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ABSTRACT

The purpose of regime theory is to predict the size and shape of stable
alluvial channels. The theory was first developed fron enpirical studles
based on extenstve field measurements. Recent inprovementa ln our
understanding of sedLment transport processes, however, have introduced the
posslbtllty of relating the slze of regine channels to these fundamental
sedlment transPort Processes. The general approach is described together
Itlth a number of extremal hypotheses which have been suggested to determine
regime condl'tLons. These extremal hypotheses assume that the channel
dimensions are such to naxinise or mLnimise the value of some approprlate
functional. The predictions of channel dinensioas using varl.ous extremal-
hypotheses and sediment transport relatioashlps are compared wLth observed
channel data. The application of regime theory to natural rivers requlres
the definitlon of a donLnant dlscharge. A nunler of proposed expresslons
for douinant dlscharge are investigaied and compared sith data fron gravel
r lvers.
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NOTATION

A mean value

B  (n )  w id rh

C  sed inenE  concen t ra t i on

C  1 , C  2 , C  3  c o e f f i c i e n t s

D (u)  sedimenr d iameter

d (n)  warer  depth

Fr Froude number

f  ( m ' )  s i l t  f a c r o r

g  (ns -  2 )  acce le ra t i on  due  to  g rav i t y

k coef f ic ient  in  sediment  t ransport  equat ion

k  I , k  4  coe f f l c i en t s

L (n)  length of  reach

m 1r tn 2rr t r  3  coef  f  ie ients

n l{annings n value

P (n)  wet ted per imeter

Q (n 3s-  r ;  d ischarge

Q, (n3s- I) maximum monLhly discharge

Q" (n3"-  l )  sedimenr d ischarge

Q"i (t3"- 1) sediment discharge corresponding to maximum nonthly discharge

Q1 (n 3"-  I )  to ta l  water  and sediment  d ischarge

R (n)  hydraul ie  radius

S s lope

SD standard deviat ion

V (us-  1;  ve loc i ty

X sedirnent concentration by weight

z side slope of channel

a parameter

F paraneter

Y  spec i f i c  we igh t  o f  waEer

Y" speci f ic  weight  of  water  and sediment  mixture

p  ( t n - : ,  dens i r y  o f  wa re r

p" (tro- s, densiry of sedimenr

w (ns-  I )  fa l l  ve loc i ry





INTRODUCTION

Regirne theory is  the predict ion of  c t re s ize and shape

of  s table channels f lowing through a1luv ium. The

sub jec t  deve loped  ou t  o f  t he  des i re  t o  des ign  l a rge

i r r i ga t i on  channe l s ,  pa r t i cu la r l y  i n  t he  I nd ian

sub-cont inent ,  in  the la te n ineteenth and ear ly

twent ieth cenLury.  Exper ienee had taught  engineers

that  i f  a  canal  was consEructed through a l luv iun wi th

no considerat ion to the hydraul ics and sediment

transport of the flow then sometimes sediment would be

deposited on the bed and the channel aggrade or' in

other  channels,  the bed would be eroded'  Si rn i lar ly  in

some canals the banks would be eroded while in others

nnater ia l  would be deposi ted at  the edges of  the canal

and the main flow would meander from side to side. It

was postu lated by the engineers of  uhe per iod that  for

a given water discharge there was one stable channel

of a given size and slope that would convey the flow.

I f  a  channel  of  a d i f ferent  s ize or  s lope was

constructed then accret ion or  eros ion would take

place.  Channels which d id not  a l ter  appreciably  f rom

year to year - though possibly varying during the year

-  we re  sa id  t o  be  i n  r reg ime '  ( I ng l i s ,  1949 ) .  The

predict . ion of  s ize and s lope of  such stable channels

became known as regine theory.

The in i t ia l  approach to the subject  lsas an empir ica l

one. Measurements were taken on exisEing channels

which were demonstrably in regime and equations were

sought  to re late the observed s ize,  shape and s lope of

the channel  t .o  the d ischarge i t  carr ied (L indley,

1919 ) .  Lacey  (L929 ,  1933 )  advanced  the  sub jec t  by

appreciat ing that  not  only  the d ischarge but  the type

of sediment. through which the the channel f lowed was

signi f icant .  The equaEions he formulaEed were

V  =  1 . 1 5  / ( f R )

P  =  2 . 6 7  / Q

( 1 )

( 2 )



L  _ 1

s  =  0 .00055  f z  q - z (3 )

where V is  the veloc i ty ,  R hydraul ic  radius,  P wet ted

pe r ime te r ,  Q  d i scha rge ,  and  S  t . he  s l ope .  No te  t ha t

these  equa t i ons  a re  i n  f oo t ,  second  un i t s .  f  i s  a

eoe f f i c i en t s ,  t e rmed  the  s i l t  f acEor ,  wh i ch  depends  on

the sediment diameter D and is given by

f  =  / ( 2 . 5 D ) ( 4 )

The empir ica l  equat ions that  were developed have some

disadvantages.  There appear to be regional  var iat ions

so that  equat ions developed f rom data f rom canals in

the Punjab cannot  be conf ident ly  appl ied to a l luv ia l

channels in nid-USA. Also the equations can only be

applted within the range of the data for which they

were der ived.

The equat ions (1)  to  (3)  are typ ical  of  the type of

re lat ionships developed by enpir ica l  regime theory.  A

channel  has ef fect ive ly  three degrees of  f reedom: i t

nay adjust  i ts  width,  depth and s lope.  Three

equat , ions are,  therefore,  requi red to descr ibe i t

complete ly .  This  inpl ies that  i f  three independent

equat ions l ink ing the appropr iate var iables and

descr ib ing three re levant  but  d i f ferent  physical

phenomena are specified then they can be solved to

produce a regime theory. It has long been thought

that  the appropr iate phenomena are:

a l luv ia l  f r i c t ion

sediment transporE

stabi l i ty of  the banks

Such a regime theory,  based on the equat ions

desc r i b i ng  the  dominan t  phys i ca l  p rocesses ,  has  been

termed a rat ioaal  regine theory.

advantages of  such a rat ional  regine theory are

universal  nature in  that  i t  can be appl ied wi th

1 .

2 .

3 .

The

i t s
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confidence anywhere in the world and that the range of

appl icat ion is  only  l in i ted by those of  the under ly ing

theor ies descr ib ing the physical  processes.  There is

a lso the advantage that  the re lat ionship between the

d,orn inant  physical  processes is  more expl ic i t  and hence

more  eas i l y  unde rs tood .

Regime t .heory arose out  of  the need to design

i r r igat ion and dra inage canals but  i ts  use has not

been l in i ted to th is  appl icat ion.  Recent ly  i t  has

been used Eo st .udy natura l  r iversr  so lne of  the

prcblens of  such appl icat ions are d iscussed later .

Regirne theory has been used in the design of pirysical

models ( l lh iEe,  1982) and in assessing uorphological

changes in rivers as a result of engineering works

(HR, 1983).  I t  has a lso been used in developing an

explanation of the meandering and braiding of streams

(Be t tess  and  Wh i te ,  1984 ) .

As expla ined Ln the in t roduct ion,  rat ional  regime

theory is based on the belief that a knowledge of rhe

dominant  physical  processes can be used to determine

the channel dimensions and slope. Since the channel

has three degrees of freedoml it rnay alEer the LTidth,

depth or  s lope,  i t ,  fo l lows tnat  three equat ions are

required to make the systen soluble.  Evidence

suggests that  sedimenl  t ransport  and a l luv ia l  f r ic t ion

are importanc physical  processes whose descr ipt ion

must be included. A foruulation of, the rernaining

reguired equat ion,  however,  has remained

problemaEical. A number of extremal hypotheses have

been suggesLed to prov ide Ehis th i rd re lat ionship.

At ternpts have been made to just i fy  the use of  such

extremal  hypotheses by analogy wi th extremal

pr inc ip les in  Newtonian mechanics but  no sat is factory '

r i go rous  j us t i f i ca t i on  has  ye t  been  p rov ided .



In  1982,  Vlh i te  et  a1 considered in deta i t  the regime

theory developed using the Ackers and Whi te sediuent

re lat ions (Ackers and i f ln i te  ;  vJhi te et  a1 ,  1980)

together  wi th the pr inc ip le of  rnaximum sediment

t ransport  rate,  that .  is ,  i t  i -s  assumed that  the \ , r id th

of  the channel  is  such that  the sediment  t ransport

rate is  a nrax imum. By compar ing the resul ts  of  the

regime theory with a wi-de range of f ield and flune

data they successfu l ly  deinonstrated that  sueh a

rat ional  regi rne theory could prov ide valuable

predict ions of  regime channels for  a wide range of

cond i t i ons .

The work of  Whice et  a l  ( f982)  posed two problems,

however, i{hat \dould be the effecE on the regiue theory

developed i f  the Ackers and Whi te sediment  re lat ions

were replaced by other sediment transport and alluvial

f r ie t ion equacions and vhat  would be the ef fect  of

replacing the principle of naximum sediment transport

rate with other extremal prineiples. Though the Whl,te

et al regime theory had been shown to be extremely

useful it was unknown whether it could be inproved by

using other  sedi .ment  re lat ionships.

Whi te et  a l  (1982) had shown rhar  rhe pr inc ip le of

maximum sediment transport raLe was equivalent to the

principle of minimum stream power so that the

resulting regirne theory was the saoe. It was,

therefore,  not  e lear  whether  the var ious extremal

hypotheses that  had been proposed were d i f ferent

formulations of the sailoe principle and would hence

result in the same regime theory or whether there rdere

essent ia l  d i f ferences between the var ious extremal

hypo theses .

Sect ions 3 and 4 summari -se work which has a l ready been

publ ished in rExtrenal  hypotheses appl ied to r iver

regime'  by Dr R Bet tess and Dr W R Whi te,  a paper

presented at  In ternat ional  Workshop on problems of

Sedinent  t ransport  in  gravel -bed r ivers,  Colorado



EXTRE}IAL

HYPOTTIESES

3.1  Ex t remal

hypotheses

State Univers i ty ,  USA, August  1985,  and in 'A rat ional

approach to r iver  regimer by i {ang Shiq iang,

Dr W R l , [h i te  and Dr R Bet tess,  a paper presented at

the 3rd Internat ional  Synposium on River

Sed imen taE ion ,  Un i ve rs i t y  o f  i l i s s i ss ipp i ,  USA,  tYa rch

1986 .  Cop ies  o f  t hese  pape rs  appea r  i n  Ehe  Append i x .

