iterative sequence was quite slow, see 

Table 5.1. It appears that the initialisation of the solution 

was poor, since the relative changes in depth are 0.66 for the 

first iteration. The calculations stopped (intentionally) 

after 10 iterations; in the last iteration the changes in 

depth, inferred from the convergence parameter for depth, were 

of the order of 7 X 10-h. Hence the iteration has not been 

taken sufficiently far to give reliable values of water surface 

slope. In contrast to the potential formulation without 

convection the total discharge only converged at the same rate 

at the main solution. 

We may check the quality of the results after 10 iterations by 

examining the solution at 9U0 and 120° from the upstream end of 

the bend. 



TABLE 5 . 1  

CONVEBGBNCB RATES FOB U-SHAPED CUUNEL 

Iteration Convergence parameters for Outflow 

depth unit flov less inflow 

1 

2  

3  

4 

5  

6 

7 

8 

9 

10 

Asymptotic rate 

(last 4  

iterations) 0.45 0 . 5 0  0.62 

The mesh, which is predominantly composed of equilateral 

triangles, is aligned at convenient angles to the expected Elow 

direction in each case, see Fig 5 .3 .  The values of mean 

velocity and convection term in cartesian axes are given in 

Table 5 .2 .  The streamvise velocity component and radial 

component of the convection term are summarised in Table 5.3. 

Some of the values in Table 5.3 are arithmetic averages for two 

or three contiguous elements (see Fig 5 . 3 ) ;  these results are 



TABLE 5.2 

COMPUTED VELOCITY AND CONVECTION TERM COMPONENTS 

Element 

207 

209 

211 

216 

218 

2 20 

Veloc i ty  

X component y component 

-3 .44(-2)  -2.11 (-2) 

-3.59(-2) -2 .24(-2)  

-3 .76(-2)  -2 .40(-2)  

-3.81(-2) -2 .42(-2)  

-3.62(-2) -2.25(-2) 

-3.48(-2) -2.12(-2) 

Convection term 

X component y  component 

2 .02(-5)  -2.56(-5) 

2 .31(-5)  -3 .47(-5)  

2 .95(-5)  -3 .96(-5)  

3 .25(-5)  -4 .78(-5)  

2 .29(-5)  -3 .47(-5)  

1 .56(-5)  -3.38(-5) 



TABLE 5.3 

SOLUTION VALUES AT 120' AM) 90° AROUND THE BEND 

Element Stream Radial , Radius 

numbers velocity convection 

term 



p l o t t e d  on F i g s  5.4 and 5.5. The f i g u r e s  a l s o  show t h e  l i n e  

f o r  t h e  f i r s t  o r d e r  a n a l y t i c a l  s o l u t i o n  of e q u a t i o n s  (2.96) and 

(2.98) u s i n g  t h e  v a l u e s  of 0.18 f o r  D; 0.0168 f o r  a$; 0.1238 

f o r  K. g i v i n g  0.0891 f o r  C l  and 8.09.(-4) f o r  Cp. 

Even though t h e  numerical  s o l u t i o n  has  no t  converged f u l l y  we 

s e e  t h a t  i t  reproduces  q u i t e  w e l l  t h e  a n a l y t i c a l  v e l o c i t y  

v a r i a t i o n .  Averaged v e l o c i t y  v a l u e s  over  2 o r  3 e lements  a r e  

no more than 1% i n  e r r o r ,  i n d i v i d u a l  element v a l u e s  a r e  i n  

e r r o r  by up t o  3%. The magnitude of t h e  convec t ion  term shows 

more s c a t t e r ,  wi th  t h e  v a l u e  i n  element 265 having an e r r o r  of 

402; a g a i n  t h e  v a l u e s  averaged over  2 o r  3 e lements  l i e  c l o s e r  

t o  t h e  a n a l y t i c a l  s o l u t i o n .  The t e s t s  used only  f o u r  o r  f i v e  

e lements  t o  span t h e  width of t h e  channel  but  no computat ions  

have been done wi th  a f i n e r  g r i d .  Thus i t  is n o t  c l e a r  whether 

t h e  e r r o r s  i n  t h e  convec t ion  term a r e  due t o  i n s u f f i c i e n t  

convergence of t h e  main f low f i e l d  o r  t o  t h e  c o a r s e  g r i d .  

Having ob ta ined  a method which i s  s t a b l e  f o r  a l l  d i s c h a r g e s  

( s e e  S e c t i o n  5.6) more t e s t s  should  be c a r r i e d  o u t  on t h i s  

geometry,  comparing t h e  r e s u l t s  wi th  t h e  f i r s t  (and p o s s i b l y  

h i g h e r )  o r d e r  a n a l y t i c  s o l u t i o n .  

5.3.4 The meandering channe l  

Th is  s e c t i o n  d e s c r i b e s  t e s t s  us ing  a s e r i e s  of meshes based 

upon flume geometry of Sooky (1964).  The meshes r e p r e s e n t  a 

s i n g l e  meander wave (Mesh l); a s i n g l e  meander wave w i t h  

s t r a i g h t  e n t r y  and e x i t  r eaches  of t h r e e  d i f f e r e n t  e q u a l  

l e n g t h s  (Meshes 2, 5 and 6 ) ;  and f i n a l l y  s i x  r e p e t i t i o n s  of t h e  



meander wave (Mesh 7 ) .  (The mesh numbers r e f e r  t o  Tab le  A2.1 

of Appendix 2).  These t e s t s  were des igned p r i m a r i l y  t o  look a t  

t h e  e f f e c t s  of boundary d a t a  on t h e  c a l c u l a t e d  f low c o n d i t i o n s .  

I n  p r a c t i c e  t h e  v a r i a t i o n  of water  l e v e l  on a  f low boundary 

w i l l  n o t  be known p r e c i s e l y .  It i s  impor tan t  t h a t  t h e  f low 

c o n d i t i o n s  i n  t h e  a r e a  of i n t e r e s t  i s  no t  unduly a f f e c t e d  by 

e r r o r s  i n  t h e  boundary d a t a .  

The i t e r a t i o n  on ly  converged f o r  t h e  lowest  v e l o c i t y  t e s t e d ,  

and t h e n  t h e  asympto t ic  s t a t e  of convergence was s i m i l a r  i n  a l l  

n  
t e s t s ,  be ing  abou t  (0.5) s e e  Tab le  5.4. T h i s  r a t e  a g r e e s  w i t h  

t h e  a n a l y s i s  i n  S e c t i o n  5.4.2. A t  t h e  end of 10  i t e r a t i o n s  t h e  

water  dep ths  were changing by about  1 p a r t  i n  105 and t h e  dep th  

of flow i n  t h e  main channel  was about  60mm. 

I n  some t e s t s  t h e  wa te r  l e v e l  a c r o s s  t h e  f low boundar ies  was 

t a k e n  from e q u a t i o n  (5.21) and f o r  o t h e r s  t h e  water  l e v e l  was 

s p e c i f i e d  a s  h o r i z o n t a l .  Th i s  change d i d  no t  a f f e c t  t h e  

convergence of t h e  i t e r a t i o n .  The roughness s ize  f o r  t h e  t e s t s  

t h a t  converged was 36m, t h i s  be ing  a  f a c t o r  of about  10  
4 

g r e a t e r  than  t h e  p r d t o t y p e  va lue .  The i t e r a t i o n  diverged f o r  

t e s t s  w i t h  roughness s i z e s  of 0.36m and 3.6mm. The wate r  

s u r f a c e  and bed s l o p e s  were s e t  t o  0.0016, wi th  t h e  i n t e n t i o n  

t h a t  t h e  f low r a t e  should be s i m i l a r  f o r  a l l  t e s t s .  

For  Mesh 1, t h e  s i n g l e  meander wave, t h e  t r a n s v e r s e  w a t e r  

s u r f a c e  p r o f i l e  a c r o s s  t h e  c e n t r e  of t h e  mesh was markedly 

d i f f e r e n t  from t h e  boundary v a r i a t i o n  of water  l e v e l  from 



TABLE 5.4 

CONVERGENCE RATES FOR DIPFEREUT MESHES 

Meah Convergence parameter 

for water depth 

Convergence parameter 

for unit flow 

Iteration Iteration Asymptotic Iteration Iteration Aagmptotic 

6 10 rate 6 10 rate 

vith variable water level on the flow boundaries 

1 1.37(-4) 8.43(-6) 0.498 7.68(-3) 4.36(-4) 0.488 

2 1.49(-4) 8.67(-6) 0.491 8.72(-3) 4.62(-4) 0.480 

S 5.59(-4) 4.15(-5) 0.522 6.25(-3) 3.94(-4) 0.501 

6 9.69(-4) 7.26(-5) 0.523 b.96(-3) 4.98(-4) 0.517 

7 7.06(-5) 3.78(-6) 0.481 3.18(-3) l l ( - 4 )  0.508 

vith horizontal water level on the flov boundaries 

1 1.36(-4) 8.25(-6) 0.496 7.70(-3) 4.37(-6) 0.488 

7 6.95(-5) 3.72(-6) 0.481 3.19(-3) 2.07(-4) 0.504 



e q u a t i o n  (5.21).  Using a  h o r i z o n t a l  wa te r  l e v e l  on t h e  

boundar ies ,  however, d i d  no t  a f f e c t  t h e  n a t u r e  of t h e  s u r f a c e  

p r o f i l e  i n  t h e  c e n t r e  of t h e  mesh excep t  t o  s h i f t  i t  down 

v e r t i c a l l y  by t h e  change i n  mean d e p t h  a t  t h e  two boundar ies ,  

s e e  F i g  5.6. This  i n d i c a t e s  t h a t  i n  t h e  i n t e r i o r  of t h e  domain 

t h e  t r a n s v e r s e  wa te r  s u r f a c e  s l o p e  i s  i n s e n s i t i v e  t o  t h e  

boundary wa te r  l e v e l .  

The uniform s t r a i g h t  e x t e n s i o n s  on e i t h e r  end of t h e  s i n g l e  

meander (Meshes 2, 5  and 6 )  a l s o  d i d  not  a f f e c t  t h e  t r a n s v e r s e  

w a t e r  s u r f a c e  s l o p e s  a t  t h e  c e n t r e  of t h e  mesh, s e e  F ig  5.7. 

The l o n g e s t  e x t e n s i o n  used,  Mesh 6 ,  showed t h e  s l o w e s t  

convergence r a t e ,  Tab le  5.4. P l o t t i n g  t h e  t r a n s v e r s e  p r o f i l e s  

f o r  t h e  two f i n a l  i t e r a t i o n s  shows t h e  s u r f a c e  s l o p e  i s  w e l l  

e s t a b l i s h e d  w i t h  t h e  whole p r o f i l e  being lowered i n  t h e  f i n a l  

i t e r a t i o n .  The wa te r  l e v e l s  a t  t h e  upst ream end of t h e  meander 

show a  s i m i l a r  v a r i a t i o n  t o  t h e  l e v e l s  f o r  Mesh 1 w i t h  t h e  

boundary c o n d i t i o n s  from e q u a t i o n  (5 .21) ,  s e e  F ig  5.8. The 

wa te r  l e v e l s  a c r o s s  t h e  downstream end of t h e  meander, however, 

a r e  comple te ly  d i f f e r e n t  wi th  t h e  s u r f a c e  s l o p e  a c r o s s  t h e  

channe l  being of t h e  o p p o s i t e  s i g n ,  s e e  F i g  5.9. These r e s u l t s  

were no t  a f f e c t e d  by t h e  l e n g t h  of t h e  mesh e x t e n s i o n  and no 

s i m p l e  e x p l a n a t i o n  f o r  t h i s  behaviour  can be g iven .  Again f o r  

t h e  t e s t s  of Nesh 6  t h e  r e s u l t s  of t h e  l a s t  two i t e r a t i o n s  show 

on ly  a  bulk  movement of t n e  wa te r  s u r f a c e ,  m a i n t a i n i n g  t h e  

t r a n s v e r s e  s l o p e s .  The d i f f e r e n c e s  i n  wa te r  l e v e l  a t  t h e  same 

l o c a t i o n  i n  t h e s e  t h r e e  t e s t s  i s  exp la ined  by t h e  changed 

l e n g t h  of t h e  mesh. The a b s o l u t e  v a l u e s  of t h e  r i v e r  bed and 

t h e  wa te r  l e v e l  a t  t h e  downstream end of t h e  mesh were 



i d e n t i c a l  i n  a l l  tests. 

The two t e s t s  of t h e  repea ted  meander, Mesh 7, g i v e  c o n d i t i o n s  

s i m i l a r  t o  Sooky's exper iments  which covered s e v e r a l  meander 

waves. F i g u r e  5.10 i s  taken  from F i g u r e  30 of Sooky's t h e s i s  

(1964) and shows t h e  exper imenta l  t r a n s v e r s e  water  l e v e l s  where 

t h e  meander i s  a t  i t s  c l o s e s t  t o  one w a l l  of t h e  flume. The 

d i f f e r e n c e  i n  s c a l e  of t h e  w a t e r  l e v e l  v a r i a t i o n s  between t h e  

flume and t h e  numerical  t e s t s  was due t o  t h e  l a r g e  d i f f e r e n c e  

i n  d i s c h a r g e ,  7.89(-3)m3/s f o r  t h e  f lume and 1.88(-4)m3/s f o r  

t h e  computat ions .  The computed r e s u l t s  f o r  t h e  c e n t r e  of t h e  

meander wave F i g  5.11 show t r a n s v e r s e  wa te r  l e v e l  v a r i a t i o n s  

which a r e  s i m i l a r  f o r  each meander, and a r e  a l s o  s i m i l a r  t o  t h e  

r e s u l t s  of t h e  c e n t r e  of t h e  s i n g l e  meander, F i g s  5.6 and 5.7. 

The t r a n s v e r s e  s l o p e s  a t  t h e  f u l l  meander wave ( i e  where t h e  

channe l  i s  on t h e  o p p o s i t e  s i d e  of t h e  f lume t o  t h e  c e n t r e  

meander c a s e )  show t r a n s v e r s e  s l o p e s  which a r e  c o n s i s t e n t l y  

l a r g e r ,  s e e  F ig  5.12, but  a r e  s i m i l a r  i n  shape t o  Sooky's 

exper iments .  Changing t h e  water  l e v e l  v a r i a t i o n  on t h e  i n f l o w  

and ou t f low boundar ies  d i d  n o t  a f f e c t  t h i s ,  s e e  F ig  5.13; i t  

o n l y  produced a  g r o s s  lowering of t h e  s u r f a c e  p r o f i l e  a s  found 

i n  t h e  t e s t s  of Mesh 1 (Fig  5.6).  The numerical  v a l u e s  of 

v e l o c i t y  and convec t ion  term were found t o  be i d e n t i c a l  t o  t h e  

i t e r a t i o n  p r e c i s i o n  i n  t h e s e  two c a s e s ,  f o r  s u c c e s s i v e  meander 

waves. Tab le  5.5 p rov ides  a  comparison f o r  cor responding  

e lements  i n  t h e  i n c i s e d  channel  approximately  one q u a r t e r  of 

t h e  d i s t a n c e  a l o n g  each meander. S c a l i n g  t h e  water  l e v e l  r i s e  

a c r o s s  t h e  channel  from t h e  computat ions  [3(-6) t o  6(-6)m) by 



TABLE 5.5 

RESULTS FOR SUCCESSIVE MEANDER WAVES (MESH 7) 

Element Velocity Components 

X Y 

Convection term 

X Y 

46 7.913(-3) -2.651(-3) -2.161(-7) 4.306(-6) 

Water level 194 7.913(-3) -2.643(-3) -2.348(-7) 4.287(-6) 

variable 342 7.912(-3) -2.642(-3) -2.355(-7) 4.287(-6) 

on flow 490 7.913(-3) -2.643(-3) -2.292(-7) 4.285(-6) 

boundaries 638 7.913(-3) -2.643(-3) -2.294(-7) 4.285(-6) 

786 7.912(-3) -2.643(-3) -2.266(-7) 4.281(-6) 

4 6 7.913(-3) -2.647(-3) -2.259(-7) 4.298(-6) 

Water level 194 7.912(-3) -2.643(-3) -2.347(-7) 4.286(-6) 

constant 342 7.912(-3) -2.642(-3) 2.355(-7) 4.287(-6) 

on flow 490 7.912(-3) -2.643(-3) 2.292(-7) 4.284(-6) 

boundaries 638 7.912(-3) -2.643(-3) 2.294(-7) 4.284(-6) 

786 7.912(-3) -2.643(-3) 2.270(-7) 4.282(-6) 



t h e  square  of t h e  d i s c h a r g e  r a t i o  between t h e  computation and 

Sooky 's  exper iments  g i v e s  v a l u e s ,  5 t o  10mm. These a r e  l a r g e r  

than  Sooky observed (approx 4mm) and t h i s  d i s c r e p a n c y  may be 

exp la ined  by: 

(i) changes i n  conveyence a c r o s s  t h e  channel  produced by 

t h e  l a r g e r  exper imenta l  v a r i a t i o n  of d e p t h  t h a n  

computed (O(10-l) r a t h e r  t h a n  O(10- 4, ) 

( i i )  t h e  d i f f e r e n t  d i s t r i b u t i o n  of d i s c h a r g e  between channe l  

and f l o o d  p l a i n  caused by terms omi t t ed  from t h e  

mathemat ical  model, p r i n c i p a l l y  t h e  t u r b u l e n t  

s t r e s s e s .  