A number of  ext remal  hypotheses have been proposed to

provide the equat ions necessary to formulate regime

relat ions.  These are now discussed and,  where

poss ib le ,  r e l a ted  to  each  o the r .

Mininura Strean Power (Chang, 1980)

This hypothesis  is  s tated as fo l lows:  rFor  an

alluvial channel, the neeessary and sufficient

condition of equil ibrium occurs when the stream power

per unit length of channel nS is a minimum subject to

given const . raLnts,  where y is  the speci f ic  weight  of

water ,  Q is  d ischarge and S is  s lope.  Hence,  an

alluvial channel with water discharge Q and sediment

load Q as independent  var iables tends to establ ish-s

its width, depth and slope such that 1QS is a ninimum.

Since Q is a given parameter, minimum 1QS also means

minimum channel  s loper ,  Chang ( f980) .

I l in inurn Uni t  Strean Power (Yang and Song,  1979)

T h i s  h y p o t h e s i s  i s  s t a t e d  a s  f o l l o w s :  ' . . .  f o r

subcr i t ica l  f low in an a l luv ia l  channel ,  the channel

w i l l  ad jus t  i t s  ve loc iEy ,  s l ope ,  roughness  and

geometry in such a Banner that, a minimum amounE of

uni t  s t ream power is  used to t ransport  a g iven

sed iuen t  and  wa te r  d i scha rge ' ,  Yang  and  Song  (1979 ) .



Uni t  s t ream power

weight  of  water

Q Y L S  =  v c
pg BdL

is def ined as st ream porder  per  uni t

( 5 )

B is  the width,  d

gravi ty  and V is

where L is  the length of  the reach,

i s  dep th ,  g  i s  acce le raL ion  due  to

ve loc i t y .

-  Bsek3s

Q 2

I ' lax imun Fr ic t ion Factor  (Davies and Suther land,  1980)

Th i s  hypo thes i s  i s  s ta ted  as  f o l l ows :  t l f  t he  f l ow  o f

a f lu id past  an or ig inal ly  p lane boundary is  able to

deform the boundary to a non-planar  shape,  i t  wi l l  do

so in such a way thaE the f r ic t ion factor  increases.

The deformation wil l cease when the shape of the

boundary is that which gives rise to a local maximum

of f r ie t ion factor .  Thus the equi l ibr i r :m shape of  the

non-planar, self-formed flow boundary or channel

corresponds to a local  maximum of  f r ic t ion factorr ,

Davies and Suther land (1980).

The f r ic t i .on factor  is  g iven by

f  =  8 g d s .

v2

Using the cont inui ty  eguat ion

Q = B V d

we have

( 6 )

( 7 )

( 8 )



Iu l in imtrm Energy Diss ipat ion Rate (Brebner and Wi lson,

L 9 6 9 ,  Y a n g  e !  a 1 ,  1 9 8 1 )

Th i s  hypoEhes i s  i s  s ta ted  as  f o l l ows :  rA  sys tem i s  i n

an equi l ibr ium condi t ion when iEs rate of  energy

d i ss ipa t i on  i s  a t  a  m in imum va lue ' ,  Yang  e t  a l

( 1e81 ) .

The raE.e of  energy d iss ipat ion in  a reach of  a s t rean

of  length L is  g iven by

(Qr  +  Q"Y" )  l , s , (e)

where Q and Q^ are the \ ,sater  and sediment  d ischarges," s

respeet ive ly  and y and y"  are the speci f ic  weights of

l rater  and sediment ,  respect ive ly .

Maxinun Sedinent  Transport  Rate (Singh,  1961;

Wh i te  e t  a l ,  1982 )

Th i s  hypo thes i s  i s  s ta ted  as  f o l l ows :  r . . .  f o r  a

par t ieu lar  water  d ischarge and s lope,  Ehe width of  the

chanael adjusts to maximise the sediment transport

r a t e . '  W h i t e  e t ,  a l  ( 1 9 8 2 ) .

Minimum Froude number

For a par t icu lar  water  d ischarge and sediment  Ioad,

the width of  the channel  adjusts to minLmise the

I roude number ;_l r![rrr . l.

Min imum tota l  f r ic t ion res is tance

For a g iven d iseharge and sediment  load the channel

ad jus t s  t o  m in im ise  the  to ta l  f r i c t i ona l  r es i s tance

lrn . l."  m l_n '

Min imum fr ic t ion factor

For a given discharge and sedinent load the channel



3.2  Re la t lonsh ips

between extremal

hypotheses

adjusts to miniuise the fr ict ion factor f f f  .  l .' ml-n '

Minimun discharge

For a par t icu lar  s lope and sediment ,  concentrat ion the

channel  character isc ics are Ehose associated wi th Ehe

smal lest ,  d ischarge.

The operat ion of  some of  these extremal  hypotheses in

detern in ing channel  width is  demonstrated in  F i .gure

I

Although from the statements of these hypotheses they

all look different, a number of then can be related to

each other.

White et al (1982) showed that maximum sedirnent,

transport rate is equLvalent to ml-nimuno stream pover

for a fixed discharge Q. This equivalence is

independent of the sediment, relations used. Davies

and Suther land ( f983)  point  out  that  when consider ing

minimuna energy dissipation rate for sediment

concentrat ions less than 1000 ppn by weight ,  the error

in  neglect ing the y"  Q" term is  less than O.LZ and so

miniuum energy dissipation rate is equivalent Lo

nlnimising "yQLS which is equivaLent to minimum stream

po\rer .  The s in i lar i ty  can be fur ther  demonstrated

(Brebner and Wi lson,  L967).  I f  we def ine Q,  ro be the

total discharge of water and sedl-ment and C to be the

sediment concentration by volume then

Q = Q,  (1 -c )  and Q"  -  gQr

['le have therefore

(  1 0 )

Qy+  Qs  y "  =  Q r  ( l - c ) y+  cQr  ys (  1 1 )



=% [ct -c iy+cv" ] (  12 )

bu t  l t t - c l v+  Cv"1  i s  l he  spec i f i c  g rav i t y  o f  t he

mixture so QY + Qs Y"becoroes Q, Y.1' where both refer to

the cornbined water and sediment mixture. l ' f inimum

energy degradat ion is  thus equivalent  to  min imisLng

Q,v ,  t  s .

Davis and Suther land (1980) proposed the extremal

hypothesis that there should be an extremum in the

f r i c t l on  f ac to r .  The  exp ress ion  used  fo r  t he  f r i c t i on

factor  was

"  _ SgdS
I  - -

y 2

Since the definition of Froude number is

- V
E t  = - -

{g

I t  fo l lows that

- 8 5

F R 2

(  r3)

(  14 )

(  1s)

'vJe have Lherefore that maxirnising the friction factor

is equivalent to uinimsing the Froude number for a

given slope.



COMPARISON OF

EXTREMAL

HYPOTHESES AND

SEDIMENT

RELATIONSEIPS

4 . L  E f f e c t  o f

d i f ferent

extremal

hypotheses

At the in i t ia t . ion of  the study there \ ras no indicaEion

of  whether  the var ious proposed extrenal  hypotheses

Iitere essenLially Ehe saue or whether they would

provide d i f ferenC resul ts .  Nor was i t  c lear  what

impact  the select ion of  d i f ferent  sediment  re lat . ions

would have on the regime theory developed.

The first part of the study concentrated on comparing

the reglme theories obtained using the Ackers and

White sediment relationships or the Chang-Parker

sediment, transport equaEion together with the Keulegan

fr ict ion law. The lat ter sediment relat i .onships were

chosen as Gri f f i ths (1984) had indicated rhat the

relat.ionships seened to demonstrate curious behaviour.

For a fixed sediment diameter, discharge and sediment,

eoncentration, regime conditions were found for the

fol lowlng extrenal hypotheses:

(a) mininum

( b) rainl"muu

(c) maximum

(d) maxinum

stream power

unit stream power

energy  d iss ipa t ion

f r i c t ion  fac t .o r

Since it, has previously been shown that maximum

sediment transport rate ls eguivalent, to ninimum

stream power this extremum hypothesis was not

considered separate ly .  Under the present  formulat ion

no maximum was found in the frietion factor. It. has

been reported (A Bassi ,  pr ivate communicat ion)  that

us lng the d l f ferent  formulat ion of  f ixed values for

sedinent  d iameter ,  d ischarge and channel  s lope there

t0



is a maximun in the friction facEor but this has yet

to be invest igated.  The resul ts  showed Ehat '  as

indicated above,  maximum energy d iss ipat ion was for

a l l  pract ica l  cases equivalent  to  min imum stream

power.

Sinee the sediment  re lat lonships used were der ived

from laboratory f ron rectangular  channels l t  was

assuned that  the in i t ia l ly  ca lculated widths and

depths were for  a rectangular  channel .  The values of

width and depth were then adjusted to g ive values

eorresponding to a Erapezoidal  sect ion of  the same

cross-sect ional  area,  where the s ide s lope z (z

hor izonta l  to  1 ver t ica l )  o f  the t rapezoid was g iven

by Srnl th 's  (1974) enpi r ica l ly  detern ined

re la t i onsh ip :

o  = 0 . 5  i f  Q  <  l n r / s

0 .5  Qo '25  , t  q  >  t n3 / s
(  1 6 )

I f  the width to depth rat io  is  large these adjustmenEs

are small. Since the Chang-Parker sediment

relationship was derived on predominantly laboratory

data the same procedure of adjustment was applled to

resul ts  obta lned using th is  equat ion.  Problens d id

arLse in some cases,  however,  where the width to depth

ratio was as low as t x 1O- 5. In such cireumstances

the adjustment  procedure ls  to ta l ly  unreal is t ic .