O v e r a l l  t h e  r e s u l t s  of t h e  t r i a l  computat ions  show c o n s i s t e n t ,  

a l b e i t  o c c a s i o n a l l y  unexpected,  behaviour .  The results on t h e  

meandering channe l ,  taken w i t h  t h e  t e s t  on t h e  U-shaped channe l ,  

show t h a t  t h e  recovery  p rocedure  used t o  o b t a i n  t h e  convec t ion  

term produces  a c c e p t a b l e  r e s u l t s  when t h e  c a l c u l a t i o n  

converges .  

5.3.5 The f i r s t  o r d e r  v a r i a t i o n  meithod 

During t h e  development of t h e  t ime  s t e p p i n g  approach,  S e c t i o n  

5.6, a n  improvement was made t o  t h e  I t e r a t i v e  p rocedure  f o r  t h e  

s t e a d y  flow. E q u a t i o n  (5 .12)  f o r  t h e  d i s c h a r g e  i n  each  element 

n 
i s  e x p l i c i t .  Thus t h e  term Q i n  equa t ion  (5.11) can  be  

r e p l a c e d  by t h i s  r e l a t i o n s h i p  and a non- l inear  e q u a t i o n  

produced f o r  wa te r  l e v e l  a t  t h e  new i t e r a t i o n  n + 1. The wate r  

n+ l n 
l e v e l  may be e x p r e s s e d  a s  H .  = H + C H .  and t h e  f i r s t  o r d e r  

J J J 

v a r i a t i o n  e q u a t i o n s  a r e  i n  f a c t  mereiy  a s p e c i a l  c a s e  ( t h e  



l i m i t  a s  t h e  t ime  s t e p  becomea l a r g e )  of t h e  uns teady  e q u a t i o n s  

g i v e n  i n  S e c t i o n  5.6.1. When implemented, t h e  s t e a d y  f low 

v e r s i o n  had t h e  same l i m i t  on roughness  s i z e  f o r  convergence,  

b u t  convergence uas  much more r a p i d  than  f o r  t h e  s imple  

s u c c e s s i v e  s u b s t i t u t i o n  method. Tab le  5.6 p r e s e n t s  t h e  

converge  r a t e s  f o r  a  test u s i n g  mesh 2. The computed r e s u l t s ,  

however, showed t h e  same behaviour  a s  t h a t  d i s c u s s e d  i n  S e c t i o n  

5.3.4 and s o  a r e  n o t  d e s c r i b e d  f u r t h e r .  

Even when t h e  o v e r a l l  i t e r a t i o n  d i v e r g e d ,  t h e  i n n e r  i t e r a t i o n  

f o r  wa te r  l e v e l ,  g iven  bad v a l u e s  f o r  t h e  convec t ion  term, 

converged n e a r l y  q u a d r a t i c a l l y .  The d i v e r g e n c e  of t h e  

i t e r a t i o n  was c l e a r l y  l i n k e d  t o  t h e  number of t imes  t h e  

recovery  procedure  was used t o  c a l c u l a t e  t h e  convec t ion  term. 



TABLE 5 - 6  

CONVERGENCE PABAMETERS OF FIRST ORDER VARIATION METHOD 

Outer iteration 

Inner 

Iteration 

for 1 

water 2 

level 3 

4 

5 

l I Unit 7.26(-1) 1.78(-3) 2.90(-5) 1 1 0 - 6 )  4.64(-8) 
l 

I Convection 1 l 

5.4 Convergence of the iterative sequence 

term 

components 

5.4.1 Introduction 

We examine here the conditions under which the iteration on the 

1.0(0) 1.06(-l) 7.93(-3) 1.99(-4) 4.92(-6) 

steady flow equations will converge to some limit. As in the 

discussion of Sections 3 and 4, we do not consider the 

convergence of the finite element approximation to the solution 

of the flow equations as the mesh size is reduced. However, in 

contrast to the previous work we do not express all the 

analysis in terms of the Galerkin equations satisfied to first 



order by the error at successive iterations. Instead, we 

examine first order expansions of the flow equations on the 

assumption that a consistent finite element approximation will 

exhibit the same behaviour. 

The computations already described indicated a practical limit 

on the prototype flows that could be simulated with the steady 

model incorporating convection. For geometries based upon 

Sooky's flume, Meshes 1 and 2, the calculations converged for a 

roughness size of 36m but diverged for roughness sizes of 0.36m 

and 0.0036m. The smallest roughness value produced a 

spectacular growth of velocity in successive iterations (see 

Fig 5.14). 

Rather than being governed by some dimensionless parameter of 

the physical flow, such as Froude number, the condition for 

convergence of the iteration depends upon the mesh geometry and 

the conveyance function. This condition is derived first from 

an heuristic argument and is then shown to apply to the growth 

of an initially small pointwise error on the exact numerical 

solution for two regular mesh geometries. The same constraint 

applies to a one-dimensional analogue of the 2-D equations and 

the analysis of this simplified case in Section 5.5 suggests 

that an iterative method based upon time stepping should 

converge, conditional upon the time step. This provided the 

motivation for the algorithms based upon semi-implicit time 

stepping and is described in Section 5.6. 



5.4.2 Approximate a n a l y s i s  of t h e  t h r e e  s t a g e  p rocedure  

Consider  t h e  i t e r a t i o n  t o  f i n d  s u r f a c e  s l ope  - S,  v e l o c i t y  - U and 

convec t ion  term - c  wi th  a p p r o p r i a t e  boundary d a t a  thus:  

2 n+l n  
!.{F (S_ + ~ ) / I u _ ~ I ] = o  (5.23) 

U - n+l -F(sn+l - + - cn) l~sn+l  + (5.24) 

n+ l n+ l n+ l 
C- = (2 .!)U_ /g (5.25) 

I n  t h e  above t h e  s u p e r s c r i p t s  n  e t c  denote  t h e  i t e r a t i o n  l e v e l  

and w e  assume dep th  D and f r i c t i o n  f u n c t i o n  F  t o  be uniform 

wi th  

F  = K I D  (5.26) 

F has  dimension of v e l o c i t y  and may be i n t e r p r e t e d  a s  t h e  

v e l o c i t y  of f r i c t i o n  c o n t r o l l e d  flow with  u n i t  s u r f a c e  s l ope .  

* * *  
Assume t h a t  t h e  i t e r a t i o n  converges t o  a t r i p l e  (E , u , c ) 

and suppose t h a t  a t  each s t a g e  

* n  
% " = S _  + _ a  (5.27a) 

u n = u * + #  - (5.27b) 
* n  

c _ n = c _  + y  ( 5 . 2 7 ~ )  

where t h e  v a r i a t i o n s  - an, f and jn a r e  smal l .  S u b s t i t u t i n g  t h e  

r e l a t i o n s  (5.27) i n t o  equa t ion  (5.23) we have 

2  n+l n  * * h 
J . I F ( ~  + Y  + S  + G ) I J u _  + ~ J I - o  

which becomes t o  f i r s t  o r d e r ,  

2  n+l n  * 2 n  * * * 3  
J.{F (S  + Y ) / l u  I - F  8 .U (S_ + C _  ) / \ g * I  1 - 0  ( The 

equa t i on  f o r  i t e r a t i o n  on u_ n+l is 

n+l * n+l * * * * B + U _  = -F(g +Y"+~ +c_ ) / l s _  +c_+_a"+l+rnl' (5.29) 

Expanding t h i s  t o  f i r s t  o r d e r  and e l i m i n a t i n g  an+' and -J 
n  

- 



between e q u a t i o n s  ( 5 . 2 8 )  and ( 5 . 2 9 )  we o b t a i n  

U 
= b ( j  .U*)%*/ I%* ( 2  

( 5 . 3 0 )  

I n  t h e  e l i m i n a t i o n  w e  have assumed t h a t  t h e  e x p r e s s i o n  i n  t h e  

c u r l y  b r a c k e t s  i n  e q u a t i o n  ( 5 . 2 8 )  i s  i t s e l f  z e r o  t o  f i r s t  o r d e r  

by a p p l i c a t i o n  of t h e  boundary c o n d i t i o n s .  Equat ion ( 5 . 3 0 )  

i m p l i e s  t h a t  t h e  v e l o c i t y  e r r o r  i s  e l i m i n a t e d  i n  t h e  

c ross - s t ream d i r e c t i o n  and halved i n  t h e  s t ream d i r e c t i o n  i n  

each i t e r a t i o n .  Th is  behaviour  i s  t h e  same a s  deduced from t h e  

G a l e r k i n  e q u a t i o n s  f o r  t h e  c a s e  - c  = - o  i n  S e c t i o n  4 . 3 . 2  w i t h  t h e  

r e l a x a t i o n  parameter  s e t  t o  1 . 0  f o r  each i t e r a t i o n .  

Having e s t a b l i s h e d  t h a t  t h e  i t e r a t i o n  f o r  v e l o c i t y  should be 

s t a b l e  we examine t h e  convec t ion  term. Consider  t h e  s imple  

c a s e  of t h e  uniform flow i n  a  s t r a i g h t  s l o p i n g  flume wi th  no 

i n c i s e d  channe l ,  wi th  t h e  v e l o c i t y ,  convec t ion  and s u r f a c e  

v e c t o r s  giveri by: 

Suppose t h a t  t h e  computed v e l o c i t y  v e c t o r  i s  

where g1 f o r  example i s  genera ted  by rounding e r r o r .  The 

i t e r a t i o n  w i l l  p rov ide  a  convec t ion  term c l  giveri by 

S '  (u0 /g)  (ax 8; , aXQ ( 5 . 3 2 )  

where g1 = ( p1 P $) l 

I f  t h e  magnitude of t h e  rounding and o t h e r  e r r o r s  f o r  t h i s  s t e p  

i s  E  l and t h e  g r i d  s i z e  i n  t h e  f low d i r e c t i o n  i s  A then 

ax B' (E l/ A) sl ( 5 . 3 3 )  



where sl = ( s i n o l ,  cos$) i s  a u n i t  vec to r .  Suppose t h a t ,  a s  

* 
observed i n  t r i a l  c a l c u l a t i o n s ,  t h e  s u r f a c e  s l o p e  vec to r  s - i s  

una f f ec t ed  t o  f i r s t  o r d e r  by t h e  e r r o r  i n  t h e  v e l o c i t y  and 

convec t ion  vec to r s .  We have f o r  t h e  second i t e r a t i o n  

Expanding t h i s  t o  f i r s t  o rde r  i n  4 f o r  each component we have: 

2uo p: = (F 2 / g ~ )  E cos  o1 + (5.35a) 

U p2 = (F2 Ig@ E~ s i n ~ l  + E 2  (5.35b) 
0 Y Y 

Hence we s e e  t h a t  t h e  o r i g i n a l  rounding e r r o r  w i l l  be 

m u l t i p l i e d  by a  f a c t o r  of approximately  (F 2/g A), which c l e a r l y  

imp l i e s  a  l i m i t  on t h e  convergence of i t e r a t i v e  method. 

Three t e s t s  were c a r r i e d  ou t  t o  t e s t  t h i s  c r i t e r i o n  f o r  

converdence. The topographic  and boundary d a t a  were s e t  up t o  

g ive  a  uniform flow i n  t h e  X d i r e c t i o n  which was exac t  ( t o  

rounding e r r o r )  on t he  i n i t i l i s a t i o n  of t he  c a l c u l a t i o n .  The 

dep th  of f low was 0.05m. t h e  streamwise space s t e p  w a s  0.158m 

and t h r e e  roughness s i z e s  k  were t e s t e d :  0.010001m, 0 . 2 ~  and 
S 

2 .01~.  Using t he  Colebrook-White equa t ion  wi th  power law 

e x t e n s i o n  as set o u t  i n  Sec t i on  2.2.2 t h e  va lue s  of t h e  

parameter (F2IgA) may be c a l c u l a t e d  and a r e  shown below with  

t he  growth ( o r  o the rw i se )  of y component of t h e  v e l o c i t y ,  U . 
Y 



Test l Test 2 Test 3 

F 2 / g ~  0.354 3.54 35.4 

log O(U ) initial 0(-10) 0(-10) 
Y 

O(-10) 

log 10(~ ) final 0 (-10) 0(-3) 0(-3) 
Y 

number of iterations n 20 10 5 

n log l 2/g A) -9 5.5 7.7 

The predicted and observed growth rates of the numerical error 

are clearly consistent with one another. 

5.4.3 The equilateral mesh 

Consider the three step iteration procedure using equations 

(5.11) and (5.12) applied to uniform velocity U in a domain 
0 

covered with equilateral triangles of altitude A. We take the 

flow direction to be along the X axis, which coincides with one 

of the element sides to simplify the algebra. Suppose that the 

initial estimate for the water level is exact, except with an 

error of E at one node, A in Figure 5.15. We may calculate the 

flow velocities and values of the convection term for a patch 

of elements around node A. On the first iteration these have 

the values below: 

Element 1 2 3 4 5 6 

U - 0 1 4  0 014 0 1 4  0 - 014 

v 4 1 -+ -f 1 -'i 

C 
X 

0 J312 0 0 v312 0 

C 1 0 -1 1 0 -1 
Y 

where all the velocity values are multiples of (E F 2/u 4) and 
0 

the convection term values are multiples of ( v 3  E F 2/2g A ~ ) .  

Figure 5.16 shows the vectors with these components. The 



v e l o c i t y  e r r o r s  a r e  o b v i o u s l y  weakly i r r o t a t i o n a l  i n  t h e  p a t c h  

s i n c e  they  a r e  d e r i v e d  from t h e  g r a d i e n t  of  a s c a l a r  e r r o r ,  and 

a hand c a l c u l a t i o n  shows t h a t  t h e  c o n v e c t i o n  te rm from t h e  

l e v e l  e r r o r  5 t o  be weakly d i v e r g e n c e  f r e e .  We have 

c _V,g, gAh = g , I = 0 (5.36) 

where g is t h e  l i n e a r  b a s i s  f u n c t i o n  v i t h  s u p p o r t  o v e r  t h e  
A 

p a t c h  a round  node A. However, w e  n o t e  t h a t  i n  g e n e r a l  

when j # A  and j i s  connec ted  t o  A .  T h e r e f o r e  on t h e  second  

i t e r a t i o n  t h e  f i e l d  c  w i l l  n o t  a f f e c t  t h e  G a l e r k i n  e q u a t i o n s  

f o r  Mater l e v e l  a t  node A b u t  i t  w i l l  i n f l u e n c e  t h o s e  f o r  t h e  

s u r r o u n d i n g  nodes.  N e g l e c t i n g  t h i s  i n f l u e n c e  on t h e  p e r i p h e r y  

of t h e  p a t c h  we may c o n t i n u e  t o  c a l c u l a t e  v e l o c i t y  and 

c o n v e c t i o n  term v e c t o r s  f o r  t h e  second i t e r a t i o n .  The new 

v e l o c i t y  e r r o r s  f o l l o w  c l o s e l y  t h e  p a t t e r n  of t h e  c o n v e c t i o n  

t e rm from t h e  f i r s t  i t e r a t i o n ,  s e e  F i g  5.17. C a l c u l a t i n g  t h e  

v e l o c i t y  d e r i v a t i v e s  and mean v e l o c i t y  i n  e a c h  e l emen t  from t h e  

l e a s t  s q u a r e s  f i t t i n g  p rocedure  of  S e c t i o n  5.2.2 g i v e s  t h e  

c o n v e c t i o n  term p a t t e r n  shown i n  t h e  lower p o r t i o n  of F i g u r e  

5.17. The v a l u e s  of t h e  components of t h e s e  v e c t o r s  a r e  

Element 1 2 3 4  5 6 

U 0 J3/4 0 0 0 1 4  0 

v  - 1 0 1 -1 0 1 

C 
X 

- 0 1 1 6  0 0 1 1 6  f i l l 6  0 - a 1 1 6  

C 0 1 0 0 - 1 0 
Y 

where t h e  v e l o c i t y  component v a l u e s  a r e  m u l t i p l e s  of 

( A B 4/4g and t h e  c o n v e c t i o n  te rm components a r e  m u l t i p l e s  



of ( 3 ~ " / 8 ~ 2 ~ 3 ) .  The second i t e r a t e  c2 f o r  t h e  c o n v e c t i o n  t e r m  

i s  no l o n g e r  weakly d i v e r s e n c e  f r e e ,  a  hand c a l c u l a t i o n  g i v e s  

= ( 1 9 a  &n/4 )  ( ~ 2 1 ~ ~ 1 2  ' C - 2 ,  - (5 .38)  

The consequen t  change i n  wa te r  l e v e l  a t  node A E 3  f o r  t h e  t h i r d  

i t e r a t i o n  is t h e r e f o r e  

E, = (57 &/192)  E (F 2/gA) (5 .39 )  

on  t h e  a s sumpt ion  t h a t  t h e  wa te r  l e v e l  r ema ins  f i x e d  around t h e  

p e r i p h e r y  of t h e  pa tch .  The v e c t o r  - does  n o t  c o i n c i d e  w i t h  