The predicted widths for Ackers and White and the

extremum hypotheses of mLnimum stream power and

minimum uni t  s t ream power for  a range of  d lscharges

are shown in F igure 2.  The resul ts  are for  a D35 s ize

of  0.01n and a sediment  concentrat ion of  10 ppn.  For

coupar ison purposes varLous empir ica l ly  der ived regl -me

relat ionships are a lso shown. Since the Ackers and

White re lat , ionships depend upon sediment  d iameter  and

sediment  eoncentrat ion the predict ions of  the Ackers

and i{hice theory for gravel rivers should be shown as

a region rather than a single curve on this graph, so

that  a d i rect  comDar ison is  d i f f icu l t  but  l t  can be
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seen that there is reasonable agree'rnent between the

enpir ica l ly  and theoret , ica l ly  der ived resul ts .  I t  can

fur ther  be seen that  the d i f ferences between the

hypotheses of  s t ream power and uni t  s t rean pourer  are

no larger  than Ehe uncer ta inEy in the ernpi r ica l ly

der ived equaEions and for  th is  parameter  range there

is  no basis  for  preferr ing one hypothesis  to the

oLhe r .

The same Figure shows the results using the

Yang-Parker  l ransport  equat ion and the Keulegan

fr ic t ion 1aw. I t .  can be seen Ehat  us ing hypotheses of

inLnimum strearn power and mininum unit stream power the

width is  wi1d1y overest imated.  This dernonstrates that

the behaviour the various extreoal hypotheses is

dependent on the sedirnent transport relationships wlth

whieh they are associated and the two cannot be

considered independent ly .

A compar ison nas a lso made of  the predict ions of

s lope.  F igure 3 shows regime s lopes predicted by

various enpirically derived regine equations and from

regime equations based on Ackers and White seCiment

re lat ionships.  The Ackers and ! i lh i te  resul ts  are based

on sediment ,  d ianeters of  0.01n and 0.1m and a sediment

concentration of 10 pprn. Appropriate sediment,

diameters were used ln the enplrical equations. Again

di rect  compar ison is  d i f f icu l t  s ince the Ackers and

White results depend upon both sediment diameter and

sediment  concentrat ion and so are rnore proper ly

p lot ted as a region on th is  F igure.  The resul ts  us ing

the minimum stream power and rnininum unit, stream power

are indis t inguishable on th is  p1ot .  The resul ts  for

Parker-Chang sediment transport equation and Keulegag

fr ic t ion equat ion wl th a sediment  d iaueter  of  0.0In

are a lso shown.

Gr l f f i ths (1984) s tudied regi rne re lar ionshlps provided

by using the Ackers and llhite sediment relationships

together with the principles of minimum stream power
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and minimum unit stream power and came up with results

somewhat  aE var iance wi th chose of  Whi te et  a l  (1982)

using the ident ica l  sediment  re lat ions and extrernal

hypo theses .  The  d l f f e rences  l ead ing  to  t he  d i f f e ren t

conclus ions were in  the deta l ls  of  the sediment

re lat ionships.  WhiEe et  a l  used the hydraul ie  radius

in the expressions for  the sediment  rnobi l i ty  and shear

ve loc i t y  whe reas  Gr i f f i t hs  used  dep th .  Th i s

apparently ninor change leads to major changes in the

width dependence of  the system. Resul ts  us ing the t ldo

di f ferent  formulat ions are shown in F igure 4.  The

Ackers and Whi te resul ts  are based on a sediment

diameter  of  0.0ha and a seCirnent  concenErat ion of  10

ppn.  The radical  d i f ferences between the resul ts  are

part ly  d isguised by the rectangular  to  t rapezoidal

t ransformat ion descr ibed above but  i t  is  c lear  that

t,he use of depth rather than hydraulic radius ln both

Ehe expression for sedirnent nobll ity and shear

veloc i ty  leads to unsat is factory resul ts .  Tests

indicated that the replacenent of R by d in the

expression for sediment mobil ity made only a ninor

change, the najor ehange resulting fron the

replacement of R by d i.n Ehe expression for the shear

veloc i ty .

I lav ing establ ished that  d i f ferent  sediment

re lat ionships and extremal  hypotheses generate

di f ferent  regime re lat ionships i t  is  inpor tant  to

establ ish which corubinat ion provides the besc

predict ions.  To study th is  the predlct ions of  the

var ious t i reor ies were compared wi th f ie ld data '

The observed daEa consisted of  203 sets of  data f rom

sand r ivers and canals and 59 sets of  daEa f rou gravel

rivers. The data from sand channels covered the

following ranges

0 . 3 4  < Q ( n 3 / s )  < 2 4 , 3 o o

1 . 8  < B ( n )  < 1 1 0 0

0 .  l l  <  D ( n r n )  <  4 . 7

1  < X ( p p n )  < 3 0 0 0
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The data was selected f roro InternaElonal  Commission on

I r r i ga t i on  and  Dra inage  (1966 )  and  B rown f i e  (1981 ) .

The gravel  r iver  data covered the range

2 .7  <  Q(n  3 /s )  <  gooo

5 .2  <B (n )  <550

20  <D(nm)  <145

The  da ta  was  se lec red  f rom Gr i f f i t hs  (1981 ) ,  Cha r lEon

e t  a l  ( 1978 )  and  Ke l l e rha l s  eE  a I  ( L972 ) .

A compar ison of  the observat ions wi th the d i f ferent

predictlons with Ackers and White sedlment

relationships and various extremal hypotheses is shown

in Table l. The comparison is made in terms of the

discrepancy rat io ,  that  is ,  the rat io  of  the predieted

to the observed values. Va1ues are given of the mean

discrepancy ratio A, which indLcates on average how

good were the predictions of each method, and the

value of the standard deviation SD which indieates the

scat ter  of  ind iv idual  predict ions.  F igure 5 shows a

compar ison of  observed and predieted widths us ing the

Ackers and White equations together wlth rninimurn

stream power for the sand data. A sinilar comparison

for gravel data using maximuu sedirnent concentration

is shown in Figure 6. The results using the Engelund

and Hansen sediment relationships showed a similar

behaviour .

The resul ts  show that  the pr inc ip le of  min imum stream

power or maximum sediment concentraEion gives the best

agreement with field data. 0f Ehe remalning extremal

hypotheses the principle of mi-ninum Froude nunber

provides the best  resul ts .  The pr inc ip les of  min imurn

stream power and rnaximum sedimen! concentration while

being equivalent  prov ide s l ight ly  d i f ferent

predict . lons s ince one is  us ing an observed sediment

eoncentrat ion and the other  an observed s lope.
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4 . 2  E f f e e t  o f

d i f f e ren t

sediment

re lat ionships

Discrepancies iu  the measurements of  these quant i t ies

w i l l  l ead  to  d i f f e rences  i n  p red i c ted  va lues  o f

w i d E h .

The larger  deviat ion of  mean d iscrepancy rat io  f rom

the value of  I  and Ehe larger  s tandard deviat ion for

the predict ions of  s lope ref lect  the greater

sensi t iv i ty  of  Ehe s lope to the speci f ied values than

ei ther  the width or  the depth.  l , i lo  va lues are shown

under slope for the principle of maximum sediment

concentrat ion s ince under th is  formulat ion s lope is

speci f ied and hence cannot  be predicted.  For  gravel

r ivers there is  no compar ison of  depth as the daEa was

unavailable. The agreement between predicted and

observed resul ts  ind icate the usefu lness of  ext remal

hypotheses in  prov id ing real is t ic  predict ions of

regine condi t ions in  a l luv ia l  channels.

Using the Ackers and l^Ihite sediment relationships, the

principle of minimurn slope or maximum sediment

concentrat.ion provided the best agreement with

observed data.  I t  does not  fo l low,  however,  that

these extremal  hypotheses wi l l  prov ide the best

agreement  i f  o ther  sediment  re lat ions are considered.

Calculat ions i rere,  therefore,  per formed using the

Engelund and Hansen equat ions (L967) and equat ions due

to  Yang  (1982 ) .  Coupa r i sons  o f  p red i c ted  w i rh

observed data are shown in Tab1e 2.  A more deta i led

analys is  of  the d is t r ibut . ion of  d iscrepancy rat ios for

the Ackers and White and Engelund and llansen sediment

re lat ionships are g iven in F igures 7 and 8.

The accuracy using the Ackers and White and Engelund

and i iansen re laEions are comparable,  wi t ,h  narg inal ly

bet ter  predict ions by Ackers and.  Whi te,  but  both,  in

general ,  g ive bet ter  prediet ions than the Yang or
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Chang-Parker-Keulegan sedinent  re lat ions.  T igure 7

shows that t,he Ackers and White formulation with

maximum sedinent  concentrat ion predict ,s  the width to

wi th in f l .5%, 66% of .  the t ime.  The corresponding

f igure us lng the Engelund and Hansen equat ions is  48%.

Figure 8 shows that  the s lope predict ion us ing the

Ackers and Whi te equat ions are wl th in a factor  of  two

79"1 of. the rime.

Both the Yang and the Chang,  Parker ,  Keulegan

fornulat ions exhib i t  systenat ic  over  or  under

predict ion under cer ta l -n c i rcurnst ,ances.

In empirical regime theory variables such as the

channel  width or  s lope are re lated to the d ischarge,

sediment diameter and other varlables usLng equatl_ons

of the form

B=aQbrob2 . . . . ,

For example,

B  =  2 .67Q o ' 5

B = kI  QmI xt t r2 Dt t r3

and

c ,  c ^  c -
S  =  k q  Q  r  X  z  D  5

( 1 7 )

(Lacey ,  L929)  (18)

(1e )

( 20 )

I t  is  possib le to approxinate the resul ts  predicted by

rational regime theory by equations of the form

Values of  the exponents der lved for  d i f ferent  ranges

of conditions using the Ackers and White and the

Engelund and Hansen sediment relations are given in

Tab le  3 .
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The  exponen t  n1  i n  equa t i on  (19 )  i s  app rox ima te l y  0 .57

using the Ackers and Whi te sediment  re lat ionships or

approximacely 0.52 us ing the Engelund and Hansen

sed imen t  re la t i onsh ips .  The  exponen t  m ,  va r i es  w i t h

the values of  both the d ischarge and the sediment

diameter .  Using the Ackers and Whi te re lat ionships m,

is  s l ight ly  less than zero for  f ine sediments and is

s l ight ly  great .er  than zero for  coarse sediments.  This

is  in  agreement  wi th f ie ld and laboratory data.  The

values of  the exponents ID 1,  m 2r  m 3,  c  l ,  c ,  and c a are

al l  in  qual i ta t ive agreel t rent  wi th observat ions,  see

T a b l e  3 .