- c 2  i n  e a c h  e lement  and hence  t h e  v e l o c i t y  f i e l d  i n  t h e  t h i r d  - 

i t e r a t i o n  w i l l  have  a  s l i g h t l y  d i f f e r e n t  c h a r a c t e r  from t h a t  i n  

t h e  f i r s t ,  s e e  F i g  5.18. The v e l o c i t y  component v a l u e s  a r e  

Element 1 2  3  4  5  6  

U 1343158 o - 1 3 n 1 5 8  - 1 3 n / 5 8  o 1 3 a 1 5 8  

v  -19158 1 -19158 19/58 -1 1 9 / 5 8  

and a r e  m u l t i p l e s  of (87 E F  6/192g 2 ~ % 0 ) .  Hand c a l c u l a t i o n  of 

t h e  v a r i o u s  components of  t h e  e r r o r  f o r  more s t e p s  of t h e  

i t e r a t i o n  becomes t e d i o u s  and does  n o t  f u r t h e r  c l a r i f y  t h e  

s i t u a t i o n .  S e t t i n g  t h e  s q u a r e  of t h e  mesh Froude number Fm a s  

F a 2  = F  2/gb (5 .40)  

where b i s  t h e  l e n g t h  of t h e  t r i a n g l e  s i d e s  ( 2 h l J 3 ) ,  we may 

summarise t h e  r e s u l t s  a s  f o l l o w s  

Maximum E r r o r  Leve l  V e l o c i t y  Convect ion  term 

E E F ~ / U ~ A  d A  

I t e r a t i o n  1 1 1 Fm 

I t e r a t i o n  2  0  0 .5  Fm2 0.5 F a 4  

I t e r a t i o n  3  0.68 I7m4 0.6 Fm4 o (Fm 6, 

Fo r  t h e  i t e r a t i o n  t o  converge  c l e a r l y  a  l i m i t  on t h e  magni tude  

of  Fm is i m p l i e d .  Each c a l c u l a t i o n  of t h e  c o n v e c t i o n  te rm 



i n t r o d u c e s  a f a c t o r  of  h2, and numer ica l  e x p e r i m e n t s  showed 

t h a t  it was t h e  number of i t e r a t i o n s  f o r  t h e  c o n v e c t i o n  term 

t h a t  de te rmined  t h e  growth i n  e r r o r  f o r  two v a r i a n t s  of  t h e  

s u c c e s s i v e  s u b s t i t u t i o n  a l g o r i t h m .  These were f i r s t l y  t o  

i t e r a t e  f o r  v e l o c i t y  and w a t e r  l e v e l  t o  convergence  f o r  a g i v e n  

c o n v e c t i o n  te rm,  and s e c o n d l y  t o  i t e r a t e  t o  converdence  ( o r  

d i v e r g e n c e )  f o r  v e l o c i t y  and c o n v e c t i o n  te rm f o r  each i t e r a t e  

of w a t e r  l e v e l .  

The above a n a l y s i s  of t h e  e v o l u t i o n  of e r r o r  w i t h  i t e r a t i o n  c a n  

be r e p e a t e d  f o r  o t h e r  s i m p l e  mesh g e o m e t r i e s  such as t h e  

r e c t a n g u l a r  mesh d i v i d e d  a l o n g  p a r a l l e l  d i a g o n a l s .  The same 

p a t t e r n  emerges w i t h  a n  i r r o t a t i o n a l  v e l o c i t y  e r r o r  and a 

weakly d i v e r g e n c e - f r e e  c o n v e c t i o n  term e r r o r  e n t e r i n g  t h e  

second s t a g e  of i t e r a t i o n ,  s e e  F i g u r e  5.18. 

5 .5  The e q u i v a l e n t  one  d i m e n s i o n a l  c a s e  

5.5.1 I n t r o d u c t i o n  

I n  o r d e r  t o  j u s t i f y  t h e  u s e  of t h e  t i u e  s t e p p i n g  method of  

S e c t i o n  5.6 we examine t h e  p rocedure  a p p l i e d  t o  t h e  

Sain t -Venant  e q u a t i o n s .  F o r  a un i fo rm c h a n n e l  of wid th  B,  

d e p t h  D, w i t h  mean v e l o c i t y  U ,  and w a t e r  l e v e l  h, t h e s e  

e q u a t i o n s  a r e :  

ath + axDU = 0 (5.41) 

atu + uaxh + g  (axh + s f )  = 0 (5 .42)  

These  e q u a t i o n s  a r e  d i s c u s s e d ,  f o r  example, by Cunge H o l l y  and 

Verwey (1980) and have formed t h e  b a s i s  f o r  many p r a c t i c a l  



models. The friction slope sf is quantified as 

sf = U~U(/F* (5.43) 

where the friction function F is the mean value over a cross 

section of the function F in equation (5.26). 

The least squares recovery algorithm for the convection term 

requires the velocity field to be known. For simplicity, when 

setting up the time stepping method the convection term was 

always calculated at the old time level. This enabled velocity 

to be eliminated from the system of Galerkin equations and 

hence reduce the co~nputational effort in each time step. In 

order to assess the likely stability properties of this 

procedure we consider Fourier analysis for two simplified 

cases. 

5.2.2 Frictionless flow 

Let h be perturbed by 6 and U by c and set s to zero in 
f 

equation (5.42). This gives the following perturbation 

equations for an initially steady flow: 

at&+ D$€+ uaX6 = o (5.44) 

ate+ uax€+ gax6= 0 (5.45) 

These equations are a linear hyperbolic system with 

i characteristic speeds U t (gD) and thus have the same 

characteristics locally as the full St Venant equations. The 

equivalent one-dimensional scheme involves taking 6 to be 

piecewise linear in each element, E piecewise constant, and 

weighting (5.44) with the linear basis functions and (5.45) 

with constant basis functions. In equation (5.45), to 



calculate 8 E in any element we take the difference over the 
X 

two adjacent elements. For an infinite spatial grid jix and 

between times n k  and (n+l)At we have 

The mesh ratio p is At/k and the operators M L' MC, etc are 

defined with their transforms below. Take the Fourier 

transforms of the discrete equations with wave number k, 

defining c and s to the cosine and sine of b k k  respectively. 

We have 

Operator Origin Transform 

M 
L 

averaging for linear function with 

linear weighting 1 -(2/3)s2 

M averaging for constant function with 
C 

constant weighting 1 

*o 
central difference spanning two 

elements 4ics 

A+ forwards difference over one 

element 

A- backward difference over one 

element 

Summing over all grid points s and defining 

G k )  = 1 6.exp (ikjk) 
3 

A 
~(k) = 1 Ej-&exp (ik(j++)k) 

the transform equations are: 

M A t  A ( l ,  = B (6 ,E ) 

The coefficient matrices A and B are 



Suppose a t  each  s t e p  f o r  some complex A 

l t R+1 , E ) = A(%", 9 ) '  (5 .51)  

Then t h e  e i g e n v a l u e s  A a r e  de te rmined  by t h e  c o n d i t i o n  

Det [B - M ]  = 0 (5 .52 )  

T h i s  g i v e s  a q u a d r a t i c  e q u a t i o n  i n  A w i t h  t h e  f o l l o w i n g  

c o e f f i c i e n t s  

A2 : ( a +  p2) + i y  = a 

A ' :  - [ 2 a +  y 2 +  i y ( 1 - a ) ] =  b  

A' : a ( l - i y )  = c  

a = 1-213s 

p2 = 4gD p% 

y  = 2U p c  ( 5 . 5 4 ~ )  

The c o n d i t i o n s  f o r  t h e  q u a d r a t i c  e q u a t i o n s  t o  have  r o o t s  l y i n g  

i n  t h e  u n i t  d i s c ,  f rom M i l l e r  (1971),  a r e :  

C o n d i t i o n  A l a l  l c l  
- - 

C o n d i t i o n  B 
2  

( b a  - bc)  5 lal - 1cI2  

Expand f i r s t  of a l l  c o n d i t i o n  A ,  which i m p l i e s  

( a + p') 2  + y' 2, a2 + a2y2 

o r  2 ap2 + p4 + y2 > a 2 y 2  

By d e f i n i t i o n  a l i e s  i n  t h e  i n t e r v a l  [1/3,  l ] and p2 i s  

non-negat ive ,  hence  c o n d i t i o n  A i s  s a t i s f i e d  w i t h o u t  

r e s t r i c t i o n  on  p o r  t h e  f low v e l o c i t y .  C o n d i t i o n  B l e a d s  t o  

some t e d i o u s  a l g e b r a ;  we may s q u a r e  e a c h  s i d e  and r e a r r a n g e  t h e  

c o n d i t i o n  as 



p 8 +  4ap6+ psy2 (2-2a2- 4 a -  y2) + p2y2 (6a- 4 a 3 -  a2-1) 

+ y" (1 - a2) 3 0 . (5.55) 

Looking back to the definitions of a, p and y (5.54) we see 

that condition (5.55) involves terms.of even powers up to 12 in 

S, 8 in and 4 in U and gD. 

Firstly we observe that, in the limit of stationary flow, Ais 

zero and the condition is satisfied without restriction on the 

time step. That is, the scheme is unconditionally stable for 

the one-dimensional wave equation. Secondly the condition is 

satisfied at the limits of O and 1 for s 2  since y2 is zero for 

these values. Thirdly, examining the coefficient of p2y2, we 

see that the cubic is a positive for the lower limit 113 of a, 

zero for the upper limit of aand has a single turning point in 

the interval (113, 1). Hence the coefficient of p2y2 is 

non-negative for all relevant values of s2. The coefficients 

of p8, p6 and p0 in condition (5.55) are all non-negative by 

definition. 

The remaining term is of indeterminate sign and may be written 

as 

p"y2 (2 - 2 a2 - 4 a - y2) = 

1024 Cr s6 (1-S 2, [(~r + 413)s - 1 - (219 + Cr 2, S "1 . 
(5.56) 

where the Courant number Gr is and the Froude number Fr is 

fi U/(gD) . Obviously the magnitude of this term depends upon the 

values of the Courant and Froude numbers of the case in 

question and by adjustment of these parameters the condition B 

may not be met. 



However we may d e r i v e  s u f f i c i e n t  (bu t  not  necessa ry  c o n d i t i o n s )  

f o r  t h e  scheme t o  be s t a b l e  by i g n o r i n g  some terms i n  (5.55) 

shown t o  be p o s i t i v e .  For example, r e t a i n i n g  on ly  t h e  terms i n  

p6 and p4 we deduce t h e  f o l l o w i n g  s u f f i c i e n t  c o n d i t i o n :  

256 s 6Cr6Fr6 (1-213 s 2 )  + 

1024Cr 6Fr-'t; 6(1-s 2, [ ( ~ r  + 413)s  - 1 - (219 + C r  2)s 3. 0 

which, t a k i n g  o u t  a  common f a c t o r  of 256 s6Cr6Fr6, reduces  t o  

(1-213s 2)+ 4Fr 2(1-s 2, [ ( ~ r  2 t4 /3 ) s  -1-(2/9+ a 2 ) s  4 ]  3 0 . (5 .58)  

S e t t i n g  (1-213s 2, t o  113 and (1-S ') t o  1 i n  o r d e r  t o  minimise  

t h e  p o s i t i v e  term and maximise t h e  n e g a t i v e  term i n  (5.58) we 

deduce t h a t  a  s u f f i c i e n t  c o n d i t i o n  f o r  (5.58) t o  hold  i s  

F r  < (1112)' 0.29 

wi thou t  r e s t r i c t i o n  on t h e  Courant number. Hence, a  f o r t i o r i ,  

t h e  c o n d i t i o n  B i s  met w i t h  t h i s  l i m i t  on Froude number f o r  a l l  

Courant numbers. Of c o u r s e  t h e  t r u e  s t a b i l i t y  r e g i o n  may no t  

be s o  r e s t r i c t i v e .  

5.5.3 The r i g i d  l i d  approx imat ion  

I n  t h i s  S e c t i o n  we c o n s i d e r  t h e  scheme a p p l i e d  t o  t h e  dynamic 

e q u a t i o n  a l o n e .  Th i s  i s  ana lysed  s i n c e  we assume t h a t  t h e  

d e p t h  D i s  uniform i n  space  and t ime. I n  p h y s i c a l  terms we 

have suppressed  t h e  n a t u r a l  " c o m p r e s s i b i l i t y "  of t h e  s h a l l o w  

w a t e r  e q u a t i o n s .  I n  g e n e r a l  t e rms ,  no e r r o r  i n  t h e  c a l c u l a t i o n  

can  be t r ans fo rmed  i n t o  p o t e n t i a l  energy by r a i s i n g  t h e  s u r f a c e  

l e v e l  but  i s  r e s t r i c t e d  t o  a l t e r i n g  t h e  k i n e t i c  e n e r ~ y  of t h e  

f low.  The s t a b i l i t y  c o n s t r a i n t s  which t h i s  f o r c e s  a r e  t h u s  



l i k e l y  t o  be more s e v e r e  than  f o r  t h e  method a p p l i e d  t o  t h e  

f u l l  sys tem of equa t ions .  Again we examine s t a b i l i t y  u s i n g  

F o u r i e r  a n a l y s i s .  The model e q u a t i o n  i s  

axu + uaxu + g ~ I ~ ( / ~ 2  = gs (5 .59)  

where s i s  t h e  s u r f a c e  s l o p e .  I n t r o d u c i n g  a  p e r t u r b a t i o n  E t o  

t h e  s t e a d y  s o l u t i o n  U we o b t a i n  

a x e +  UBxe+ 2 g ~  s f / U  = 0  (5 .60)  

The f i n i t e  d i f f e r e n c e  form of t h i s  e q u a t i o n  i s  

Hence us ing  t h e  t r ans forms  of t h e  o p e r a t o r s  g iven  above we 

have, assuming F+' = h?, 

(1+2g Atsf/U) A = l - Zics  p!J 

i e ,  h = ( l - Z i c s  w ) / ( 1 + 2 g &  s f /U)  (5 .62)  

For s t a b i l i t y  we r e q u i r e  ) A (  n o t  t o  exceed u n i t y  t h a t  i s  

L + 4s2(1-s2j  p % 2  1 + 4 g ~  s f / u  + 4g2& 2sf 2 / ~ 2  (5 .63)  

f o r  s 2  i n  t h e  i n t e r v a l  (0 ,  1 ) .  Def in ing  t h e  mesh Froude number 

Fm by 

Fm = F/(gLx) 
f (5 .64)  

t h e  c o n d i t i o n  (5.63) m y  be rea r ranged  a s  

C r  (1-4/Fm4) .$ 4/Fm2 (5.65) 

We have two c a s e s ,  f i r s t l y  i f  Fm ,< L? then  t h e r e  i s  no 

r e s t r i c t i o n  on Courant number. T h i s  c o n d i t i o n  t i e s  up w i t h  t h e  

a n a l y s i s  of t h e  s u c c e s s i v e  s u b s t i t u t i o n  scheme i n  S e c t i o n  

5.4.2. For l a r g e r  v a l u e s  of Fm we r e q u i r e  

C r  ,< 4Frn2/(Fm4 - 4 )  (5 .66)  

Thus f o r  any v a l u e  of t h e  mesh Froude number we may o b t a i n  a  



stable calculation by chosing sufficiently small Courant number 

(or time step). 

5.5.4 Concluding remarks 

The stability analysis of the one dimensional analogue is 

reassuring in that the explosive growth of error in the rigid 

lid approximation for the steady flow equations can be 

controlled by choosing a suitable time step. The analysis of 

frictionless flow which has the same pattern of characteristics 

as the St-Venant equations leads to the sufficient condition 

that the Froude number is less than 0.29, but this is likely to 

be conservative. The full perturbation equations with friction 

could be examined but the algebra would be extremely tedious. 

The full St-Venant equations also contain the physical 

instability of the formation of roll waves which can induce 

unstable numerical calculation for some schemes, See Samuels 

(1985). 