I t  should be observed that  not  a l l  sediment

relationships can be combined wich an extrenal

hypotheses to derive a regime theory. For exauple if

the fo l lowing sediment  t ransport  (Bogardi ,  1974) and

fr ic t ion equat ions are used

r r 3
X  =  K  " .

gd oJ

and

(  21 )

v=l
n

d2/3  s i (22)

Ehen for given values of Q and X no minimum exists for

t he  s lope .

IE is  of  in terest  to  note that  prov id ing that  one had

conf idence in the appl icabi l iEy of  an extremum

hypothesis a study of  the regine predict ions f rom a

set  of  sediment  re lat ionships g ives a quick indicat ion

of  the val id i ty  of  the re lat ionships over  a wide range

of  condi t ions.  For  those scept ica l  of  ext remum

hypotheses,  however,  i t  on ly  prov ides an indicat ion of

the range of  va l id i ty  of  ext remal  hypotheses.
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5 . 1

DOMINANTDISCHARGE

Proposed

def in i t ions  o f

dominant discharge

The or ig inal  appl icat ion of  regime theory was Eo

ir r igat ion canals.  A character is t ic  of  suci r  canals

is  that  the range of  d ischarge is  l in i ted so t .hat

t he re  i s  l i t r l e  i nhe ren t  d i f f i cu l r y  i n  dec id ing  the

discharge to be used in Ehe regime re lat ions.  l , lore

recent ly  regime theory has been appl ied to natura l

r ivers.  By contrast  natura l  r ivers have a wide range

of  d ischarges vary ing throughout  the year  and f rom

year t 'o  year .  I t  is  thus more d i f f icu l t  to  know

whieh is  t .he d ischarge thaE should be used in the

regime theory.

It has been assumed that the dimensions of a river

channel  can be re lated to a par t icu lar  d ischarge,

referred to as the doninanL d ischarge.  Ingl is

suggested that  r there is  a dorn inant  d ischarge and i ts

assoeiated charge and gradient ,  to  which a channel

returns annual ly .  At  th is  d ischarge,  equi l ibr iun is

most closely approached and the tendency to change is

least .  This  condi t . ion nay be regarded as the

integrated ef fect  of  a l l  vary ing condi t ions over  a

long per iod of  t imer.  Unfor tunate ly  there is  no

universally agreed method of determining the dominant

d i scha rge .

I ' lodel  tests carr ied out  by Ingl is  at  Poona suggested

t,haE the dominant. discharge \^ras a l itt le higher than

bankfull discharge and was of the order of 607" of the

maximum discharge.  I t  was suggested that  for  f lasher

rivers the doninant discharge was 50% of the

maximum.

For Br i t ish r ivers Nixon (1959) showed that  the rar io

of maximum discharge to bankfull discharge could vary

f rom 1 .23  to  6 .85 ,  see  Tab le  4 . .  S ince  the  ra t i o  o f

maximum discharge to bankfull discharge shows such
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considerable var iat ion,  the ident i f icat ion of

dominant  d ischarge wi th both a d ischarge s l ight ly

h igher  than bankfu l l  and 6O% of  the naximum discharge

is contradietory.  The noEion of  dominant  d iseharge

being a f ixed proport ion of  che r tax i rnum discharge is

a lso open to cr i t ie ism. For  channels Laking a nore

or  less consEant  f low the dominant  d ischarge rnust  be

approximately  100% of  the maximun discharge.  I t  can

thus be seen that  i f  such a re lat ionship appl ies the

percentage cannot  be a constant  but  nust  be re lated

to the var iabi l i tv  of  the f low.

To avoid the problems associated wi th us ing maximum

or bankfu l l  d ischarges i t  has been suggested thaE the

dominant  d lscharge has a f ixed f requency.  Blench

( f957)  suggested uhat  the dominant  d ischarge was

given by the median annual  f lood.  Nixon (1959)

postulated uhat the domin4nt digqhafg,g--.pas that f low

thlt w1€- elcg,e*d-"d- 0:67" of the time. Undoubtedly for

a par t icu lar  locat ion on a par t icu lar  r iver  the

dominant discharge wil l have a fixed frequency or

probabi l i ty  of  exceedance,  the problem is

ascer t ,a in ing whether  Ehis value ls  constant  for  a l l

locat ions on a l l  r ivers.  Under such an approach,

however, the dominant discharge can only depend upon

the d is t r ibut ion of  f lows and speci f ica l ly  the nature

of the flow exceedance curve at a particular

probabi l i ty .  Such def in i t ions conplete ly  ignore both

rarer and uore frequent, f low events. Also no account

has been taken of the nature of the sediment in the

cirannel and the fact that the size and shape of the

channel  is  determined by sediment  t ransport

phenomena.

To inc lude Ehe deta i ls  of  the sediment  in  the

deEerminat ion of  the dominant  d ischarge Gandol fo

( f955 )  and  Te r re l l  and  Bo r l and  ( f 958 ) ,  appa ren t l y

independenEly fo l lowing Ehe work of  Schaf fernak

(1916,  1922) suggested Ehat  Ehe dominant  d ischarge

was that  f low that  t ransporEs the greaEest  sediment
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load.  The determinat ion of  ch is  d ischarge is

i l l usEra ted  i n  F ig  9 .  The  i dea  i s  an  a t t r ac t i ve  one .

I t  can be cr i t ic ized,  however,  in  Ehat  the dorninant

d ischarge only depends on the nature of  the f low

exceedance and sediment  t ransport  raEing curve in  a

local neighbourhood and not on the forrn of the curves

for  a l l  d ischarges exceeding the threshold of  mot ion

for  che sediment .

This cr i t lc isrn is  ruet  by the forn of

d ischarge suggested by Komura (1969)

that the doninant discharge was given

expression

n

I  o .  0" .
L = r

"F

I  Q s r
l -=r

the

who

by

dominant

suggested

the

where Q, is the maximum rnonthly dlscharge Qsi is Ehe

corresponding tota l  sediment  load and n is  the tota l

number of data. The forn of the expression for the

dominant  d ischarge is  at t ract ive though i t  would seem

to be an approximation of

( 23 )

(24)

F,

I Q Q d t' s

l Q d t

Komura fur ther  assuued that  Qs.  is  equal  to  @.' t _  -  - l _

which s inpl i f ies h is  expression for  dominant

d ischarge to

n
)
t)

i = l
or, t  

*  p)

n
6 K

\ n | '

1 = l

20

( 25 )



On the basis  of  f ie ld data and sediment  equat ions he

gave the value of  B as 1.0 for  r ivers where bed load

i s  p redominan t  ,  2 .O  where  suspended  l oad  i s

predominanE and 1.5 where bed load and suspended load

are equal ly  balanced.  A value of  B equal  to  I .0

inpl les chat

Q s t
ot qt

Q s i =  o Q i

= d ,

i . e .  t ha t  t he

flow. A value

(26 )

(27  )

concentrat ion is  independent  of  the

of  B equal  to  2.0 i rnpl ies that

Q s .
1 _

a.- -
1

o Q i ( 28 )

i .e .  that .  the concentrat ion increases l inear ly  wi th

d i seha rge .

Much of the discussion of dominant discharge has been

performed in the absLraet and apart from the work of

Nixon (1959),  l i t t le  at tempt has been made to re late

the concepts to more than one or two examples from

real  r ivers.  As the re l -at ionship that  is  being

sought  is ,  o f  i ts  nature,  an empir ica l  one and not  a

theoret ica l  one,  th is  is  somewhat  surpr is ing.  In  an

attenpt to redress this balance recourse \tas made to

an ext .ensive set  of  data for  gravel  r ivers in

A lbe r ta ,  Canada  (Ke l l e rha l s ,  Ne i l  and  B ray ,  L972 ) .

For  a number of  s i tes,  the bankfu l l  d imensions of  che

channel ,  the d ischarges corresponding to d i f ferent

return per iods and sediment  data are g lven.  The

subject  of  the study was to deternLne the dominant

d ischarge f rom the channel  character ls t ics,  us ing

Ingl isr  concept  of  the douinant  d ischarge being that

steady d ischarge which would produce the observed

channel forn and then to conpare this dominant

d i scha rge  w l th  t he  sugges ted  de f i n i t l ons .
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5 . 2 Deteru inat ion of

doninant  d ischarge

5.3  Compar ison o f

express ions  fo r

dominant discharge

In i t ia l ly  the observed channel  width and s lope were

taken and the Ackers and Whi te regime theory (Whi te

eE al  1982) used to determine the correspondi-ng

discharge and sedi rnent  concentrat ion.  These

discharges were then regarded as the dominant

d ischarges.  The or ig inal  chaunel  character is t ics are

given in Table 5 and the calculated dominant

d ischarges in  Table 6,  To determine whether  these

represent .ed a f ixed return per iod,  the return per iod

of  each d ischar3e was deterrn ined.

A h is togram of  the return per iods is  shown in F ig 10.

To deternine lf there 'vras any trend of return period

wi th s ize of  r iver  a p lot  was made of  return per lod

against  dominant  d ischarge,  F ig 11.  No re lat ioaship

i s  d i sce rn lb le .

The calculated dominant discharge was then compared

wi th those d ischarges determined f ron the var ious

proposals for  dominant  d ischarge.  To evaluate the

expression for  the dominant  d ischarge expressed in

terms of  that  f low which t ransports  the greatesL

sediment load it is necessary to know the sediment

t ransport  rate for  var ious d ischarges.  This was

calculated us ing the observed width and the Ackers

and Whi te sediment  re lat ionships for  both sedinent

t ransport  and f r ic t ional  res i .s tance (Ackers and

Wh i te ,  L973 ;  Wh i te  e t  a l ,  1980 ) .  The  dominan r

discharges and the corresponding d iserepancy rat ios,

rat ios of  predicted to real  va lues,  are shown in

Tab le  6 .  The  c lose r  t he  d i sc repancy  ra t i o  i s  t o  one

the bet ter  are the predict ions.  The resul ts  suggest

that  the expressions proposed for  the doninant

d iseharge g ive values which are. .  too low for  the

gravel  r ivers considered.  The najor  d iscrepancy
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Delween the d isct targes predicted and those calculated

suggest  that  nore work needs to be done to e luc idate

the def in i t ion of  dominant  d ischarge.  The best

predict ive expressions are those based on a f low

f requency .  The  < i i scha rge  wh ich  i s  exceeded  0 .6% o f .

the t ime gave the best  predict ions.

I t  may be that  a d i f ferent  resulE would have been

obta ined i f  daca f rom sand channels has been used.

I t  is  conceivable that  s ince gravel  r ivers are

charact .er ised by less f requent  sediment  movement than

sand channels so the dominant discharge is larger and

less f requent  than for  sand channels.

6 CONCLUSTONS

Instead.  of  being faced wi th an array of  d i f ferent

empir ieal ly  der ived regine theor ies developed for

d i f ferent  ranges of  condi t ions in  a var iety  of

counEries, the engineer can now confidently use a

rational regime theory which has a wide range of

appl icabi l i ty  and is  universal .

1.  The use of  d i f ferent  ext renal  hypotheses lead t ,o

di f ferent  rat ional  regime Eheor ies.

2.  The use of  d i f ferent  sediment  re lat ionships lead

to d i f ferent  rat ional  regime theor ies.

3. In comparlsons with observed channel dat,a the

best  predict ions were produced by the Ackers and

'v{h i te sediment  re lat ioaships together  wi th e i ther

of  the t ,wo equivalent  ext remal  hypotheses of

maxiuurn sedLment concentration or minimum slope.

4 .  S ign i f i canL  d i f f e rences  resu l t  i n  t he  rac iona l

regime theory developed depending upon whether

depth or  hydraul ic  radius is  used in the sediment

re laEionships.  The use of  hydraul ic  radius leads

to  be t te r  resu l t s .
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RECO}I}IENDATIONS

FOR FUTURE WORK

5,  To apply regime theor ies to natura l  r l -vers au

expression is  requLred for  Ehe doninant

d ischarge.  0f  Ehe var ious proposed expressions

invest igated a l l  gave d ischarges t .hat  were too

low when appl ied to Alber ta gravel  r iver  daca.

6.  The best  predictor  of  dominant  d ischarge for  the

gravel  r iver  data invest igated was that  d ischarge

which is  exceeded 0.6% of  the t ime.

7. The present def ini t ions of doruinant discharge are

unsat isfactory and further work is required to

invest igate the problen.

The phystcs behind the workings of extremal

hypot,heses is unknown. Inplicit in any extremal

hypothesls is an assumption about the

distribution of shear over the bed and banks of a

channel. To inprove rational regime theory work

must be done to make this assumption explicit. It

wi l l  then be possib le to take inEo account  the

ef fect  of  vary ing couposi t ion and stabi l i ty  of

bed and bank naterial. This would also enable

the investigation of the role of bank vegetation

in deEermining channel width.

There is  at  present  no sat is factory def in i t , ion of

dorninant discharge to enable regime theory to be

conf ident ly  appl ied to natura l  r ivers.  In  v lew

of  the usefu lness of  regine theory as a quiek,

easy method to assess channel behaviour this is a

major  shor tcomLng and work is  requi red to rect i fy

th i s  de f i e i ency .

1 .

2 .
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TABLES





TABLE I.

Type of
channel

Sand

Gravel

Comparlson
hypotheses

Extremal
pr inc ip le

xtt*

smin

Ft* i '

FRmin

F F- - m L n

vsnir,

x*""

smin

Fr-  -m] .n

FRmin

FFnin

VSrnin

'v{idrh

A

1 . 0 1

1  . 0 3

0 . 9 8

0 . 8 4

I  . 0 3

r  .33

1  . 0 6

0 . 9 5

0 . 7  4

0 . 7 8

1  . 0 0

1 . 3 8

Dep th
tI

1  . 0 8

I  . 0 5

1 . r 0

1 . 1 8

l . u 4

0 .90

of discrepancy ratios for dtfferent extremal

Slope

SD

0 .38

0 .4 r

0 .34

0 .30

0 .40

0 .68

0 .45

0 .40

0 .27

0 .28

0 .54

0 .88

SD

0 .34

0 .41

0 .37

.0 .45

o .42

0 .31

L . 2 6

L . 2 9

I  . 3 1

1 . 1 4

r .19

0 .  93

0 .97

1 .01

0 .33

0 .97

I  . 0 1

1 . 0 1

1 . 1 0

0 . 6 9

0 . 7 8

o .7  6

0 .80

0 .84

o .25

0 .81

SD



TABLE 2 Discrepancy ratios uslng various sedluent relatLonships

Type of Extremal Sediment Width Deprh Slope
channel hypotheses relat ion A SD A SD A SD

S a n d  S m i n  A - W  1 . 0 3  0 . 4 1  1 . 0 5  0 . 4 1  L . Z 6  1 . 0 1

E - r i  o . 9 2  0 . 4 0  0 . 9 3  0 . 3 6  1 . 5 0  1 . 0 0

Y a n g  r . 0 1  0 . 4 9  1 . 9 6  t . 8 Z  0 . 0 1  0 . 0 0

S a n d  X * . *  A - W  t . O t  0 . 3 8  1 . 0 9  0 . 3 4

E - H  O  . 9 7  0 .  3 6  0 . 9 7  0 . 3 0

Y a n g  0 . 6 9  0 . 2 6  1 . 1 6  0 . 3 9

Gravel Xr.* A-W 1.06 0.45

E - H  0 . 8 0  0 . 2 8

Y a n g  0 . 6 3  O . 2 3

c P K  0 . 5 6  0 . 2 0



TABLE 3 Exponents Ln reglne equatl.ons

I . B  =  k t  Q t l  x l n z  D n 3

Range

O , 2  < D ( m r n )  < 0 . 5
5 0  ' X ( p p * )  <  2 0 0
Q ( m 3 / s )  <  1 o o 0

5 0  < D ( n u )  < 2 0 0
l 0  < X ( p p n )  < 5 0

Q ( l g 3 / s )  <  1 0 o o

s  =  k *  Q c l  x c 2  D c a

0 . 2  < D ( n r o )  < 0 . 3
5 0  < X ( p p n )  < 2 0 0
r 0 0  < q ( n 3 / s )  < 5 0 0

5  < D ( n r n )  < 2 0 0
1 0  < X ( p p n )  < 5 0
1 0 0  < Q ( n 3 / s )  < 5 O O

t

Parameter

mr
m 2
m 3

k I

m l

n 2
m 3

k 1

Ackers
and White

0 . 5 7
- 0 . 0 5

0 .  l 5
5 . 6

0 . 5 6
0 . 0 8

- 0 . 3

4 . 5

Engelund
and Hansen

0 .53
-0 .  15
-0 .10

7 .6

o .52
0
0 .  r 5
4 .25

-0 .L7

0 .61
0 .53
0.00004

-0 .  17
0 .  65
0 .53
0 .00004

c I
e 2
c a
k 4

e l
c 2
c a
k 4

-o .24
0 .41
L .27
0 .0003

-0 .26
0 .28
0 .36
0 .0007
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TABLE

Reach
No

I
2
3
8

10
L 2
r8
19
20
2 l
22
26
36
37
40
4L
42
50
52
53
57
64
65
67
83
87
88
90
92
93
95
97

101
r06
108
110
113
116

Sediooent
Diameter

(nn)

r9 .0
L 2 . O
1 8 . 0
2 4 . O
23.0
1 9 . 0
1 6 . 0
2 5 . 0
1 6 . 0
2 0 . 0
2 8 . 0
r9  .0
23 .0
t 1  . 0
8 .0

11  . 0
17 .0
13 .0
24.0
18 .0
15 .0
16 .0
8 .0

45 .0
13 .0
17  . 0
18 .0
13 .0
16 .0
37  . 0
22 .0
8 .0

L2 .O
r0 .0
r6 .0
6 .0

31 .0
26.0

I^Iidrh
( f r )

1570 .0
1800 .0
r560 .0
920  .0
365 .0
480 .0
168 .0
27  0 .0
440.0
r25  . 0
262 .0

75 .O
659 .0
800 .0
162 .0
279 .0
102 .0
405 .0
136  . 0
l_95 .0
93 ,0

488  .0
551  . 0
115 .0
225.0
415  . 0
396 .0
47  3 .O
100 .0
102 .0
252.4
114 .0
250 .0

39  . 0
389  . 0
173 .0
144 .0
96 .0

Depth
( f r )

1 9 . 1
2 4 . 8
3 6 . 6
2 2 . 8
L 2 . 6

7 . 4
3 . 8

1 6 . 3
1 5 . 0

6 . 7
4 . 5
6 . 7

1 r .4
25.0
3 .6

10 .8
4 .0

t2.6
5 .5
4 .2

LL.2
11 .3
8 .1
2 .5
4 . t
7 .8
6 .5

14 .1
3 .1
4 .1
4 .9
6 .7
5 .6
1 .9
7 .6
7 .3
2 .6
4 .8

Slope

5 Gravel chanoel characterlsties

0 .00074
0 .00069
0  .00022
0 .  00052
0 .00094
0 .0030
0 .0052
0 .0012
0 .00084
0 .00055
0 ,0033
0 .  0039
0 .0025
0 .00035
0  .0057
0 .0012
0  .0036
0 .00035
0 .0036
0 .0021
0 .0012
0 .0018
0 .0012
0 .015
0 .0059
0 .0016
0  .0017
0 .00094
0 .0024
0 .0032
0 .0037
0 .00080
0 .0019
0 .011
0 .0020
0 .00059
0 .0035
0 .0014
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ABSTRACT

Regime theories are used to predict the shape of stable aLluvial chaanels.

The first such theorl.es were entLrely eupirically based on extensive fleLd

measuremeats. Reeent developments Ln our knowledge of sedinent transport

Processes Ln alluvLal channels, however, have Lntrodueed the possl.bllity of

developing regime theories based on equations descrtbtng these fundamental

Procesaea. Frequently aa extrenal hypoChesLs, such as nlnLmum stream power

or naxLnum sedLment concentratLon, ls invoked to enable the complete system

to be determiDed. It Ls assumed that the channel dimensions adjust to

maxirnlse or minirnise the value of some approprlate funct,ionaL. Various

proposed extremal hypotheses are discussed and their predictions La terms of

channel shape are compared. The effeet of usLag the various hypotheses w1th

different sedLment transport relationshtps Ls also considered.