5.6 Semi implicit time stepping 

5.6.1 The Galerkin equations 

The approximation is based upon the following ~nathematical 

model equations 

ath + 1.q - 0 (5.67) 

atu_ + %.J + g(h + q lq_ l /~2 )  = 0 (5.68) 

The water level approximation H is piecewise linear in each 

element and the unit flow vector Q (DU) is piecewise constant. - - 

We use a +weighting method in time and a Galerkin method 



in space. Suppose that 0 and 0 are the time weighting 
C d 

coefficients for the continuity and dynamic equations 

respectively. The Galerkin equations are 

n+l 
c H 

n ( 5 . 6 9 )  

where b .  is a piecewise linear basis function and is 
3 

piecewise constant. The convection term - c is evaluated at the 

old time level and is a constant in each element. This, 

together with the local support of S,  allows equation (5.70) 

to be written as a vector equation in each element, thus 

n+ l n+l n+l 
a 4  + B( IQ l+r=o (5.71) 

where 

n+l 
a = l/(gkD ) 

n+l 2 B = nd/(K ) 

n+l + Tn 
2 = QdJI - 

T = C" - + (1-od) {E" + Q"IQ"I/(K")~ } - qn/ (g~t~") . 
n In the computations the term T is calcuated and stored at the 

beginning of each time step. From equation (5.71) we deduce 

the quadratic for ~ ~ ~ " 1 :  

n+l 2 
B (9 1 + K1 !P'+1\ - 1x1 = 0 (5.73) 

This has two roots and we take the positive one to give 

~ ~ + l = - y / ( + a +  [(&a)2+~y~pf) . (5.74) 



Thus in each element we have the value of in terms of the - 

unknown water levels H~+' and the known conditions at the start 

of the time step. We may substititue this value of into 

the continuity equation (5.69) to give an equation in terms of 

water level alone, thus achieving a reduction of the number of 

simultaneous equations that need be solved each time step. 

n+ l 
Defining @H ) by 

2 
Q =  h a +  [(ha) + p ( y ( l f  (5.75) 

n+ l 
= 1/(2gAtD ) + [11(2~AtD~+~) +od( Qdmn+l + T ~ J / ( K ~ + ~ ) ~  1% 

we may write the Galerkin equations for tln+l as 

n+ l n+l n n 
< H  , 4.2 + Ocht <(Odjt4 + T_ )/Q, 84.2 = R .  (5.76) 

J J J 

where the right hand side R: is 
J 

n n 
R. = +ln , @ . > +  ht (l-QC) < Q  , I@.> (5.77) 

J J J 

Like the coefficient T" - in the definition (5.72), R: need only 
J 

be computed at the start of each time step. Equation (5.76) is 

ntl 
non-linear in H and may be solved iteratively by setting at 

each node i 

where the index in parentheses (m) denotes iteration number. 

n+l 
We expand all functions of H to first order CHi to get a 

system of equations of the form: 

li~ij CHi = b 
j 

(5.78) 

The coefficient inatrix is in general non-symmetric and is 

e 
composed of the sum of element matrices A... The right hand 

1 l 

side b. is also formed by a sum of the elements thus 
J 



R: is given by equation (5.77) and b' by 
l J 

2 + [O At/ NH"+') ] b e = < H  , $ j  
3 C 

The element matrices are defined by 

with the parameters se and de determined in each element by 
i 

n+l n+l 2 2 = -{1/3D] {l/(zgD~t) + [bodJodm + $'(P/(K ) + 

1/(2gAt~)~ ] / 
2 n+l 

jl/(zgDht) + )o~)~cH + $"'od /(K n+l)2 ]aI (5.82) 

e n+l n n+l 2 zi= Od[(OdY + l  )._o$~]/[~(K ) J Q ~ Y ~ + ~ + T ~ ~  

[~/(zghtD)~ + I ody n+l +T_~(B~/(K~+')~~] - (5.83) 

In equation (5.82) the coefficient p is the power of the 

conveyence depth relation as in Section 2.2.2. 

The first order variation equations for steady flow with 

convection are obtained by taking At arbitrarily large in 

equations (5.78) to (5.83) and setting B and 0 to one. The 
C d 

time index n now denotes the outer iteration on the convection 

term and the index m denotes inner iterations to solve for the 

water level for a given value of the convection term. The 

equations for the potential formulation for steady flow without 

convection are obtained with the additional simplification that 

n n 
c is zero which, in turn, leads to T = 0. - - 



Although the Galerkin equations have been written in terms of 

arbitrary values of the weighting coefficients O and 0 the 
C d' 

actual computations discussed later in this section used the 

value 1.0 for both. This gives the -two-dimensional version of 

the situation discussed in Section 5.5. For all the 

computations steady water levels were given on the inflow and 

outflow boundaries. No attempt was made to devise 

non-reflecting boundary conditions which allow free passage of 

errors out of the flow domain. 

5.6.2 The meandering channel 

The time stepping approach was tested using the single meander 

geometry with short straight reaches to the inflow and outflow 

boundaries (see Meshes 2, 3 and 4 in Appendix 2) .  Firstly the 

roughness size was set to 3610, the value that produced stable 

calculation for the steady flow iteration. Since the method 

should be unconditionally stable, the time step was set to 1 0 5  

seconds, ie, a Courant number, Cr, of about 8 X 103. The 

computation converged to machine accuracy in five time steps, 

mirroring the performance of the first order variation method 

of Section 5.3.5, and producing the same solution. 

The next set of tests established the limit on the time step 

required for stability for higher velocities. The convergence 

parameter for unit flow rate for tests with roughness size of 

0.36m is shown in Figure 5.20. With a time step of 10 seconds, 

Cr - 8, the calculations diverged quite rapidly. For a time 

step of 2 seconds Cr - 1 . 6  the calculations diverge more 



slowly. For a time step of 1 second the calculations appeared 

at first stable but, after falling for the first 10 iterations, 

the convergence parameters began to rise slowly. Finally after 

setting the time step to 0.5 seconds the model was stable, with 

the convergence parameter for unit flow falling to a value of 

0.01 (ie a 1% change each time step) at step 13 and remaining 

around that value till the computation was halted at step 30. 

These first tests all used the standard set with banks to 

define the neighbouring elements in the convection term 

calculation, see Section 5.2.2. The definition was changed to 

the standard set alone (allowing the neighbour set to straddle 

the depth discontinuity) and the calculations repeated for the 

1.0 and 0.5 second time steps. The calculations still began to 

diverge for the 1.0 second step but at a lower rate, see Figure 

5.20. The transverse water surface profiles for the two runs 

with a 0.5 second time step are shown on Figure 5.21. The 

profiles are similar in shape but the calculations without 

banks show a general raising of water level and a shallower 

surface slope. This method of calculating the convection term 

can be expected to introduce a larger numerical diffusion into 

the computations, and the comparison in the results supports 

this, taking account of the effect of a diffusion term 

modelling the turbulent stresses discussed in Section 2.4.2. 

The use of the upwind neighbour set (with banks) was also 

tested; the results plotted for the centre of the meander in 

Figure 5.2.2 are clearly different from the standard set and 

Sooky's experiments (Fig 5.10). The algorithm used to provide 

an upwind approximation was therefore not tested further. 



A t  t h i s  p o i n t  i n  t h e  r e s e a r c h  t h e  computer a t  HR Ltd was 

changed and t h e  new ICL 2972 machine had a lower p r e c i s i o n  of 

s i n g l e  l e n g t h  a r i t h m e t i c .  Th i s  change from 11 d i g i t s  t o  7 

d i g i t s  p r e c i s i o n  had l i t t l e  e f f e c t  on t h e  c a l c u l a t i o n s  except  

t h a t  t h e  convergence parameters  would not d e c r e a s e  below 

0(10-7). Thus t h e  numerical  approximat ions  a r e  i n  p r a c t i c e  

reasonab ly  w e l l  cond i t ioned .  

The work of Levine (1985) shows t h a t  t h e  e r r o r  i n  sampling t h e  

g r a d i e n t  of a p iecewise  l i n e a r  f u n c t i o n  over  a t r i a n g u l a r  mesh 

i s  r e l a t e d  t o  t h e  topology of t h e  mesh connec t ions  s e e  

Appendix 2. The topology of Mesh 2 i s  i r r e g u l a r  w i t h  5, 6 o r  7 

nodes being connected t o  each i n t e r i o r  node. The t r i a n g u l a t i o n  

was a d j u s t e d  g i v i n g  Mesh 3 which was r e g u l a r ,  having 6 

connec t ions  t o  each i n t e r i o r  node. Th is  r e v i s i o n ,  however, 

produced no s i g n i f i c a n t  changes i n  t h e  computed water l e v e l s ,  

w i t h  d i f f e r e n c e s  be ing  of t h e  o r d e r  of a few p a r t s  i n  105.  

A roughness s i z e  of 0.36m a s  used i n  t h e  t e s t s  above i s  s t i l l ,  

however, much g r e a t e r  than  t h e  p h y s i c a l  roughness of an 

exper imenta l  f lume. The computat ions  t h e r e f o r e  were r e p e a t e d  

w i t h  a roughness of 0.0036m, which is  about  t h e  p r o t o t y p e  

v a l u e ,  and a time s t e p  of 0 .1  seconds.  The f low v e l o c i t i e s  

were about  0.41m/s i n  t h e  channel  and 0.21m/s on t h e  f lood  

p l a i n ,  wi th  a t o t a l  d i s c h a r g e  of 0.101m3/s. These v a l u e s  a r e  

about  20% h i g h e r  than Sooky's exper iments  on h i s  Geometry 4 on 



which the calculations are loosely based. No attempt has been 

made to calibrate the computational model, the key point being 

that the computations are no longer explosively unstable. The 

time step of 0.1 second did, however, appear to be too large as 

the convergence parameter for discharge was increasing slowly 

whilst the parameter for depth (on the first inner iteration) 

was falling slowly during the test, see Table 5.7. 

TABLE 5 . 7  

CONVERGENCE PARAMETERS (ROUGHNESS 3.6 KM TIME STEP 0.18) 

Time Depth at inner iteration Unit 

step 1 2 3 flow 

The linear dimensions of the mesh were all scaled by a factor 

100 (Mesh 4 ) ,  which implies a scaling of 10 for velocity and 

time to maintain Froudian similarity, see Henderson (1966), and 

a discharge scale of 105. The flow was calculated with a 



roughness  s i z e  of 0.36m which shou ld  produce r e s u l t s  s i m i l a r  t o  

t h e  f lume geometry wi th  roughness 0.0036~1. For  a  t ime s t e p  of 

10 seconds  t h e  computat ions  d i v e r g e d .  For a  t ime s t e p  of 1 

second t h e  r e s u l t s  were s i m i l a r  t o  t h o s e  o b t a i n e d  i n  t h e  

cor respond ing  t e s t  of Mesh 3  w i t h  a  s t e p  of 0.1 seconds .  

V a r i a t i o n s  of a few p a r t s  i n  1 0 6  f o r  water  l e v e l ,  10 f o r  

v e l o c i t y  and 10' f o r  t h e  convec t ion  term, were a p p a r e n t  and t h e  

convergence pa ramete r s  f o r  each t ime s t e p  and i n n e r  i t e r a t i o n  

were n e a r l y  i d e n t i c a l .  

F i n a l l y  a  t ime  s t e p  of 0 . 5  seconds was t e s t e d  f o r  t h e  s c a l e d  

mesh. T h i s  was s t a b l e  w i t h  t h e  convergence pa ramete r s  shown on 

F i g u r e  5.23 and t h e  v a r i a t i o n  of water  l e v e l  a c r o s s  t h e  c e n t r e  

of t h e  mesh shown on F i g u r e  5.24. The d i f f e r e n c e  i n  water  

l e v e l  a c r o s s  t h e  channe l  (0.5m) is c o n s i s t e n t  w i t h  Sooky's  

exper iments ,  a l l o w i n g  f o r  t h e  a p p r o p r i a t e  s c a l e  f a c t o r s .  Some 

of t h e  p r i n c i p a l  parameters  of t h e  f low a r e :  

Flood P l a i n  Channel 

d e p t h  2.0m 6.10 

v e l o c i t y  2. l m / s  4.101s 

Froude number 0.47 0.53 

T o t a l  wid th  9 7m 2 1m 

The t o t a l  d i s c h a r g e  was 1010m3/s; t h e  s t reamwise  s u r f a c e  s l o p e  

was 0.0016 and t h e  t r a n s v e r s e  s l o p e  up t o  0.02 l o c a l l y .  These 

f low c o n d i t i o n s  a r e  p o s s i b l y  more s e v e r e  t h a n  t h o s e  i n  many U K  

r i v e r s  i n  f l o o d .  I t  should  be noted t h a t  i n  some p a r t s  of t h e  

f low t h e  convec t ion  term dominated t h e  f r i c t i o n  s l o p e  by a  f a c t o r  

of about  15.  



5.6.3 T a l l a h a l a  Creek d a t a  

The t ime s t e p p i n g  method was a p p l i e d  t o  Mesh 9  which r e p r e s e n t s  

T a l l a h a l a  Creek wi th  Chezy roughness c o e f f i c i e n t s  taken from 

Tseng (1975).  The i n i t i l i s a t i o n  of t h e  c a l c u l a t i o n s  involved a  

s o l u t i o n  of t h e  s t e a d y  f low e q u a t i o n s  wi thout  convec t ion  u s i n g  

t h e  f i r s t  o r d e r  v a r i a t i o n  method. I n  c o n t r a s t  t o  t h e  f lume 

based t e s t s  t h i s  converged on ly  s lowly w i t h  t h e  asympto t ic  r a t e  

being ( 0 . 7 8 3 ) ~ .  Computations were c a r r i e d  o u t  f o r  5  two second 

s t e p s  a t  which t ime t h e  water  dep th  changed by a  maximum of  

0.8% and t h e  u n i t  f low magnitude by 20%. I n  a l l  t ime s t e p s  t h e  

maximum changes occur red  i n  t h e  t h r o a t  of t h e  c o n t r a c t i o n  

between t h e  two embankments l e a d i n g  t o  t h e  b r i d g e .  F i g u r e  5.25 

shows con tours  of water  l e v e l  a t  t h e  end of t h e  i n i t i a l i s a t i o n  

w i t h  z e r o  c o r ~ v e c t i o n .  A t  t h e  end of f i v e  t ime s t e p s  t h e  o n l y  

wate r  l e v e l s  which changed by more than  0.05m were i n  t h e  

t h r o a t  of t h e  c o n t r a c t i o n  where d e c r e a s e s  up t o  0.15m occur red .  

The r e s u l t s  f o r  Tseng (1975) and Franques and Y a n n i t e l l  (1974) 

a r e  shown on F i g u r e s  5.26 and 5.27 r e s p e c t i v e l y .  The c o n t o u r s  

of F i g u r e  5.25 a r e  c l o s e r  t o  Tseng ' s  r e s u l t s  then  those  of 

Franques and Y a n n i t e l l .  An impor tan t  f e a t u r e  is t h a t ,  wi thou t  

t h e  convec t ion  term, t h e  wa te r  l e v e l  d i f f e r e n c e  through t h e  

c o n t r a c t i o n  i s  n e a r l y  t h e  same a s  t h e  o b s e r v a t i o n s  i n  

Tseng (1975).  T h i s  i n d i c a t e s  t h a t  t h e  head l o s s  i s  probably  

due t o  f r i c t i o n a l  r e s i s t a n c e  on t h e  i n c r e a s e d  l e n g t h  of 

s t r e a m l i n e s .  

A m o d i f i c a t i o n  t o  t h e  upda t ing  of wa te r  l e v e l  was t r i e d  t o  

improve t h e  converdence of t h e  l e v e l  i t e r a t i o n s .  A r e l a x a t i o n  



parameter of 0.5 was used for all nodes where the update was of 

opposite signs to the previous one at the node. This was 

invoked at up to 15% of the nodes on the mesh at any one 

iteration, but not consistently at any location. However it 

only marginally improved the convergence rate and did not 

significantly change the calculated water levels. 

5.7 Concluding remarks 

The least squares recovery method for obtaining the convection 

term has not produced acceptable results in all cases despite 

having some attractive properties. For iteration on the steady 

flow equations the method converged only for unrealistically 

low velocities. The method based upon time stepping stabilised 

the computations, dependent upon time step. It produced 

results for a scaled up version of the Sooky's ( 1 9 6 4 )  flume 

data which had physical parameters that are comparable to 

intended engineering applications. The calculations did not 

give a steady state for steady water levels on the flow 

boundaries but depths and velocities varied between about 0.1 

and 102 depending upon the time step. An interpretation of 

this behaviour is that evaluating the convection term 

introduces errors at each time step which are propagated out of 

the computational domain. 

Further work on the method is required before it can be applied 

in earnest to practical problems. The accuracy of the computed 

convection term should be investigated as should be the poor 

performance of the iteration for water level for the Tallahala 

Creek data. It is not clear whether higher order of 





CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 The mathematical model 

6.1.1 Depth integration 

The integration of the convective accelerations through the 

depth of the flow requires particular care. The velocity 

variation with depth may be considered either before or after 

(the usual approach) the depth integration. Treating the 

vertical structure before the depth integration gives equation 

(2.30). Solutions of this equation can have significantly 

different character from those of the usual approach, equation 

(2.37). The usual formulation can predict flows which have 

recirculation when the alternative formulation can have no 

closed streamlines. In the usual formulation it is argued that 

the depth variation of plan velocity produces terms analogous 

to the turbulent stress terms. Houever, it is known that they 

are of an order or more greater in magnitude than typical 

values of the turbulent stress. The use of dynamic equation 

(2.30) gives a hyperbolic set of equations in the absence of 

turbulent stresses whereas the use of equation (2.37) gives an 

incompletely parabolic system requiring different boundary 

data. These points are of practical importance outside the 

area of river flow modelling. 



6.1.2 Turbu len t  s t r e s s  t e rms  

The e f f e c t  of t h e s e  terms on t h e  l a t e r a l  v e l o c i t y  d i s t r i b u t i o n  

h a s  been q u a n t i f i e d  through a  new a n a l y t i c  s o l u t i o n  f o r  

r e c t a n g u l a r  geometry, equa t ion  (2.42).  This  l e a d s  t o  e s t i m a t e s  

of s h e a r  l a y e r  width  a t  t h e  boundary between t h e  f l o o d  p l a i n  

and a n  i n c i s e d  r i v e r  channel .  I t  i n d i c a t e s  t h a t  t h e  s h e a r  

l a y e r s  from t h e  banks i n t e r a c t  i n  t h e  main channel  w i t h  t h e  

v e l o c i t y  not a c h i e v i n g  t h e  f r e e  s t ream va lue .  Th is  i s  

c o n s i s t e n t  w i t h  t h e  d i f f e r e n c e  between computed r e s u l t s  which 

i g n o r e  t h e  t u r b u l e n t  s t r e s s e s  and Sooky's (1964) exper iments .  

The form of t h e  t r a n s v e r s e  v e l o c i t y  p r o f i l e  shou ld  be examined 

e x p e r i m e n t a l l y  i n  more d e t a i l  t o  conf i rm whether t h e  s imple  

mixing l e n g t h  h y p o t h e s i s  which u n d e r l i e s  e q u a t i o n  (2.42) i s  

i n  f a c t  v a l i d  f o r  t h e s e  f lows.  

6.2 The s t r e a m  f u n c t i o n  f o r m u l a t i o n  

The pub l i shed  i t e r a t i o n  of Franques and Y a n n i t e l l  (1974) 

converged extremely s lowly .  The f i r s t  o r d e r  v a r i a t i o n  method, 

S e c t i o n  3.4.3,  has  a  much s u p e r i o r  performance and produced 

good r e s u l t s  f o r  t e s t s  based upon Sooky's flume d a t a .  The 

method however produced poor r e s u l t s ,  both i n  terms of 

convergence r a t e  and p r e d i c t e d  wate r  l e v e l s  on t h e  i n f l o w  

boundary, f o r  t h e  T a l l a h a l a  Creek d a t a .  F u r t h e r  work i s  

r e q u i r e d  t o  i d e n t i f y  why t h e  i t e r a t i o n  converged s lowly  on t h i s  

geometry. The s t r e a m l i n e  i n t e g r a t i o n  a l g o r i t h m  needs t o  be 

improved t o  i n c l u d e  i n  some manner t h e  p r o p e r t y  t h a t  c o n t o u r s  

of t h e  wa te r  l e v e l  and s t ream f u n c t i o n  shou ld  be mutua l ly  

o r thogona l .  



6.3 Primitive variable formulation 

The first order variation form of the potential formulation 

converged rapidly when applied to the flume geometry when 

the convection term was excluded. When the convection term was 

incorporated into the model again the method converged but only 

for sufficiently slow flows. This limit has been explained by 

an analysis of the iterative method. 

Tne algorithm used to calculate the convection term is new. It 

recovers the first derivatives of a piecewise constant velocity 

field by least squares fitting. The algorithm produces results 

which are consistent with a first order analytical solution of 

flow in a bend and with observations in an experimental flume. 

The method, however, has its limitations. Although the use of 

a time stepping method allowed stable computations for all flow 

velocities tested for the flume geometry, the time step 

required was small. A true steady state was not achieved 

despite the application of steady water levels at the flow 

boundaries. Further work is necessary before the method can be 

applied in practice. Attention should be directed to: 

1 the comparison of the computed and first order analytic 

solution for flow in a bend at higher velocities; 

2 widening the limit on time step for the method to be 

stable; 

3 improving the performance of the inner iteration for water 

level for the Tallahala Creek data. 

Improving the limit on time step will probably require a 

revision of the calculation of the convection term, weighting 



the term towards the forvard time level. This vill lead to a 

larger set of linear equations to solve, as the elimination of 

the unit flow variables as in Section 5.6.1 will no longer be 

possible. 

An alternative procedure could be to use a higher order 

approximation for the unit flow vector in the form of an 

approximately divergence-free element. This will have the 

advantage of readily being able to represent a diffusion type 

model of the turbulent stress terms, since then the flow 

equations are similar to the Navier-Stokes equations. However, 

there is a relationship between the orders of approximation 

that can used for the primitive variables and this vill need to 

be examined along the lines of the work of Girault and Raviart 

(1979). 

The model of flow without turbulent stress terms will 

incorporate some of the effects of these terms through its 

calibrated roughness values. If the turbulent stress terms are 

included and the roughness is unchanged, the distribution of 

flow between the channel and flood plain will change. As with 

the stream function formulation the proportion of the flow in 

the main channel was higher in the computations of the 

potential formulation then in Sooky's experiments. 

6.4 Remarks on practical applications 

For the low velocities used for the initial tests of the 

potential formulation with convection, the flow in the channel 

and flood plain geometry appeared insensitive to variations in 



boundary data. The water surface slope was determined by the 

local bed geometry. This suggests that the boundaries in a 

practical application need not be removed too far from the area 

of interest provided that a line north1 to the flow direction 

can be assessed. No tests, however, have been done on changing 

the alignment of the inflow or outflow boundary. Such 

sensitivity tests should be part of a practical application. 

The potential formulation is complementary to the stream 

functlon formulation in the nature of the boundary conditions. 

When water levels are known at either end of the flow domain, 

as is usual in the case of calibration, the roughness will be 

adjusted to achieve the correct discharge (and interior water 

levels etc, where known). In the stream function formulation 

the roughness wlll be adjusted to achieve the correct water 

level on the upstream flow boundary. Such adjustments may be 

manual or done automatically in an outer iteration around the 

methods discussed in this thesis. Since friction losses are 

dominant for river flow, calibration should initially proceed 

on the assumption that the convection is zero. Final 

refinements may be made by including the convection term if an 

analysis of the velocities and curvature of the flow without 

convection suggest that this term may be significant. 

In the design situation typically the water level is glven at 

the downstream end of the flow domain and the total discharge 

is known. These are precisely the boundary data for the stream 

function formulation. In the potential formulation the total 

discharge will be obtained by adjusting the water level on the 

inflow boundary. 
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A d i f f i c u l t y  i n  u s i n g  t h e  common c e l l - t y p e  f l o o d  p l a i n  model 

h a s  been demonstra ted  i n  S e c t i o n  1 .4 .  For  a  r i v e r  type  l i n k  

t h e  conveyence f u n c t i o n  f o r  a  l i n k  between c e l l s  depends upon 

t h e  v e l o c i t y  d i r e c t i o n .  Th i s  i m p l i e s  t h a t  a  c a l i b r a t e d  v a l u e  

may n o t  be a p p r o p r i a t e  f o r  d e s i g n  purposes  where t h e  f l o w  

d i r e c t i o n  changes.  Th i s  f e a t u r e  i s  n o t  r e p o r t e d  i n  any of t h e  

r e f e r e n c e s  t o  c e l l  type  models c i t e d  i n  Chapter  1, and 

r e p r e s e n t s  a  s e r i o u s  l i m i t a t i o n  of t h e  method. 

6.5 Ex tens ions  t o  t h e  mathemat ica l  model 

The obvious  e x t e n s i o n s  of t h e  model e q u a t i o n s  from t h e  

computat ions  p r e s e n t e d  i n  t h i s  t h e s i s  a r e :  

1 t o  i n c l u d e  t h e  v e l o c i t y  d i s t r i b u t i o n  c o e f f i c i e n t  a i n  t h e  

convec t ion  term 

2 t o  i n c l u d e  t h e  t u r b u l e n t  s t r e s s  terms 

The a n a l y s i s  of Chapter  2 and Appendix 1 i n d i c a t e s  t h e r e  shou ld  

be  no fundamental  problem i n  t h e  f i r s t  of t h e s e  e x t e n s i o n s .  

Any model of t h e  t u r b u l e n t  s t r e s s  terms w i l l  change t h e  

boundary d a t a  r equ i rements  and p o s s i b l y  i n c r e a s e  t h e  number of 

e q u a t i o n s  t o  be s o l v e d .  

A t h i r d  e x t e n s i o n  of t h e  model i s  t o  a l l o w  f r e e  boundar ies  a t  

t h e  edges of t h e  f l o o d  p l a i n .  C u r r e n t l y  t h e s e  no f low 

boundar ies  a r e  assumed f i x e d  d u r i n g  t h e  computat ion.  T h i s  w i l l  

p robab ly  r e q u i r e  a n  a d d i t i o n a l  l e v e l  of i t e r a t i o n  t o  d e t e r m i n e  

t h e  l o c a t i o n  of t h e  edge of t h e  f low. F i n a l l y  some means must 

be found t o  i n c o r p o r a t e  s t r u c t u r e s  such a s  w e i r s ,  s l u i c e s ,  

f lumes and r a i s e d  embankments i n  t h e  model. A t  t h e s e  s i t e s  t h e  



vertical accelerations and curvature of the water surface are 

not small and one of the assumptions behind the two dimensional 

equations is invalid. A penalty function approach could be 

used to replace the standard dynamic equation with the 

head-discharge relationship for the appropriate structure. 
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APPENDIX 1 

The Characteristics of the Unsteady Flow Equations 

We examine here the unsteady flow equations including the 

convective accelerations: 

ath+_o. g = o  

atg + _o. (qg .  ID) + g ~ o h  + ~ D ~ I ~ J I K ~  - = 0  

This pair of equations may be written as a first order system 

thus : 

I atu - + A(UJ axu_+ B(UJ a U + C(UJ = o ~ 1 . 3  
Y "  - 

t Here U represents the solution variables ( g ,  h) , I is the 
" 

identity matrix, C embodies the low order terms (bed friction 

and bed gradient) and A and B are given below. 

b In equations (A1.4) and (A1.5), c = (gD) , the gravity wave 

speed, and p = a - Daha. 

We determine the geometry of the characteristics by arguments 



t h a t  follow q u i t e  c lose ly  Daubert and Graffe (1967) who 

es t ab l i shed  the  c h a r a c t e r i s t i c s  of the shallow water equations. 

We w i l l  f i nd  tha t  the general  equations (Al.1) and (A1.2) do 

indeed have c h a r a c t e r i s t i c s  i d e n t i f i e d  by Daubert and Graffe i n  

the s p e c i a l  case a  = 1 ,  but o ther  values of a c a n  give r i s e  t o  

b i c h a r a c t e r i s t i c  sur faces  of a  d i f f e r e n t  topologica l  nature.  

Following Garabedian (1964) the system has c h a r a c t e r i s t i c  

su r faces  defined by: 

C$ (X_, t )  = cons tant  

where @ i s  determined by the equation: 

d e t ( 1  g C$ +A$ @ +B pl$) = 0. 

Subs t i tu t ing  f o r  A and B and car ry ing  out some elementary row 

opera t ions  on the  determinant reduces i t  to: 

where: 

Thus the c h a r a c t e r i s t i c  sur faces  a r e  given by: 

T ( ~ a  o +  G a o +  G a $1 = 0. 
t U X v  Y 

The roots  of t h i s  equation a re :  

a o +  & a x e +  d a y @ =  0 
t 

and 



( a t $ ) 2 +  2uvp ax$a $ +  2carat$ax$+ 2 a v a  $a $ 
Y t Y 

+ w 2 ( a X + l 2 +  w 2 ( a y $ ) 2 -  ~ ~ ( ( a ~ $ ) ~ +  ( a Y + l 2 ) =  0  

which may be w r i t t e n  a s :  

( a t $ +  d a x $ +  c 2  ( ( a X + l 2 +  ( a y u 2 )  

- ( a 2  - p) W a x + +  v a y $ ) 2  = 0. ~ 1 . 1 0  

We may de te rmine  t h e  l o c a l  form of t h e  c h a r a c t e r i s t i c  s u r f a c e s  

by c o n s i d e r i n g  t h e  envelope of t h e  p l a n e s  t a n g e n t  t o  them. 

Without l o s s  of g e n e r a l i t y  we may t a k e  t h e  X a x i s  t o  be a l i g n e d  

w i t h  t h e  l o c a l  f low d i r e c t i o n  and examine t h e  c h a r a c t e r i s t i c  

s u r f a c e s  t h a t  p a s s  through t h e  o r i g i n .  Fur thermore  we assume 

t h e  q u a n t i t i e s  U ,  V ,  c ,  a  and p a r e  c o n s t a n t s  w i t h  t h e i r  v a l u e s  

t a k e n  a t  t h e  o r i g i n .  The g e n e r a l  e q u a t i o n  of a  p l a n e  g x , y , t )  

through t h e  o r i g i n  is :  

$ =  y a y +  t t t  = 0. A l . 1 1  

For t h e  f i r s t  f ami ly  of c h a r a c t e r i s t i c s  we combine ( A l . l l )  and 

(A1.8) t o  g ive :  

$x(x-dJt) + y $  = 0  A1.12 
Y 

which i s  t h e  e q u a t i o n  of a l l  p l a n e s  c o n t a i n i n g  t h e  l i n e  

X = aUt; y  0  A1.13 

For t h e  second f a m i l y  of c h a r a c t e r i s t i c s  we combine (AL. l l )  and 

(A1.lO) t o  g ive :  

(X - d t ) b X +  Y $ ~  = ? t ( c 2 ( $ ; +  $;) + ( a 2 -  w 2 $ x )  + A l .  14 

To i d e n t i f y  t h e  shape  of t h e  envelope of t h e s e  p l a n e s  c o n s i d e r  



t h e  i n t e r s e c t i o n  wi th  t h e  p lane  t = t o  and move t h e  o r i g i n  t o  

t h e  p o i n t  ( W t  0,  t O). Also l e t  G = r c o s  0  and $ = r s i n  'tl 

w i t h  0  < 0  < 2 n t o  account  f o r  t h e  c h o i c e  of s i g n  i n  e q u a t i o n  

(A1.14), then:  

x l r c o s O  + y ' r s i n e  = c t  Or ( l  + k c o s 2  8) + A l .  15  

where k = ( a2 - p j  U 2/c 2, and X'  and y '  a r e  co-ord ina tes  wi th  

r e s p e c t  t o  t h e  new o r i g i n .  

Changing t o  p o l a r  co-ord ina tes  (p,C) we have: 

+ p o s g  c o s 0  + s i n g  s i n g  = c t o  ( 1  + k  cos  20) . Al.16 

D i f f e r e n t i a t i n g  wi th  r e s p e c t  t o  0  we have: 

-+ - pcos g s i n  0  + psingcos 0  = c t  &cos B i n  O(l+kcos 20) . A l .  L7  

Squar ing and adding (A1.16) and (A1.17): 

~ ~ ( C O S  2( g-0) + s i n 2 (  g-0) ) = 

c  2t 02(( l+kcos  2g) +k % i n  2 ~ )  ( l+kcos  20)-1 

2 + o r  p( g) = p. (1+(2k+k 2)cos 8 )  ( l+kcos  20) -+ 
where p0 = c t O .  

Combining (A1.16) and (A1.18) we have: 

cos(g- 8) = ( l  + kcos 20) (1 + (2k + k  2)cos ~0)-'. A1.19 

The locus  of t h e  p o i n t s  g iven  by t h e  p o l a r  co-ord ina tes  (p ,  g) 

may be p l o t t e d  t o  g i v e  t h e  i n t e r s e c t i o n  of t h e  c h a r a c t e r i s t i c  

s u r f a c e s  i n  t h e  p lane  t = t o .  F i r s t l y ,  i n  t h e  c a s e  k  = 0 (eg .  

a = 8 = l ) ,  t h e  i n t e r s e c t i o n  is s e e n  t o  be p  = PO, g = 0 f o r  



0  < e < 2 %  T h i s  i s  t h e  c i r c l e  found by Dauber t  and G r a f f e  

(1967) .  From e q u a t i o n  (A1.19) c = d 2  i f  e = d2 o r  i f :  

-4 s i n e  = ( 1  + k c o s  28) (1 + (2k  + k 2 ) c o s  28) . 
T h i s  l a t t e r  c o n d i t i o n  i s  s a t i s f i e d  when 

(1 + (2k  + k  2) COS 2 e ) ( i  - COS 20) = 1 + 2 ~ 0 s  2e + k  %OS 40, 

i e .  ( k  - 1 ) c o s  28 = 2 ( k  + 1 )  c o s  40 

i e .  c o s  28  = ( k 2  - 1 ) / 2 ( k 2  + 1 )  A l .  20 

T h i s  e q u a t i o n  h a s  r e a l  r o o t s  f o r  e p rov ided  t h a t  k  l i e s  o u t s i d e  

t h e  i n t e r v a l  (-1, l ) .  F i g  A l . l  shows t h e  d i f f e r e n t  c u r v e s  t h a t  

t h e  p o i n t  ( p ,  c) t r a c e s  o u t  f rom e q u a t i o n s  (A1.18) and  (A1.19) 

as B v a r i e s .  The re  a r e  s e v e n  d i f f e r e n t  c a s e s  depend ing  upon 

t h e  v a l u e  of t h e  pa rame te r  k  which is r e l a t e d  t o  t h e  v e l o c i t y  

d i s t r i b u t i o n  c o e f f i c i e n t  a by 

k  = a 2 -  a +  D a a  A1.21 

( a )  k  < -1 The l o c u s  i s  a h y p e r b o l a .  

( b )  k  = -l The l o c u s  i s  d e g e n e r a t e  c o n s i s t i n g  of t h e  

two p o i n t s  p = PO, c = 2  d 2 .  

( C )  -l < k  < 0  The l o c u s  i s  a n  e l l i p s e  w i t h  t h e  minor 

a x i s  on t h e  l i n e  c = 0.  

( d )  k = 0  The l o c u s  is  a c i r c l e  r a d i u s  po. 

( e )  0  < k  < l  The l o c u s  l i e s  between t h e  c i r c l e s  p  = pO 

i 
and p  = ( l + k j  PO,  b u t  i t  i s  n o t  a n  

e l l i p s e .  The c u r v e  t o u c h e s  t h e  i n n e r  

c i r c l e  a t  c = 2 d 2 .  