INTRODUCTION

The aim of  regi rne theory is  to  predict  the s ize,  shape and s lope of  a

stable a l luv ia l  channel  under g iven condi t ions.  I t  has been the

subject  of  considerable research for  over  e ighty years and cont inues to

be  a  t op i c  f o r  ac t i ve  resea rch  (Lacey ,  L929 ;  B lench ,  L957  I  Acke rs ,

1983).  rgnor ing p lan geometry a channel  can be charact ,er ised by i ts

widt .h,  depth and s lope and the objeet  of  regine theory is  to  re late

these to the r^rater and sediment discharge conveyed by the channel.

rn i ts  ear l iest  phase the subject  was dominated by an enpir ica l

approach. Extensive measurenents were taken on channeLs and attempts

were made to fit empirieal equations to the observed data. The channel

characteristics were related prinarily Lo the discharge but allowance

was also uade for variations in other variables such as the sediment

size. This meEhod met wit,h some success provided that the derived

equations where applied to similar channels from the same geographical

area with parameters contained within the parameter range of the data

from whLch the equations were obtained. Any ext,rapol.ation beyond the

paramet,er range of the data or Eo other geographical areas was less

successful. rt thus became apparent that though there was a

diseernable re lat ionship between the var iables involved there must  a lso

be other  factors contro l l ing the system which were not .  being

cons ide red .

More recent ly ,  as the understanding of  the processes of  sediment

t ransport  and a l luv ia l  f r ic t ion improved,  i t  became possib le to

contemplate the development  of  regime re lat ionships ut i l is ing equat ions

of  sediment  dynamics.  This held out  the prospeet  of  e luc idat ing the



signi f icance of  soue of  the factors prev iously  ignored in the ernpi r ica l

analys is  and a lso of  enabl ing the der ivat ion of  equat ions of  wider

a p p l i c a b i l i t y  ( A c k e r s ,  1 9 8 3 ) .

For a given water and sediment discharge the al1uvial channel that is

developed can be character ised by i ts  width,  depth and s lope.  Thus the

systen has three degrees of  f reedom. The re levant  var iables are

re lated by a sediment  t ransport  equat ion and a re lat ionship for

a l luv ia l  f r ic t ion.  To make the system so1ub1e,  however,  a th i rd

re lat ionship is  requi red.  There have been a number of  suggest ions for

a th i rd re lat ionship to c lose the sysren (Ackers,  1983).  The methods

so far yielding the most success have been based on sorne forn of

extremal  hypothesis .

A bewildering array of extrernal hypotheses have been proposed, some of

which are related, so that. it remains unclear whether all these

hypotheses are more or less equivalent or whether there are fundamental

differences between them. The behaviour of an extrexnal hypothesis,

however,  cannot  be d ivorced f rom the equat ions of  sediment  t ransport

and a l luv ia l  f r ic t ion wi th which i t  is  associated.  rn an ef for t  ro

c lar i fy  the s i tuat lon th is  paper descr ibes the ln i t ia l  s teps of  a s tudy

in which a number of these extremal hypotheses were tested using

di f ferent  sediment  t ransport  re lat ionships.

2 EXTREMAL HYPOTHESES

A number of  ext remal  hypotheses have been proposed to prov ide the

equat ions neeessary t ,o  formulate regine re lat ions.  These are nou

d i scussed  and ,  whe re  poss ib le ,  r e l a ted  to  each  o the r .



(QV +  Q"  y " )  l -s , (s)

where Q and Q" are Lhe water  and sedi roent  d ischarges,  respect ive ly  and

1  and  y "  a re  t he  spec i f i c  we igh ts  o f  wa te r  and  sed i rnen t ,  r espec t i ve l y .

2 .5  Max imum Sed imen t  T ranspo r t  Ra te  (S ingh ,  1961 ;  ' v {h i t e  e t  a l ,  1982 )

Th i s  hypo thes i s  i s  s ta ted  as  f o l l ows :  '  . . .  f o r  a  pa r t i cu la r  wa te r

d ischarge and s lope,  the width of  the channel  adjusts to naximise Lhe

sed imen t  t r anspo r t  r a te . r  wh i ce  e t  a l  ( 1982 ) .

2.6 Relat ionships Between Extrenal Hypocheses

Although f rom the statements of  these hypotheses they a l l  look

different a number of Lhem can be related to each other.

l lhite et aI (1982) showed that maxLmum sediment transport rate is

equivalent  to  min iaum stream power for  a f ixed d iseharge Q. This

equivalence is  independenE of  the sediment  re lat ions used.  Davies and

Sutherland (f983) point out that when considering minimum energy

diss ipat ion rate for  sediment  concentrat , ions less than 1000 ppn by

weight ,  lhe error  in  neglect ing the y"  Q" term is  less than 0.12 and so

minimun energy d iss ipat ion rate is  equivalent  to  min iu is ing IQLS which

is equivalent Eo minirnum stream po\rer. The sinilarity can be further

demonstrated (Brebner and Wi- lson,  L967).  I f  we def ine Q,  to be the

tota l  d ischarge of  water  and sediment  and C to be the sediment

concentrat ion by volume then

Q =  Qr  ( r - c )  and  Q"  -  cQr . ( 6 )



increases. The defornatLon wil l cease when the shape of the boundary

is  that  which g ives r ise to a local  maximum of  f r ic t ion factor .  Thus

the equil ibri-um shape of the non-planar, self-formed flow boundary or

channel  corresponds to a local  maximum of  f r ic t ion factorr ,  Davies and

S u t h e r l a n d  ( 1 9 8 0 ) .

The f r ic t ion factor  is  g iven by

-  SedS

v 2
( 2 )

Using the cont inui ty  equat ion

Q = b V d ( 3 )

we have

- 8ebfo fu
I  - -

Q 2

2.4 t'Iinimum Energy

1 9 8 1  )

( 4 )

Dissipat ion Rate (Brebner and Wilson, L969; Yang et a1,

This hypothesis  is

condi t ion when i . ts

Y a n g  e t  a 1  ( 1 9 8 1 ) .

s tated as fo l lows:  rA systern is

ra te  o f  ene rgy  d i ss ipa t i on  i s  a t

in an equil ibriurn

a min imum valuet ,

The rate of  energy d iss ipat ion

given by

Ln a reach of  a s t ream of  length L is



2.L Min inum St , ream Power (Chang,  1980)

Th i s  hypo thes i s  i s  s ta ted  as  f o l l ows :  ' Fo r  an  a l l uv ia l  channe l ,  t he

necessary and suf f ic ient  condi t ion of  equi l ibr ium occurs when the

stream power per unit length of channel lQS is a minimurn subject to

g i ven  cons t ra in t s ,  whe re  1  i s  t he  spec i f i c  we igh t  o f  wa te r ,  Q  i s

d iseharge and S is  s lope.  Hence,  an a l luv ia l  channel  wi th water

d ischarge Q and sediment  load Q" as independent  var iables tends to

establ ish i t .s  width,  depth anC s lope such that  1QS is  a min imum. Since

Q is a given parameter, minimum 1QS also means minimunn channel sloper,

C h a n g  ( 1 9 8 0 ) .

2.2 Minimum Unit Stream Pover (Yang and Song, 1979)

Th is  hypo thes i s  i s  s ta ted  as  f o l l ows :  r . . .  f o r  sube r i t i ca l  f l ow  i n  an

al luv ia l  channel ,  the channel  wi l l  ad just  i ts  ve loc i ty ,  s lope,

roughness and geometry in such a manner that a minimum amount of unit

s t reaE power i .s  used to t ransport  a g iven sediuent  and water

d i scha rge ' ,  Yang  and  Song  (1979 ) .  Un i t  s t ream power  i s  de f i ned  as

stream power per uni.t weight of water I l* = Ut (f)
pg bdt,

where L is  the length of  the reach,  b is  the width,  d is  depth,  g is

accelerat ion due to grav i ty  and V is  ve loei ty .

2.3 l tax imum Fr iet ion Factor  (Davies and Suther land,  1980)

Th i s  hypo thes i s  i s  s ta ted  as  f o l l ows :  ' r f  t he  f l ow  o f  a  f l u i d  pas t  an

or ig inal ly  p lane boundary is  able to deform the bound.ary to a

non-planar  shape,  i t  wi l l  do so in  such a way that  the f r ic t ion factor



We have therefore

Qv+  Q"  Y "  =  Qr  ( l - c ) y+  cQr  ys ( 7 )

= Qr  [ t t - s )y+  cys ] ( 8 )

b u t  l < t - C > y +  C V " l  i s  r h e  s p e c i f i c  g r a v i r y  o f  r h e  m i x r u r e  s o  Q V +  Q "  y "

becomes Q, y ,  where both refer  to  the combined water  and sediuent

mixture.  Min imum energy degradat ion is  chus equivalent  to  min imis ing

QT YT LS.  The exl remal  hypotheses and thei r  re lat ionships roay thus be

summarised:  there are three independent  hypotheses.

(a) I'tinioum stream power (nininise nS)

Maximum sediment transport rate (maxinise X)

t l in imum energy dissipar ion rate (nininise (  n + ys Qs) LS)

( approx)

(b) l.I ininum unit stream power (ruininise VS)

(c)  Maxinum f r ic t ion factor  (naxin ise f )

IMPLEI,IENTATION OF EXTREMAL I{YPOTIIESES

To fornulate a regime theory an extremal  hypothesis  has to be combined

wi th appropr iate equat ions for  sediment  t ransport  and a l luv ia l

f r ic t ion.  In  formulat ing such regime theor ies authors select  thei r

favour i te  sedinent  re lat ionships.  Whi te et  a l  se lected the Ackers and

White sediment  t ransport  theory and.  the Whi te eL aI  a l luv ia l  f r ic t ion

re lat ionships s ince these have been shown to prov ide good predict ions

of  both sediment  t ransport  and a l luv ia l  f r ic t ion over  a wide range of



condi t ions.  OLlrer  authors,  however,  have selected many d i f ferent

theo r i es ,  f o r  exanp le  Chang  (1980 )  used  Pa rke r ' s  (1978 )  sed imen t

t ransport  re lat ionship for  gravel  r ivers and the Bray f r ic t ion

re la t i onsh ip ;  Yang  e t  a l  ( 1981 )  used  Yang rs  sed imen t  t r anspo r t

re lat ionship and the Manning-Str ick ler  roughness re lat ionship.