The l o c u s  is s imi lar  t o  c a s e  ( e )  b u t  a ( f )  k  = l 



cusp forms at the point of contact with 

the inner circle. 

The locus still lies between the two 

circles p = p. and p = (l+klb but it now 

has loops centred on the line c = ?x/2. 

Flows of practical interest will give values of k in the range 

% 1 l). For example, at a Froude number of 1, U = (gD) and 

then k is only greater than one if the exponent p of equation 

(2.31a) is greater than ( h  + 1)/2; much larger than the 

typical values observed. Also k can only be negative if a c i s  

large and negative; again this is unlikely to occur in 

practice. 

The envelope of the tangent planes of the second family of 

characteristics may now be seen to be a skewed cone for 

-1 < k < 1 with its axis along the same line as the common 

line, equation (A1.13) of the first family of characteristics. 

For k = 0 the intersection of this cone with the plane 

t = constant is a circle; for k negative it is an ellipse and 

for k positive it is the more complicated figure described 

above. The entire cone will lie on one side of the plane X = 0 

for t 2 0 if: 

B 
dJt p0 (1 + k) . Al. 22 

Substituting for p. and k we obtain the condition: 

r z ((Br)>+ 1 - v2]k A1.23 

where v 2  is defined by equation (2.76). This condition is 

satisfied if v2 > 1 which is identical to the condition for the 

steady flow equations to have three real characteristics, see 

section 2.6.2. 
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APPENDIX 2 

The Mesh Geomet r i e s  

The c a l c u l a t i o n s  i n  t h i s  t h e s i s  have  been based  upon n i n e  

g e o m e t r i e s  i n  a l l .  The meshes come from t h r e e  d i f f e r e n t  

s o u r c e s  w i t h  seven  of  them b e i n g  based  upon t h e  e x p e r i m e n t a l  

f l ume  of Sooky (1964) .  Each mesh i s  d e s c r i b e d  below and T a b l e  

A2.1 g i v e s  t h e  mesh d imens ions  and i n d i c a t e s  t h e  s i m u l a t i o n s  

per formed w i t h  e a c h  one. 

Mesh 1 

T h i s  mesh r e p r e s e n t s  a  s i n g l e  meander wave of  S o o k y ' s  f l ume .  

I t  i s  based  upon h i s  f o u r t h  geometry and h a s  a l o n g i t u d i n a l  

s l o p e  of  0.0016. The i n c i s e d  c h a n n e l  l i e s  a p p r o x i m a t e l y  39mm 

below t h e  l e v e l  of  t h e  " f l o o d  p l a i n "  on  e i t h e r  s i d e .  The 

c h a n n e l  i s  210mm wide  and h a s  a s i n u o s i t y  of a b o u t  1.07 ( r a t i o  

o f  c e n t r e  of c h a n n e l  l e n g t h  t o  s h o r t e s t  d i s t a n c e  o v e r  one 

meander wave). The mesh was l a i d  o u t  manual ly  and  i s  shown on  

F i g  A2.1. The  mesh i s  n o t  r e g u l a r  i n  t h a t  some nodes  are 

j o i n e d  by e l e m e n t  s i d e s  t o  5 o r  7  o t h e r  nodes  as w e l l  as t h e  

s t a n d a r d  6  c o n n e c t i o n s  of a deformed e q u i l a t e r a l  mesh. 

Meshes 2 ,  5 and 6  

These  meshes form a n e s t e d  se t ;  6  c o n t a i n s  5 which  c o n t a i n s  2  

which  c o n t a i n s  1. F i g  A2.3 i l l u s t r a t e s  t h e  n e s t i n g  f o r  Mesh 5. 



The i d e a  behind t h i s  s e t  of meshes was t o  i n v e s t i g a t e  what 

i n f l u e n c e  t h e  proximity  of t h e  in f low and ou t f low boundar ies  

had on t h e  c o n d i t i o n s  i n  he c e n t r e  of t h e  meander wave. 

Mesh 6, which i s  not i l l u s t r a t e d ,  was g e n e r a t e d  by doubl ing t h e  

s t r a i g h t  e x t e n s i o n  on e i t h e r  end of t h e  mesh t h a t  was used t o  

g e n e r a t e  Mesh 5 from Mesh 2. The e lements  used Eor t h e s e  two 

e x t e n s i o n s  had a  d i E f e r e n t  a s p e c t  r a t i o  from t h o s e  used i n  t h e  

f i r s t  e x t e n s i o n  from Mesh 1 t o  Mesh 2. The p r e d i c t e d  water  

s u r f a c e  p r o f i l e s  were checked a g a i n s t  one a n o t h e r  a t  t h r e e  

l o c a t i o n s ;  a t  t h e  upst ream and downstream l i m i t s  of t h e  

meander and a t  t h e  c e n t r e  of t h e  meander a s  i n d i c a t e d  on F ig  

A2.3. 

I n  a l l  t e s t s  t h e  mean bed s l o p e  was 0.0016 wi th  a n  i n c i s e d  

channe l ,  210mm wide,  39mm below t h e  f l o o d  p l a i n .  The e x t e n s i o n  

of t h e  meshes was performed a u t o m a t i c a l l y  and t h e  f l o o d  p l a i n  

l e v e l  a t  t h e  downstream end of each mesh was s e t  t o  O.Om. Thus 

t h e  bed l e v e l  f o r  t h e  e lements  i n  t h e  common c e n t r a l  p o r t i o n  oE 

t h e  mesh were r a i s e d  i n  each e x t e n s i o n .  

Meshes 3 and 4 

These meshes were d e r i v e d  from Mesh 2. Mesh 3  u s e s  t h e  same 

node co-ord ina tes  a s  i n  a  Mesh 2  b u t  t h e  connec t ions  between 

nodes was a l t e r e d  t o  make t h e  geometry r e g u l a r  ( t h a t  i s  i t  

cou ld  be mapped o n t o  an e q u i l a t e r a l  mesh). T h i s  was done 

because Levine (1985) has  shown t h a t  t h e  mesh topology a f f e c t s  

t h e  accuracy wi th  which d e r i v a t i v e s  a r e  recovered from t h e  

f i n i t e  element approximat ion.  Levine c o n s i d e r s  v a l u e s  oE 



d e r i v a t i v e s  a t  t h e  mid-point of element s i d e s ,  a s  t h e s e  can b e  

recovered more a c c u r a t e l y  than by t a k i n g  t h e  c e n t r o i d  v a l u e  a s  

done i n  t h i s  t h e s i s .  The piecewise  c o n s t a n t  approximat ion t o  

t h e  bed geometry i m p l i e s  t h a t  fo rmal ly  t h e r e  a r e  v e l o c i t y  

d i s c o n t i n u i t i e s  a c r o s s  t h e  element edges.  Hence t h e  mid-side 

g r a d i e n t s  of wa te r  l e v e l  a r e  not convenient  f o r  d e f i n i n g  t h e  

u n i t  f low o r  v e l o c i t y  v e c t o r s .  A  comparison of F i g  A 2 . 2  with  

e i t h e r  F i g  A 2 . 1  o r  F ig  A 2 . 3  w i l l  show t h e  a r e a  a f f e c t e d  by t h e  

re -o rder ing  of t h e  t r i a n g l e s .  T h i s  m y  a l s o  be  recognised by 

t h e  chevron p a t t e r n s  on one s i d e  of F i g  A 2 . 2 .  Mesh 4  was 

genera ted  from Mesh 2 by s c a l i n g  a l l  l i n e a r  d imensions  

( h o r i z o n t a l  and v e r t i c a l )  by a  f a c t o r  of 100. T h i s  produced a  

" l i f e  s i z e d "  v e r s i o n  of t h e  exper imenta l  f lume w i t h  a  channel  

width  of 21m and a  t o t a l  width  of 118m. 

nesh  7  

T h i s  mesh was formed a u t o m a t i c a l l y  by r e p l i c a t i n g  Mesh 1 s i x  

t imes .  I t  r e p r e s e n t s  something l i k e  t h e  whole of Sooky's 

exper imenta l  flume which had s e v e r a l  channe l  meanders a long  i t .  

F ig  A 2 . 4  shows t h e  upstream t h i r d  of t h i s  mesh ( i e  two meanders 

o n l y ) .  The e lements  ( a s  f o r  Meshes 1 t o  6 )  were numbered 

a c r o s s  t h e  f low,  which is  e f f i c i e n t  f o r  Hood's (1976) f r o n t a l  

s o l u t i o n  method used t o  s o l v e  t h e  l i n e r  equa t ions .  n e s h  7 was 

used t o  a s s e s s  how r e p e a t a b l e  were t h e  c a l c u l a t e d  f low 

paramete rs  from one meander t o  t h e  nex t .  F ig  A 2 . 4  shows t h e  

c e n t r e  and f u l l  meander p o s i t i o n s  used f o r  t h e  water  s u r f a c e  



p r o f i l e  p l o t s  of F i g s  5.11 t o  5.13. The f lood  p l a i n  l e v e l  a t  

t h e  downstream l i m i t  of t h e  mesh was a g a i n  set  t o  O.Om. 

Mesh 8 

T h i s  mesh r e p r e s e n t s  a  h y p o t h e t i c a l  U shaped channe l  a s  may be  

c o n s t r u c t e d  a s  a n  exper imenta l  f a c i l i t y .  The channe l  has  a  

s e m i - c i r c u l a r  bend wi th  i n s i d e  r a d i u s  3.4m and o u t s i d e  r a d i u s  

5.lm s e e  F i g  A2.5. There a r e  6m l o n g  s t r a i g h t  r eaches  on 

e i t h e r  end of t h e  bend. The channel  has  a  r e c t a n g u l a r  c r o s s  

s e c t i o n  of width  1.7m and t h e  c e n t r e  of t h e  channe l  f a l l s  by 

O . l m  i n  l e v e l  over  i t s  l e n g t h .  The mesh i s  e q u i l a t e r a l  e x c e p t  

f o r  d i s t o r t i o n s  a d j a c e n t  t o  t h e  boundar ies  and was produced by 

a  commercial mesh g e n e r a t o r .  The e lements ,  however, were 

numbered by hand a c r o s s  t h e  f low t o  minimize t h e  f r o n t  s i z e  i n  

Hood's (op c i t )  s o l u t i o n  a lgor i thm.  For low v e l o c i t y  f lows t h e  

f i r s t  o r d e r  a n a l y t i c a l  s o l u t i o n  g iven  i n  S e c t i o n  2.7 should be 

a p p r o p r i a t e  around t h e  bend. 

Mesh 9  

Th is  mesh r e p r e s e n t s  a  highway c r o s s i n g  of T a l l a h a l a  Creek and 

was adapted from d a t a  taken from t h e  r e p o r t  by Tseng (1975). 

Both Tseng and Franques and Y a n n i t e l l  (1974) p rov ide  f l o w  

s i m u l a t i o n s  f o r  t h i s  s i t e .  Mesh 9, however, d i f f e r s  from t h e  

meshes used i n  e i t h e r  of t h e s e  e a r l i e r  s t u d i e s .  Tseng 

r e p r e s e n t e d  v e l o c i t y  by q u a d r a t i c  b a s i s  f u n c t i o n s  and h i s  mesh 

was comprised of l a r g e r  e lements  wi th  mid-side v e l o c i t y  nodes.  



Mesh 9  was g e n e r a t e d  by d i v i d i n g  each of Tseng ' s  t r i a n g l e s  i n t o  

f o u r  by j o i n i n g  t h e  mid-side nodes.  Tseng ' s  mesh i n c l u d e d  

s e v e r a l  t r i a n g l e s  w i t h  v e r y  s m a l l  ( < l o o )  a n g l e s  a t  one of t h e i r  

v e r t i c e s .  These  l a y  around t h e  s o l i d  boundar ies  and were 

removed when mesh was s e t  up t o  g i v e  t h e  geometry shown on F i g  

A2.6. A l l  t h e  mesh dimensions were conver ted  t o  m e t r i c  u n i t s  

and t h e  datum a d j u s t e d  by LOOm t o  g i v e  a n  average  bed l e v e l  on 

t h e  downstream end of t h e  mesh of abou t  0.0m. T h i s  e n a b l e s  t h e  

wa te r  s u r f a c e  g r a d i e n t s  t o  be c a l c u l a t e d  w i t h  t h e  maximum 

p r e c i s i o n  f o r  a  g i v e n  l e n g t h  of r e a l  numbers on t h e  computer. 

I n  c o n t r a s t  t o  Meshes 1 and 7 t h e r e  i s  no i n c i s e d  r i v e r  channe l  

r e p r e s e n t e d  i n  Tseng ' s  d a t a .  However, t h e r e  is a  s e v e r e  

c o n s t r i c t i o n  i n  t h e  width  of t h e  f low p a t h  which f o r c e s  l a r g e  

c u r v a t u r e  on t h e  s t r e a m l i n e s .  The c a l c u l a t i o n s  were a l l  based 

upon t h e  Chezy roughness v a l u e s  from Tseng 's  r e p o r t  w i t h  a  

d i s c h a r g e  of 630m3/s. The wa te r  l e v e l s  used on t h e  f low 

boundar ies  were s e t ,  where a p p r o p r i a t e ,  t o  t h e  mean v a l u e  found 

by Tseng. These roughness and boundary d a t a  d i f f e r  from t h o s e  

t h a t  Franques  and Y a n n i t e l l  (1974) used.  



Mesh 

number 

TABLE A2 l 

HESB PBOPERTIBS 

Number of Number of Dimensions Stream Potential Figure 

nodes elements (m) function formulation number 

formulation 

1.28x1.18 

2 . 5 4 x l ' r l l l  

2.54x1.18 

254 X 118 

5.06x1.18 

7.58x1.18 

7.68x1.18 

1.7 wide 

X 10.2 dia 

1600x844 

initial 

- 
- 

final 

- 
- 

- 

- 

final 



APPENDIX 3 

Solution of Linear Equations 

The code published by Hood (1976) was modified when it was 

included in the model programs. Firstly, two corrections were 

made; one of these was published by Hood (1977) and the second 

only affected the case where the pivotal searching procedure 

produced an off-diagonal pivot. The substance of this 

correction is as follows. For off-diagonal pivoting the 

back-substitution phase may be written: 

X = bk X - Lu akm Xm (A3.1) 

Here k is the pivotal row number, Xis the pivotal column 

number and a is non-zero only where the solution vector 
km 

element X is already known. The value of X may have been set 
m m 

either by the boundary conditions or by the back substitution. 

In Hood's (1976) code the variable X appears on the right hand 
k 

side in place of X in equation (A3.1). The correction 
111 

requires the pivotal column number LCO to be written out of 

store on lines 261 and 306 and then read back into store on 

line 449. This column number is used as an index into the 

solution array SK at line 462. 

Three modifications were also made to the code which were 

designed to increase the speed of execution. 



1. The f r o n t  s i z e  NCRIT was reduced a f t e r  each e l i m i n a t i o n  and 

o n l y  i n c r e a s e d  a g a i n  when necessa ry .  Thus t h e  f r o n t  s i z e  

expands and c o n t r a c t s  t o  match t h e  number of a c t i v e  

e q u a t i o n s  r a t h e r  expanding t o  t h e  maximum s i z e  r e q u i r e d  and 

t h e n  remaining a t  t h i s  v a l u e .  

2. Wherever D i r i c h l e t  boundary d a t a  a r e  s u p p l i e d  f o r  a  

v a r i a b l e  a l l  e n t r i e s  i n  t h e  cor respond ing  m a t r i x  e q u a t i o n  

a r e  s e t  t o  z e r o  excep t  f o r  t h e  l e a d i n g  d i a g o n a l .  There  i s  

no need t o  s e a r c h  f o r  a  p i v o t  under t h e s e  c i r c u m s t a n c e s ;  

d i a g o n a l  p i v o t i n g  i s  used a s  soon a s  t h e  boundary d a t a  i s  

r e c o g n i s e d .  

3. The ANSI (1966) s t a n d a r d  f o r  FORTRAN s p e c i f i e s  t h e  s t o r a g e  

o r g a n i z a t i o n  f o r  2D a r r a y s .  A  one-dimensional  a r r a y  may be 

"equ iva lenced"  t o  t h e  2D s t i f f n e s s  m a t r i x  and t h e  1 D  a r r a y  

used t o  a c c e s s  e n t r i e s  where t h e  a d d r e s s  can be computed 

more e f f i c i e n t l y  than u s i n g  t h e  2D a d d r e s s i n g .  

Hood (1977) s u g g e s t s  f u r t h e r  improvements t o  t h e  code which 

a f f e c t  i t s  performance when s e a r c h i n g  f o r  p i v o t s .  The 

p r i n c i p a l  one i s  t o  r e s t r i c t  t h e  number of e q u a t i o n s  f o r  t h e  

s e a r c h ,  b u t  t o  g u a r a n t e e  t h a t  a t  l e a s t  5 a r e  a v a i l a b l e .  T h i s  

h a s  n o t  been implemented. The code i n  t h e  model, however, 

a l l o w s  t h e  u s e r  t o  s p e c i f y  d i a g o n a l  p i v o t i n g  and no t  c a r r y  o u t  

any s e a r c h .  T h i s  p rocedure  i s  s t a b l e  f o r  symmetric,  d e f i n i t e  

m a t r i c e s .  An i n s p e c t i o n  of d e t a i l e d  d i a g n o s t i c  dumps of t h e  

o p e r a t i o n  of e l i m i n a t i o n  a l g o r i t h m  r e v e a l e d  t h a t  Hood's 



pivoting strategy produced diagonal pivoting for the Galerkin 

equations for both the stream function and potential 

formulations. Hence diagonal pivoting was selected at the 

outset of each run. Even where the Galerkin equations were 

non-symmetric in the first order variation algorithms no 

probless were encountered. Cutting out the search for pivots 

typically reduced the program run time by a factor of four. 

The internal application of the boundary conditions differs 

from that proposed by Hood. Hood allowed space for a boundary 

value to be given to each variable but most of this storage was 

not used. In the code implemented therefore the boundary 

conditions and an index (equation) number are packed in 

ascending order of the index into smaller arrays. A simple 

binary search routine extracts the appropriate data whenever 

required. 



APPENDIX 4 

Existence and uniqueness for the friction controlled flow 

equations. 

The material in this appendix was supplied by Endre E Siili of 

the University of Belgrade when visiting the Department of 

Mathematics at the University of Reading. 

Consider the equation: 

P-2 W )  = F - 9 .  ( K I N (  - (A4.1) 

with the exponent p > 1. The restriction on p ensures that 

(A4.1) is elliptic, see Section 2.6.1. 

The stream function formulation is the special case p = 4 and 

the potential formulation corresponds to p = 312. Take q as 

the conjugate of p, that is: 

P-l + q-l = l (A4.2) 

We now set up the problem with Dirichlet data 

Problem P 

Given positive K in L_(Q) bounded away from zero by c. and from 

above by c l  almost everywhere in the domain Qand given F in 

W-lpq(Q); find U in W'" (Q) satisfying equation (A4.1) in Q. 
0 

From here onwards the qualification (Q) applies to all function 



l,P spaces. Define the operator A on U in WO by 

Au = - J.(K(JP-~ p) 

We observe that for all U, v in WlpP 
0 

1 A is monotone: 

2 A is coercive: 

3 A is bounded: 

These three conditions imply that, by the Minty-Browder 

theorem, the problem P has at least one solution. However, 

since the condition 1 is not of strong monotonicity, the 

solution may not be unique. 

Uniqueness of the solution may be proved by an alternative 

method. Introduce the following function @on U in W"P 
0 

We observe that by Poincare's inequality @is coercive over 

l,P 
WO . Also, since 1 < p < -, the function l x l P  is strictly 

convex and it follows that @ is also strictly convex over the 

Sobolev space WO . These two properties imply that the 

following minimization, problem Q, has exactly one solution U 



Find 1 , ~  i n f  N u )  over  WO 

Hovever, t h e  d i f f e r e n t i a l  equa t ion  (A4.1) is t h e  E u l e r  e q u a t i o n  

f o r  t h e  min imiza t ion  problem Q. Hence t h e  s o l u t i o n  U t o  Q i s  

a t  t h e  same t ime t h e  unique s o l u t i o n  t o  problem P. For f u r t h e r  

m a t e r i a l  c o n s u l t  C i a r l e t  (1978) and Ekeland and Temam (1976). 

Refe rences  

C i a r l e t  Ph (1978) : The f i n i t e  element method f o r  e l l i p t i c  

problems, North Holland.  

Ekeland P and Teman R (1976) : Convex a n a l y s i s  and v a r i a t i o n a l  

problems, North Holland. 
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6 Flood Control 
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Two dimensional modelling of flood flows using 
the finite element method 

P G Samuels 

Summary 
Thls p a p e r  examlnes  two d ~ m e n s ~ o n a l  (in plan) models  of 

flow over  a. flood p l a ~ n .  Th ree  different sets of model  
equations a r e  Introduced a n d  their mathematical type a n d  
appropriate boundary conditions a r e  discussed The  solutlon 
of the flow equations b y  finlte e lement  methods 1s d i scussed  
f o ~  friction controlled flow a n d  for flows including !he 
cor~vec t lo r~  of momentum. The  numerical  tests relate to a 
laboratory flume with a m e a n d e r ~ n g  channel  a n d  the  
d i s cus s~on  focusses on the  ra tes  of conve rgence  of the  
numerlcai  methods employed. 

Organised and sponsored by 

With the support of the 
British National Committee of I.C.I.D. 





Nomenclature 
Symbol Description Units 

C the convection term (U . V)u/g 
P 

flow depth m 

turbulent e d d y  viscosity n ~ - I s - ]  

a flow variable (defined in text) - 

mesh Froude number 

Froude number - 

acceleration d u e  to gravity m,-z 

water level m 

friction factor m z s  

outward unit vector normal to the m 
boundary 

prefix A 

subscript 1 

superscript (i) 

superscript n 

unlt discharge (and components) m Z s l  

distance along a streamline m 

tlme 

turbulent stress term 

depth mean velocity (=  q/D) ms- 

velocity distribution coefficient 

convergence parameter (defined in - 
Section 3.1) 

iteration updating parameter 

stream function m3s- 

gradient operator m - '  

~ncrement 

value for node or element 1 

value for iteration I P 

value at time nAt P 





1 Introduction 
Although one dimensional models of river flow (Ref 1) a r e  

an established tool for simulating long reaches of river they 
cannot always provide all the local detail that is required 
Such models cannot resolve any features of the flow either at 
a scale finer than the grid size used in the model or which a r e  
produced by two or three dimensional effects. For example, 
an  embankment across a flood plain leading to a bridge may 
have a profound impact on the flow direction and water levels 
on the flood plain. Variations of the flow across the width of 
the river as  well a s  'along the length can be studied by using a 
two-dimensional (in plan) model. The use of standard finite 
d~fference techniques, based on a regular grid, a r e  
complicated by the highly irregular georne!ry of natural river 
valleys, but this is readily included by models based on the 
finite element method (Ref 2). The finite element method has 
been applied successfully to many types of fluid flow 
including t ~ d a l  hydraulics (Refs 3, 4, 5 )  Relatively li!tle work, 
however, has been published on using the finite element 
method for modelling flow in a river and over its flood plain, 

This paper examines the formulation of two dimensional 
models of flood flow. As various processes a r e  lncluded in the 
mathematical model the nature of the equations change. This 
has an affect on the most appropriate numerical method for 
solving the flow equations. The numerical methods discussed 
in t h ~ s  paper  a re  all directed at choos~ng the lowest order  of 
approximation possible for the flow which is consistent with 
the quality of data available for commercial studies. A 
topographic survey of a river and its flood plain can  b e  
expensive, particularly if closely spaced river cross sections 
a t  a spacing of the width of the main channel o r  less - or if 
many flood plain ground levels - with accuracy better than 
+ O.lm - a r e  required In any prototype investigation there is 
pressure to keep  the data needs  to the minimum compatible 
w ~ t h  the accuracy required from the study. The relationship 
between the model accuracy and the density of prototype 
data,  however, is not considered further in this paper.  

2 The model equations 
Assumptions 2.1 The starting point for producing the two dimensional flow 

equations is the fully three dimensional equations, see 
Sections 2.2 and 3 2  of Batchelor (Ref 6). Making amongst 
others the following assumptions these equations may b e  
integrated through the depth of the flow giving equations ( l )  
and (2) in Section 2.2: 

l )  Flow is ~r~compressible and density constant. 

2) Vertical velocity and acceleration a r e  small 

3)  There IS no stress on the air/water surface 

4) The earths rotation can b e  neglected 

9) The rrver bed does not change with tlme 



This paper considers features characteristic of bulk flow 
in the river and flood plain system and the above assumptions 
a r e  all reasonable. Obviously these assumptions can b e  
altered giving different flow equations wlth a different range 
of applicability. 

Typ~ca l  of the restrictions forced by these assumptions is 
the neglect of secondary flow in river bends  (assumption 2). 
This can  b e  relaxed a s  shown by Kalkwijk and d e  Vriend (Ref 
7). 

Two dimensional 
flow equations 2.2 Using the notation at the front of the paper  the flow 

equations are :  

In the rest of the paper  the velocity distribution coefficient 
a will b e  set to 1.0 which is not unreasonable if the vertical 
velocity profile is approximately logarithmic The stress term 
T will also b e  neglected. This term includes the turbulent 
stresses in the fluid and study its relation to the properties of 
the bulk flow has produced a variety of turbulence models 
(Ref 8). Ignoring the turbulent stresses may restrict the use of 
the model to regions without high rates of shear .  

Simplifying equations (1) and (2) further w e  have the three 
following approximations to describe the flow 

(a) Steady frict~on controlled flow. 

(b) Steady flow wlth convection and bottom frlct~on 

v q = O  
P (5) 

(C) Unsteady flow with convection and bottom friction: 

Defining the depth mean velocity by U = q/D equations 
(6) and (8) may be rewritten as :  

Vh + -L - U ' U 1 D z  KZ  + l (U . V)U = 0 
4 - -- 

1 all 1 U I ~ I D z  + - (U , V)U = 0 + Vh + g at - K? g - -- 



Classification 
of equations 

Equations (1)  to (8) are  all written in terms of the primitive 
variables, the velocities and water levels. The continuity 
equatlon for steady flow (3) and (5), however, allows the flow 
to b e  described in terms of a stream function * by defining: 

Substituting this in the dynamic.equation (4) and taking its 
curl gives: 

v . ((10 *IK-') v = 0 - - (10) 

Franques and Yannitell (Ref 9) used this equation to 
define the stream lines of the flow. They rewrote equation (6a) 
in a CO-ordlnate system orientated with the flow and integrated 
~t along the stream lines to give water levels, thus: 

where the points l and 2 lie on the same streamline 

An alternative simplification of equations (3) and (4) is to 
eliminate q between them assuming that the water level h 
performs tEe role of a velocity potential. The resulting 
equation will b e  termed the potential formulation and is: 

V . [(K lVhloS)Vh] - = 0 (12) 

To the author's knowledge the potential formulation above 
has not been used before to solve steady two-dimensional 
friction controlled flow over a river flood plain. 

2.3 The field equations for steady flow controlled by frlctlon 
(10) and (12) a re  elliptlc They a re  also each deqenerate in the 
case  of /V*/ or JVhlvanishing anywhere in the flow field, this 
occurs wEen theflow becomes stationary. Suitable boundary 
conditions on the appropriate flow variable - stream function 
for equation (10) or water level for equation (12) - are  for the 
variable, its normal derivative, or a combination of these two 
to b e  specified around the entlre boundary of the region. The 
conditions imposed on the stream function and water level a re  
complementary. Equations (3, (4), and (9) imply that when * is 
specified as  constant on a no-flow (solid) boundary in the 
stream function formulation, ah/an is set to zero on the same 
boundary in the potential formulation and that where a*/an is 
set to zero in the stream function formulation indicating flow 
normal to the boundary, h is specified as  constant in the 
potential formulation. 

When the convection term is included in the model to 
give the dynamic equation (6) a s  opposed to (4), the nature of 
the flow equations changes. The equations form a quasi-linear 
system which may b e  classified according to the roots of the 
corresponding characteristic equation, see Garabedian, p p  
94-99 (Ref 10). The system has three real characteristics and 
so is hyperbolic where the flow is supercritical but the 
characteristic equation has one real and two imaginary roots 
for subcritical flow. The flow is subcritical or supercritical 
according to whether the local value of the Froude number F. 
defined by:  



F, = l u l ( g ~ ) - O ~  - (13) 

is less than or greater than unity. The same  classification of 
the equations holds if the velocity distribution coefficient a is 
retained in the definition of the convection term of equation (2). 
In this case  the discriminant for critical flow is the two 
dimensional analogue of the critica1,flow number introduced 
by Price and Samuels (Ref 1). For all flow regimes the 
appropriate condition on a no flow (or solid) boundary is to 
specify: 

q . n  = 0 (14) 

The situation on the flow boundaries, however, is not so 
clear cut. For a domain where the flow is entirely supercritical 
the geometry of the characteristics indicates that data should 
only b e  specified on an  inflow boundary, where information is 
transferred into the domain. When the flow is entirely 
subcritical the equations cannot b e  classified a s  simply 
elliptic, parabolic or hyperbolic. In this case  the equations a r e  
similar to those for two dimensional compressible 
aerodynamic flow discussed by Garabedian (Ref 10) p 519ff. 
Garabedian shows the aerodynamic equations to b e  
essentially elliptic for subsonic flow by eliminating the flow 
variable along the one real characteristic using the Bernoulli 
equation. Finally, under certain conditions the flow may b e  
supercritical in some parts of the domain and subcritical in 
others. The location of the transition zones between the flow 
regimes depends  upon the local ground topography, 
probably at a finer scale than it is possible to resolve 
economically with a model designed to look at a large area 
This problem is not discussed further in this paper.  It is 
interesting to note that, in contrast to steady constant flow 
governed by friction, the water level is not constant along a 
boundary which is normal everywhere to the flow across it. 
The water levels along such a boundary depend  upon the 
curvature of the streamlines a s  they cross the boundary. 

Following the discussion on p p  94 to 99 of Garabedian 
(Ref 10) the unsteady flow equations (7) and (8) may b e  shown 
to b e  always hyperbolic. The flow regimes may again b e  
identified subcritical and supercritical according to the local 
value of the Froude number given in equation (13). On no flow 
boundaries equation (14) may b e  applied. On flow boundaries 
the conditions which may b e  applied depend upon the Froude 
number. For supercritical flow all three flow variables must 
b e  determined on an  inflow boundary and none on an outflow 
boundary, see Oliger and Sundstrom (Ref l l )  and  Daubert 
and Graffe (Ref 12). The situation for subcritical flow, however, 
is more complicated. Two conditions must b e  imposed on an  
inflow boundary and one  on an  outflow boundary but not all 
choices of boundary conditions produce a well posed set of 
equations. Oliger and Sundstrom (Ref l l )  give some conditions 
suitable for friction-less flows. These conditions may not b e  
necessary for flows with a significant friction term a s  is the 
case  of flood plain flow, they will however b e  sufficient. The 
water level may b e  given along an  outflow boundary and both 
velocity components on a n  inflow boundary. Other more 
complicated conditions a r e  admissable on the inflow 
boundary, 



The turbulent stress terms a re  often introduced into the 
equations by setting: 

T = E V2u - - (15) 
where E is some turbulent e d d y  viscos~ty. With this 
representation of T the unsteady flow equations a r e  
incompletely paraSSolic (Refs l1 and 13) and require different 
boundary conditions from the equations without the turbulent 
stress terms. These problems will not b e  considered further in 
this paper.  

3 Numerical models of friction controlled flow 
The test problem 3.1 All the numerical tests described in the r e m a ~ n d e r  of the 

paper  have been carried out on representations of part of the 
experimental flume used by Sooky (Ref 14). This flume had a 
regular sinusoidal channel let into its gently sloping floor; the 
slope of the flume and channel geometry were  adjustable. 
The numerical model simulated Sooky's fourth geometry with 
b e d  slope of 0.0016; meander wave length 1.28m, meander 
amplitude 0.126m, channel depth 0.0381m, channel width 
0209m and total width 1.184m. 

A single meander wave was covered by an irregular 
triangular mesh containirig 92 nodes and 148 elements, see 
Fig 1. Most tests have been done on a single meander wave, 
some having a section of straight channel a d d e d  on to either 
end .  Some tests investigated the effect of the location of the 
boundaries on the flow in the central portion of the mesh,  this 
was done by lengthening the straight portion at each end of 
the meander wave and in one case  by repeating the meander 
wave six times. The main features of the flow in the central 
meander were  not affected much by the location of the 
boundaries, nor was the convergence behaviour of the 
numerical methods tested. The rest of this paper  is principally 
concerned with the numerical properties of the various 
methods investigated rather than a detailed comparison of 
their results with the flume data. 

The systems of linear equations from the finite element 
method were  solved using a corrected version of Hood's 
Frontal solution technique (Ref 15). This technique is 
particularly suitable for two dimensional regions where one 
dimension is much longer than the other a s  is usually the case  
of a model of part of a river valley. No analytical solutions 
exist for the flow equations in the test geometry. Tne rates of 
convergence of the iterative methods used were therefore 
measured in terms of the magnitude of the change in the flow 
variables at each iteration thus: 
0) - m"X [2@)  - f ) l - l ) l / l f i ' )  + p ~ ~ l ) ~ ]  

€1 - 

l 
where E ( ' )  is the value of the convergance parameter for the 
variable f at ~teration i and  fi'j is the value of the variable f a t  a 
node or element j (as appropriate) for iteration i. The following 
three lim~ts of E a r e  of interest. 



(1) convergence of the sequence [$)l for all j is marked by 
either - 0 or € p ) / ~ j l -  - c < 1 

(2) oscillation of the sequence [c)] at some j is marked by 
€(it 1) €p) 

(3) divergence of the sequence [Q]] at some j is marked by 
€p) - 2. 