Gr i f f i t hs  (1984 )  cons ide red  the  reg ime  re la t i onsh ips  de r i ved  f rom the

Parker  (1978) -  Chang (1980) bed load formula and the Keulegan

res i s tance  fo rmu la .

Gr i f f i ths (1984) considered the Parker-Chang bed load fornula and rhe

Keulegan resistaace foruula in t,he l ight of a number of extremum

hypotheses and concluded that all provided regime channels with an

unreal is t ica l ly  rest rLcted range of  va lues of  the Shie ldst  entra i ru lent

funct ion.  Gr i f f i ths analys is  of  the Ackers and Whi te sediment

re lat ionships lead h in to a s imi lar  conclus ion.  There i .s ,  however,  a

s igni f icant  d i f ference in the Ackers and ! i lh t te  re lat ions used by

Gr i f f i ths and those used by Whi te et  a l .  In  the equat ions for  sediment

ruobi l i ty  and shear veloc i ty  the la t ter  use hydraul ic  radius rather  than

the depth used by Gr i f f i ths.  Wi th th is  seemingly smal l  ehange in the

equat ions cr i f f i ths analys is  fa i ls  to  go through and the resul ts  are

s igni f icant ly  a l tered as wi l l  be shown later .  Thus care must  be taken

not  only  in  the selectLon of  the sediment  t ransport  re lat ionships but

a lso the deta i ls  of  how they are inplemented.

4 COI'{PARISON OF EXTREMAL HYPOTIIESES AND SEDIMEM RELATIONSHIPS

i' le now compare the predictions of a number of combinations of sediment

t ransport  re lat ionships and exEremal  hypotheses.  The compar isons are

based pr i rnar i ly  on Ehe predict , ion of  width s ince f l rs t ly  th is  is  a



signi f icant  parameter  associated wi th a channel  and is  of  in terest  Eo

engineers and secondly there are establ ished empir ica l  re lat ionships

for  channel  width.  A compar ison of  s lopes is  a lso made.

The sediment  t ransport  re lat ionships used are the Ackers and l i lh i te

re lat ionships and those used by Gr i f f i ths,  that  is ,  Ehe yang-parker

t ransport  re lat ionship and the Keulegan f r ic t ion law.  The former

re lat ionships were selected s ince they have been shown to per form wel l

over  a wide range of  condi t ions and the necessary sof tware was easi ly

avai lable.  The lat ter  was chosen as Gr i f f i ths i rad indicated that  the

re lat ionships seemed to demonstrate cur ious behaviour .  BoLh sets of

equat ions were used to predict  widths and depths.

For  a f ixed sediment  d iameter ,  d ischarge and sedinent  concengrat ion,

regine condi t ions were found for  the fo l lowing extreoal  hypotheses:

minimum st.ream porder, minimum unit sLream poider, maximum energy

diss ipat ion and maximum fr ic t ion factor .  S ince i t  has previously  been

shown that maximum sediment transport rate is equivalent to minimun

stream por{er  th is  ext renurn hypothesis  was not  considered separate ly .

under the present formulation no maximum was found ln the fricEion

factor .  r t  has been repor ted (A Bassi ,  pr ivate communicat ion)  that

us ing the d i f ferent  formulat ion of  f ixed values for  sedinent  d iameter ,

d ischarge and channel  s lope there is  a maximum in the f r ic t ion faccor

but  th is  has yet  to  be invest igated.  The resul ts  showed that ,  as

indicated above,  maximum energy d iss ipat ion was for  a l l  pract . i ,ca l  eases

equivalent  to  min imum stream power.

Since the sediment  re lat ionships used were der ived

from reetangular channels it was assumed tirat the

from laboratory data

in i t ia l ly  ca lculared



widths and depths vere for  a rectangular  channel '  The values of  width

and depth were then adjusted to g ive values corresPonding to a

t rapezo ida l  sec t i on  o f  t he  same c ross -sec l i ona l  a rea ,  whe re  the  s ide

slope z (z  hor izonta l  to  1 ver t ica l )  o f  the t rapezoid was g iven by

Smi th ' s  (Lg74 )  enp i r i ea l l y  de te r rn ined  re la t i onsh ip :

0 . 5
z =

0 . 5

i f  Q  .  6 3 / "

Q o ' 2 5 i t Q > l s 3 / s

(e)

I f  the width to depth rat io  is  large Ehese adjustments are smal l .

Since the Chang-Parker sediment relationship was derived on

predominant ly  laboratory data the same procedure of  adjustment  was

appl ied to resul ts  obta ined using th is  eguat ion.  Problens d id ar ise in

some cases, however, where the width to depth ratio was as low as

1 x 10-  5.  In  such c i rcumstances the adjustrnent  procerJure is  to ta l ly

unreal is  t , ic .

The predicted widths for Ackers and White and Ehe extremum hypotheses

of minimum stream porrer and minimum unit stream power for a range of

d i scha rges  a re  shown  i n  F ig  1 .  The  resu l t s  a re  f o r  a  D rU  s i ze  o f  0 .01n

and a sediment  concentrat ion of  l0  ppn.  For  compar ison purposes

var ious empir ica l ly  der ived regine re laEionships are a lso shown. Since

the Ackers and llhite relationships depend upon sedinent dianeter and

sediment  concentrat ion the predict ions of  the Ackers and Whi te theory

for gravel rivers should be shown as a region rather than a single

curve on th is  graph,  so that  a d i rect  compar ison is  d i f f icu l t  but  i t ,

can be seen that there is reasonable agreement between the empi.rically

and t .heoret ica l ly  der ived resul ts .  I t  can fur ther  be seen Ehat  t ,he

di f ferences between the hypotheses of  sEream power and uni t  s l ream



power are no larger than the uncertainty in the einpirically derived

equat ions and for  th is  parameter  range there is  no basis  for  preferr ing

one hypot .hesis  to the other .

The same Figure shows the resul ts  us ing Ehe chang-parker  t ransport

equat ion and the Keulegan f r ic t ion law.  I t  can be seen that  us ing both

hypotheses of minimum stream power and minimum unit stream power the

width is  wi ld ly  overest iuated.  This denonstrates that  the behaviour  of

the var ious extremal  hypotheses is  dependent  on the sed. imenE t ransDorE

relat ionships wi th which Lhey are associated and the two canno!  be

considered independent ly .

A compar ison was a lso made of  the predicc ions of  s lope.  F igure 2 shows

regime slopes predicted by various empirically derived regine equations

and from regime equations based on Ackers and white sediment

re lat ionships.  The Aekers and l lh i te  resul ts  are based on sediment

diameters of  0.01n and 0. ln  and a sediment  eoncent . rat ion of  l0  ppin.

Appropr iate sediment  d ianeters - rcere used in the empir ica l  equat ions.

Again d i rect  compar ison is  d i f f icu l t  s ince the Ackers and Whi te resul ts

depend upon both sediuent diaoeter and sedimen! concentrat,ioo and so

are Inore proper ly  p lot ted as a region on t .h is  F igure.  The resul ts

using the minimum stream power and ninimum unit. stream power are

indis t inguishable on th is  p lot .  The resulEs for  Parker-Chang sedinent

t ransport  equat ion and Keulegan f r ic t ion equat ion wi th a sedimenc

d ianeEer  o f  0 .01n  a re  a l so  shown .

Gr i f f i t hs  (1984 )  s tud ied  reg ime  re la t i onsh ips  p rov ided  by  us ing  the

Ackers and Whi te sedi rnent  re lat ionships together  wi th the pr inc ip les of

minimum stream power and ninimum unit stream power and carne up with



resul ts  somewhat  at  var iance wi th those of  Whi te et  a l  (1982) us ing the

ident ica l  sedi rnent  re lat ions and extremal  hypotheses.  The d i f ferences

leading to the d i f ferent  conclus ions \ rere in  che deta i ls  of  Ehe

sediment  re lat ionships.  Whi te et  a l  used the hydraul ic  radius in  the

expressions for  t i re  sediment  mobi l i ty  and shear veloc i ty  whereas

Gri f f i ths used depth.  This apparent ly  minor  change leads to major

changes in che width dependence of  the system. Resul ts  us ing the Ewo

di f ferent  formulat ions are shown in F ig 3.  The Ackers and whi te

resul ts  are based on a sedinent  d ianeter  of  0.0rn and a sed. iment

concentrat ion of  10 ppro.  The radical  d i f ferences between the resul ts

are par t ly  d isguised by the rectangular  to  t rapezoidal  t ransformat ion

described above but it is clear Ehat the use of depth rather than

hydraul ic  radius ln  both the expression for  sediment  oobi l i ty  and shear

veloc i ty  leads to unsat is factory resul ts .  Tests indicated thaE the

replacement of R by d in the expression for sediment raobil ity made only

a mlnor ehange, the najor change resulting fron the replacemenE of R by

d in the expressLon for  the shear veloc i ty .

I t  is  of  ln terest  to  note that .  prov id ing that  one has conf idence in the

applieabil ity of an extremurn hypot.hesis a study of the regime

predict ions der ived f rou a set  of  sediment  re lat ionships g ives a qulck

indicat ion of  the val id i ty  of  the re lat ionships over  a wide range of

condi t ions.  For  t .hose scept ica l  of  ext remun hypotheses,  however,  i t

on ly  prov ides an indicar ion of  the range of  va l id i ty  of  ext remal

hypo theses .



COI{CLUSIONS

The resul ts  f rom the equat ions used by Gr i f f iEhs toget i rer  wi th the

pr inc ip le of  o in imum stream power produce unreal is t ic  va lues for  regime

channels.  I t  has a l ready been shown that  the Ackers and Whi te sediment

and f r ic t ion re lat ionships together  \^r i th  the same extrernal  pr inc ip le

produce real is t ic  d imensions for  regi rne channels ( 'v fh i te  et  a l ,  1982).