The stream function 
formulation 3.2 The first test of the stream function formulation used the 

iterative method suggested by Franques and Yannitell (Ref 9). 
Given an initial guess for the solution each iteration consisted 
of determining the stream function from equation (10) with the 
non-linear coefficient I V \ ~ ~ K - ~  evaluated at the old iteration. 
The water levels wererhen determined from equation (1 1) 
using the most recent values of the stream function to 
calculate the velocities. The stream function and water level 
were  represented by piecewise linear functions over the 
triangular mesh. This method was found to have a poor rate of 
convergence with e('+l)/e(') - 0.96. This means that about 150 
iterations would b e  required to achieve three decimal digits of 
precision. The first order behaviour of the iteration algorithm 
was analysed on the basis that at each iteration only a 
proportion of the predicted change in the flow variable Af, is 
taken, that is 

$+ l )  = $1 + A A ~ ,  (16) 
The analysis showed that setting A = 1 give oscillatory 

results, a s  was found, setting A = 0.5 would give convergence 
like (0.5)' which was again found and finally the optimum 
choice was to set A = 1 and 0.5 in alternate iterations. This 
final choice was found to converge a s  (0.38)' giving 3 decimal 
digits of precision in 7 iterations. Franques and Yannitell 
suggest that the variation of the water level can b e  specified 
along the whole of the downstream flow boundary on which 
they set a\k/an to zero. As discussed in section 2.3 this is not 
consistent with using equation (10) to determine the flow field. 
The iteration method, however, converged with consistent and 
inconsistent water level data on the downstream flow 
boundary. No further work has been done on this formulation 
of the flow equations. The next step which is to include the 
convection term in the dynamic equation would require the 
stream function to b e  represented a s  having continuous 
derivatives across element boundaries. This requires a high 
order element and greatly increases the computational cost, 
see section 3.6 of Connor and Brebbia (Ref 3). 

Potential 
formulation 3.3 Two iteration methods for the potential formulation were  

tested. The first method was similar to the successive 
substitution algorithm used to solve the stream function 
formulation. Equations (12) and (14) were iterated as  a pair, 
using equation (12) to calculate a new set of water levels and 
equation (4) to calculate the discharge in each element. The 
non-linear coefficient KlVh-O5 in equation (12) was evaluated 
at the old iteration. Thismethod was found to converge at 
about the same rate a s  the optimum method for the stream 
function formulation. 



The second Iteration method used equation (12) alone and 
was based on setting 

h?+ 1) = h!') + Ahi 

at each node,  expanding all terms in the Galerkin finite 
element equations to first order  in Ah,. The coefficients of the 
linear equations for the Ah, were  more complicated a n d  
expensive to compute than those for the first method tried. 
The iteration however converged nearly quadratically with 
tjl+') = ( E P ) ) ~  and machine precision, 11 significant digits, was 
achieved in about 4 iterations. On convergence the total inflow 
matched the total outflow exactly. With the potential 
formulation the normal discharge across each flow boundary 
IS not constrained whereas in the stream function formulation it 
1s f ~ x e d  by the boundary data. 

This second iteration method for the potential formulation 
is a basis for constructing practical models of friction 
controlled flood plain flow. The computational resources for a 
mesh with about 200 nodes and 400 elements were  40 K words 
of store and 30 seconds CPU time per  iteration on the ICL 
2960 computer at HRS running under the DME operating 
system 

4 Models including convection 
Orders of 

approximation 4.1 The choice of approximations for water level and velocity 
in this case is not ciear cut It is well known that for solving the 
Navier Stokes equations of fluid flow there is a relationship 
between the orders of approximation that can b e  used for the 
various flow variables, see Temam (Ref 16). Papers published 
on solving the flood plain flow equations have used orders of 
approximation a s  shown below. 

Authors Reference Water level Velocity 

Zielke & Urban 2 linear linear 

Herrling 17 linear (discontinuous) 
linear 

Tseng 18 linear quadra t~c  

In the limit a s  the friction term dominates the convection 
term the flow equations tend to those discussed in Section 3 
above where the natural c h o ~ c e  of order  of approximation is a 
piecewise linear for water level or stream function. This is the 
lowest order possible and both the stream function and 
potential formulations can b e  argued to represent the velocity 
(or discharge) vector as piecewise constant within each 
triangular element. The difficulty in using this description of 
the flow once  the convection term (U . V)u has been included 
in the dynamic equation is that velocity-gyadients need  to b e  
determined from the piecewise constant values of velocity. 



Calculating the 
convection term 4.2 Choosing the same description of the flow variables as 

described in section 3.3 above, the convection term may be 
calculated as follows. 

1) For each element locate its neighbours which share a 
common side, see  Fig 2. 

2) Calculate the depth mean velocity U at the centroid of - 
each element. 

3) Calculate the least squares best fit velocity and its plan 
derivatives from the values in the centre of the element 
and its three neighbours. 

4) Calculate the convection term from the best fit velocity 
and derivatives found in (3). 
This process is in some sense analogous to taking a 

'central difference' approximation to calculate the convection 
term since it is independent of the direction of the velocities. 
This fitting procedure uses known values of velocity and was 
always applied to estimate the convection term for the 
velocities calculated at the end of an iteration (for steady flow) 
or a time step (for unsteady flow). 

Numerical 
experiments 4.3 First of all the convection term was included in the steady 

flow equations by modifying the algorithm used to solve the 
friction controlled flow. Since q is piecewise constant within 
each element it may b e  calcuEted from equation (6) as 

q = K(Vh + C) /Vh + - (18) 
where C is the convection term, (U . V)u/g. Equation (18) was 
substituied into the continuity equZtioTT5) to give a single 
equation to solve for the water level h. 

The method was found to converge in some cases and not 
in others. The flow overall velocity was adjusted by altering 
the value of the friction factor K .  A first order analysis of the 
iteration method implied a stability limit dependent on the 
mesh Froude number defined by: 

f, = (K/D) S 

where A s  is the space step size in the stream direction. The 
calculation was stable for f- < 1 and unstable for f.. > 1 with 
the values of the solution variables growing exponentially at a 
rate proportional to f- in the latter case. The growth rates 
predicted by the linearised analysis matched closely those 
found in the numerical experiments. This stability limit is too 
restrictive for practical computations since it forces a 
minimum size on the mesh size. Using typical values for the 
size of the friction factor it corresponds to about 10m for flood 
plain flow but to 300m for flow in the adjacent river channel. 

Returning to the unsteady flow equations (7) and (8) these 
may b e  solved using a semi-implicit method based upon the 
steady flow solution method discussed above. This is done by 
setting: 



.yro~ aq] parosuods oq~ suo1ies1ue6ro 
aqi jo raqqa jo 6a11od aql paUar lou op pue roqine aqi 

jo asoqi dlar~iua are raded s~ql U! passardxa suo~urdo aqA 

'UISI~I$II~ lnjdlaq pue uo~ssnas~p 6u1ielnu11is 
rlaq] roj qareasag sa~~nerpd~ jo aarrd >I 8 ra pue Al~srahrun 
bu~peag jo uoirolr\~ M >I jord yueql ol saqs~~ roqlne aqA 

dl~srah~un 
6ulpea8 le dqdoso~rqd jo roiaoa jo siuaurar~nbar aql sI1ljInj 

dllred osle $1 ,poo;l pue salraqsld 'arni1nat16y JO drls~u~lr\~ 
aql pue luauuor~~u~ aqi jo iuaurlredaa aql dq papunj 

seM pue qareasag sal1nerpA~ jo aururer6ord qareasar arseq 
aql jo lred e paurroj raded s~ql ul paqlrasap yro~ aqL 

dilaolah aql roj uo~~eur~xordde 
30 rapro raq61q e asn 01 ro dl~aolah MOU aqi jo uorld~rasap 

iuelsuoa asl~aaatd aqi uo paseq ural uoliaahuoa aqi 
6u1le1na1ea roj poqlau raqioue asn 01 are suo!lnlos ahlleural[y 

.srql qsrlqelsa 01 par~nbar S! yro~ arour inq arnpaaord 
6u!llrj s!ql 6ulsn suorlenba MOD dpealsun aql uo paseq 

aq ~[IM [apou 6UlyrOM e ieql alqrssod SI 11 '2.b uoliaas UI 
paanporiul arnpaaord 6urllg sarenbs isea1 aql 6u1sn suo~ienba 

MOU Apeais aql uo arahas ool are suorla~rlsar dq11qeis 
aqA 'reap iou 111~s sr luelrodu~ SI urral uogaahuoa aql araqM 

SMOU 6ulllapou JO sueau isaq aqL ,[apou leuo~lelnduoa 
[ealiaerd e jo s~seq aql aq 01 sreadde E,E uoriaas 

ul paqrrasap uo~$e[nuro~ ~e~lualod aql jo uo~le~uaua~du~ 
aqi MOD pallor~uoa UO~~IIJ dpeals rod .palealpul 

suo~i~puoa drepunoq ale~rdordde aql pue passnas~p uaaq 
aheq MOU uyd poo~ roj suo~lenba lapour 30 slas [erahas 

syreural Bu!pnpuoD 

.aa~laerd UI pasn aq uea 11 arojaq par~nbar sr 
poqlau s~qljo sa~lradord aql jo 6u1pueisrapun q6noroql arou 
e dlsno~hqo wral uo~laahuoa aql aie[na[ea oi pasn ampaaord 

6u1ll13 arenbs lseal aql dq paanporiul rorra aqi SI sa6ueqa 
asaql jo aarnos alqeqord aqi pue dals amri qaea UI %Z ro 1 

rapro aql jo araM dlrao[ah MOU aqi UI suolierreh aqL 'dais at1111 
qaea ur lunoure [pus e dq pa6ueqa raqler inq uIa[qord $sal 
aql 103 sanleh dpeals 01 a6rahuoa iou p~p 'rahaMoq 'slInss 

Iapou aqA .dl~un ueql ssal ieqmauos anph e oi sv/lvJnl 
raqunu luerno3 aql lalrlsar ol uasoqa seM dals awl1 aql 

leql paplhord suo~l~puoa drepunoq MOU dpeals 103 alqels araM 
suo~lelnduoa aqA .suo~lenba MOU dpeals aql roj alqelsun aq 

01 pun03 sasea MOD aqi30 auo ol pa~ldde seM poqlau slq~ 

,luaua[a qaea UI 611ea01 uo~lenba 
alureuAp aqi 6ulh[os dq paleu~ulla aq u1e6e dew p luelsuoa 

asl~aaard aq oi dl1301ah aql 6u1urnssy ,ahoqe 2.p uo~laa~ 
UI paqjrasap se ivu aug aql le paleInqe3 sr uIal uog3a~uo3 

aqA ,iv([ t U) [ahal aull pre~ro3 aql le ural uo~laa~uoa 
aqi idaaxa suolienba aql UI surral raqlo Ile 6ulle1na1ea pue 

1v - ie 
.n - , +,n ne 



References 
1.  PRICE R K and SAMUELS P G .  A computational 

hydraulic model for rivers. Proc Instn Civ Engrs, Part 2, 
v01 69, March 1980, p p  87- 96. 

2. ZIELKE W and URBAN K .  Two~dimensional modelling of 
rivers with flood plains. Preprints from IAHR international 
conference on numerical modelling of river, channel and 
overland flow for water resources and  environmental 
applications, (Bratislava, May 4-8, 1981), Proceedings in 
preparation by IAHR, Delft, Netherlands. 

3. CONNOR J J and BREBBIA C A. Finite element 
techniques for fluid flow, London. Newnes-Butterworths, 
1977. 

4. HOLTZ K P and NITSCHE G. Tidal wave analysis for 
estuaries with intertidal flats. Proc Third international 
conference on finite elements in water resources 
(University of Mississippi, USA, May 19-23, 1980) p p  
5113-5126. 

5. HERRLING B.  Computation of shallow water waves with 
hybrid finite elements. Adv in water resources, Vol 1 ,  
December 1978. p p  313- 320. 

6. BATCHELOR G K .  Introduction to fluid dynamics. 
Cambridge University Press, 1967. 

7. KALKWIJK J P Th and deVRIEND H J .  Computation of the 
flow in shallow river bends,  Journal of Hydraulic 
Research, 1980, Vol 18, No. 4, p p  327-342. 

8 .  ROD1 W. Turbulence models and their application in 
hydraulics. IAHR state of the art paper ,  Delft, The 
Netherlands, IAHR Secretariat, June 1980. 

9. FRANQUES J T and  YANNITELL D W. Two-dimensional 
analysis of backwater at bridges. J .  Hydraul. Div. Am. 
Soc. Civ Engrs, Vol 100, No. HY3, March 1974, p p  
379-392. 

10. GARBEDIAN P.  Partial differential equations, New York, 
John Wiley and Sons, 1964. 

11.  OLIGER J and  SUNDSTROM A. Theoretical and practical 
aspects of some initial boundary value problems in fluid 
dynamics. Soc, Ind. Appl. Math, J .  Appl. Math, Vol 35, 
No. 3. November 1978, p p  419- 446. 

12. DAUBERT A and GRAFFE 0. Quelques aspects des 
/ ecoulements presque horizontaux a deux dimensions en  
plan et non permanents application aux estuaires. (Some 
aspects of near horizontal two-dimensional flow and  their 
application to estuaries), Houille Blanche, 1967, p p  847-860 
(in French). 

13. GUSTAFSSON B and SUNDSTROM A. Incompletely 
parabolic problems in fluid dynamics. Soc. Ind. Appl. 
Math. J .  Appl. Math, Vol 35, No. 2, September 1978, p p  
343-357. 



14. SOOKY A A. The flow through a meander flood plain 
geometry. PhD Thesis, Purdue University, 1964. (65-2647, 
University Microfilms Inc, Ann Arbor, Michigan). 

15. HOOD P. Frontal solutlon program for unsymmetric 
matrices. Int. J .  For Num. ~ e t h ;  in Engng, Vol 10, p p  
379-399, 1976. 

16. TEMAM R. Navier Stokes equations. Amsterdam, North 
Holland, 1977. 

17. HERRLING B. Coupling one and two dimensional finite 
elements for the com~utat ion of t ~ d a l  flow in estuaries. 
Adv, in water resources, Vol 5, December 1980, p p  
227-232. 

18 TSENG M T Finlte element model for backwater 
computation Proc Am Soc, Civ Engrs Symposium 
MODELLING 75, Vol 11, p p  1448- 1466, 1975 

DDB Dd 650449 11/85 





Fig 1 Finite element mesh over one meander wave 











Fig 2.1 Def in i t i on  o f  axes 
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No flow 

1 0,1,2,3 number of boundary conditions needed 

Fig 2.3 Boundary conditions for  steady and unsteady flow 
(including convection term) 



Fig 2.4 Character ist ics f o r  s teady and unsteady supercr i t ical  
f low (a = 1) 



Fig 3.1 Definition of area  coordinate 

Fig 3.2 Element categories 
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Fig 3.4 Wate r  leve ls  on upstream boundary [Mesh 4 )  





Fig 4.1 Def in i t ion  o f  non-conforming bas is  f unc t i on  

Fig 4.2 A t w o  element p a t c h  





(a) Interior 

(b) Boundary cases 

'ig 5.1 The standard element set  
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Fig 5.3 Mesh de ta i l  a t  cen t re  o f  bend 
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Fig 5.6 Transverse surface profi les (Mesh 1) 
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Fig 5.7 Transverse surface profiles - centre of meander (Meshes 2,5,6) 
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Fig 5.8 Transverse surface profiles - upstream end of meander (Meshes 2 
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Fig 5.9 Transverse surface profiles -downstream end of meander (Meshe2 

2,5,6) 
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Fig 5.10 Cross-section o f  experimental f lume f rom Sooky (1964) 
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Fig 5.11 Transverse surface p ro f i l es  a t  cent re  o f  meander (Mesh 7)  
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Fig 5.14 Growth of solution fo r  roughness 3.6mm 

Fig 5.15 A patch around the  node A 





=ig 5.17 E r ro r  components f o r  second i te ra t ion  
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Fig 5.18 Error  components fo r  third i te ra t ion  
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Fig 5.19 E r ro r  components f o r  i t e ra t ion  1 on r i gh t  t r iangular  mesh 



syueq jnoqjln pue qjln sall4oJd aJe4Jns asJaAsueJ1 LZ'S 614 

(m) aiue(s!a 

- OOSZ 

- OL5Z 

i__ 



Water level i m m l  ' Upwind set 25.3 Outside bend Channel inside bend 

! I Centre 0.5s time of  step meander 25,2[ !* --- 9 steps 
------- 

25 l CC--- 

I 
10 steps 

Standard set ---- 
(with banks) 29 steps 

Centre of meander 251  

0.5s time step 
25.0 

7 

Upstream end - Upwind set l10 steps) 
o f  meander ---- Standard set (10 steps) 
(reversed prof i les) 

26.1 ________----------- 
26.0 I 

0 0.2 0.4 0.6 0.8 1.0 1 2  
Distance im l  
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se t s  (Mesh 2) 
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Fig 5.23 Transverse surface pro f i le  a t  centre o f  meander (Mesh 4, 
roughness size 0.36m) 
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Fig 5.25 W a t e r  l e v e l  c o n t o u r s  f o r  Ta l laha la  Creek d a t a  (no 
convect ion t e r m )  





Fig 5.27 W a t e r  s u r f a c e  c o n t o u r s  f r o m  F ranques  and  Y a n n i t e l l  
(19741 
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Fig A2.1 Geome t r y  o f  Mesh  1 
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Fig A2.5 Geomet ry  o f  Mesh 8 
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