I t  can therefore,  be concluded that  an arb i t rary select ion of  sedinent

and f r ic t ion re lat ionships conbined wi th an extremal  hypothesis  may not

provide a sat is factory regime theory.  I f  one bel ieves that  i t  is

for tu i tous that  an extremum pr inc ip le works in  conjunci ton wi th the

Ackers and white sediment relationships then ehe failure of the

Griff iths fornulation may be regarded as evidenee that extremal

hypotheses are noE universal ly  appl icable.  r f ,  however,  one regards

the Ackers and white results as indieating the validity of Ehe

underlying extremun hypothesis then one nay conclude that the

shortcomings of  the Gr i f f i ths formulat ion ref lect  the inadequacies of

e i ther  the chang-Parker  t ransport  re laEionships or  the Keulegan

f r i e t i on  l aw .

The resul ts  us ing the Ackers and whi te sediment  and f r ic t ion

relationships indieate that though the prineiples of uinimum stream

power and min imum uni t  s t ream power g ive d i f fer ing resul ts  for  width

the d i f ferences on a pracEical  range of  parameters are such that  the

authors cannot  regard one as being preferable to the other .  The

predict ions of  regime s lope are v i r tual ly  ident ica l  for  the parameter

range considered here.  The resul ts  show, as the theory indicates,  that

for  pract icar  purposes min imum energy d iss ipat ion is  ef fect ive ly



indistinguishable from minimum stream porder, Under Ehe present

forrnulat ion considered there was no maximum in the fr ict ion factor.

The  work  o f  G r i f f i t hs ,  i n  con junc t i on  w i th  t he  resu l t s  p resen ted  he re

indieate the care that  is  requi red in  formulat ing the equat ions.  The

apparent ly  rn inor  adjustment  of  replac ing the hydraul ic  radius by the

depth in  the var ious equat ions has a rnajor  inpact  upon the resul t .s  as

i t  radical ly  af fects the dependence of  the equat ions on the width of

the channel .
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8 NOTATION

b n channel r^ridth

sediment concentration bv volume

d n depth of  f low

f r i c t i on  f ac to r

g r " - '  accelerat ion due to grav i ty

L m length of reach

a  r3 " - I  d i scha rge

qs t 3s- I sediment discharge

QT r 3"- I water and sediment dLscharge

R m hydraul ie  radius

S s lope

V r" -  I  ve loc i ty

speci f ic  weight  of  water

speci f ic  weight  of  sediment

YT speci f ie  weighr  of  water  and sediment  mixture

p kgn-  3 densi ty

v' s



TABLE 4 Exponents ln regl.ne equatl.ons

r .  B  =  k l  Q t r I  x l n 2  D n 3

Range

O  . 2  <  D ( n r n )  <  0 . 5
5 0  < X ( p p n )  < 2 0 0

Q 9 u 3 / s )  <  1 0 0 0

5 0  < D ( m n )  < 2 0 0
1 0  < X ( p p m )  < 5 0
Q ( n 3 / s )  <  l o o o

2 .  s = k q Q " l x c 2 D c a

O . 2  < D ( n r u )  < 0 . 3
5 0  < X ( p p n )  < 2 0 0
r 0 0  < Q ( n 3 / s )  < 5 0 0

5  < D ( m r n )  < 2 0 0
1 0  < X ( p p n )  < 5 0
r 0 0  < Q ( n 3 / s )  < 5 0 0

Parameter

m l
m,z
t 3

k1

t r
m2
m 3

Ackers
and White

0 . 5 7
- 0 . 0 5

0 .  1 5
5 . 6

0 .  s 6
0 . 0 8

- 0  . 3

Engelund
and Hansen

0 . 5 3
- 0 . 1 5

0 .  1 0
7 . 6

o.5z
0
0 .  1 5

-0 .  r7
0 .  6 1
0 .s3
0 .00004

-0 .17

0 .  65
0 .53
0 .00004

c I
c 2
c a
k 4

e l
c 2
c a
k 4

-0 .  14
0 .41
L .27
0 .0003

-0.26

0 .28
0 .36
0 .0007
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A RATIONAL APPROACH TO RIVER REGIME 

WANG SHIQIANG l, DR W R WHITE * and DR R BETTESS 

The purpose of regime theory is to predict the size and shape of stable alluvial 
channels. The theory was first developed from empirical studies based on extensive field 
measurements. Recent improvements in our understanding of sediment transport processes, 
however, have introduced the possibility of relating the size of regime channels to these 
fundamental sediment transport processes. The general approach is described together with 
a number of extremal hypotheses which have been suggested to determine regime conditions. 
These extremal hypotheses assume that the channel dimensions are such to maximise or 
minimise the value of some appropriate functional. The predictions of channel dimensions 
using various extremal hypotheses and sediment transport relationships are compared with 
observed channel data. 

Introduction 

Alluvial channels are continually in a state of adjustment, responding to changes in 
discharge, sediment load, slope or interference by man. Despite these changes there are 
underlying equilibrium conditions towards which the system tends even if these equilibrium 
conditions are never attained. An attempt to predict the equilibrium size, shape and 
slope of an alluvial channel was first made using empirical methods (Lindley, 1919; 
Lacey, 1929). Numerous measurements were taken on alluvial channels thought to be in 
equilibrium. The dimensions and velocity in these channels were related, using empirical 
equations, primarily to the discharge, though Lacey introduced the notion of a dependence 
on the sediment characteristics by using a silt factor. 

Later the same approach was used to study natural river channels. The chief 
difference here being the variability of the discharge which is usually much larger in 
natural rivers than in canals controlled by man. This variability in discharge leads to 
problems in the definition of the discharge to which the characteristics of the channel 
should be related. The term dominant discharge was coined for the appropriate discharge 
though opinion is still divided as to how such a discharge should be determined. 

The empirical approach to river regime has met with some success provided that the 
derived equations are applied to similar channels from the same geographical areas with 
parameters contained within the parameter range of the data for which the equations were 
derived. Any extrapolation beyond the range of the data or to different geographical 
regions is usually less successful. This suggests that though there are discernible 
relationships between the variables involved the form of the equations used in the 
empirical approach are not adequate to describe the complete system. 

As our understanding of the important sediment transport processes has imp,roved one 
may consider the development of regime equations which utilise this understanding of 
sediment dynamics. Such an approach should help in elucidating the significance of the 
various factors involved and help in the derivation of equations of an appropriate form 
and hopefully of wide applicability (Hou Hui Chang, 1982). 

1. Lecturer, Tsinghua University, Beijing, China. 
2. Head, River Engineering Department, Hydraulics Research, Wallingford, UK. 
3. Project Manager, River Engineering Department, Hydraulics Research, Wallingford, UK. 



If plan geometry is ignored then regime conditions in channels may be described by 
the following seven variables; discharge, width, depth, velocity, slope, sediment 
concentration and sediment diameter. There are a number of relationships connecting these 
variables. The simplest is that relating discharge to the width, velocity and depth but a 
sediment transport equation and an alluvial friction relationship provide two further 
equations. It is normally assumed that the sediment diameter, discharge and either slope 
or sediment concentration are imposed on the system. We have, therefore, six 
-elationships between the original seven variables. To make the system soluble a further 
elationship is required. A number of different equations have been suggested, most of 
hem based on some extremal hypothesis, and it is these extremal hypotheses which we will 
_onsider in greater detail. The advantage of such an approach is that it provides a 
system in which all the relevant variables are included and which has a wide range of 
~pplicability since it is based on theories of sediment mechanics which are valid over a 
~ i d e  range of conditions. This improves on the empirical approaches which have a limited 
range of applicability. 

Extremal hypotheses 

A number of extremal hypotheses have been proposed for the development of a regime 
theory. Nine are discussed below but the list is not exhaustive. 

1. Minimum stream power (Chang, 1980) 'For an alluvial channel, the necessary and 
sufficient condition of equilibrium occurs when the stream power per unit length of 
channel 'tQS is a minimum subject to the given constraints, where yis the specific 
weight of water, Q is discharge and S is slope. Hence, an alluvial channel with 
water discharge Q and sediment load Q, as independent variables tends to establish 
its width, depth and slope such that 'tQS is a minimum. Since is a given parameter, 
minimum @S also means minimum channel slope', Chang (1980). ISmin ] 

2. Minimum Energy Dissipation Rate (Brebner and Wilson, 1969; Yang et al, 1981) 'A 
system is in an equilibrium conditions when its rate of energy dissipation is at a 
minimum value', Yang et a1 (1981). 

3. Maximum sediment concentration (Singh, 1961; White et al, 1982) l . . .  for a 
particular water discharge and slope, the width of the channel adjusts to maximise 
the sediment transport rate', White et a1 (1982). [X,,] 

4. Maximum Friction Factor (Davies and Sutherland, 1980) 'If the flow of a fluid past an 
originally plane boundary is able to deform the boundary to a non-planar shape, it 
will do so in such a way that the friction factor increases. The deformation will 
cease when the shape of the boundary is that which gives rise to a local maximum of 
friction factor. Thus the equilibrium shape of the non-planar, self-formed flow 
boundary or channel corresponds to a local maximum of friction factor', Davies and 
Sutherland (1980). [FF,~~ ] 

5. Minimum Froude number. For a particular water discharge and sediment load, the width 
of the channel adjusts to minimise the Froude number. [~r,~, ] 

6. Minimum total friction resistance. For a given discharge and sediment load the 
channel adjusts to minimise the total frictional resistance. [F&~, ] 

7. Minimum friction factor. For a given discharge and sediment load the channel adjusts 
to minimise the friction factor. [Wmin ] 

8. Minimum discharge. For a particular slope and sediment concentration the channel 
characteristics are those associated with the smallest discharge. 

9. Minimum Unit Stream Power. This has been included for completeness though doubt has 
been cast on its applicability in the present situation [vsmin 1. 
The operations of some of these extremal hypotheses in determining channel width is 
demonstrated in Figure 1. 



When considering extremal hypotheses it is not sufficient to consider them in 
isolation from the sediment relationships also used because the behaviour of a particular 
extremal hypothesis may be affected by the sediment relationships involved. It is also 
highly unlikely that a satisfactory regime relationship will result from using poor 
predictors of sediment mechanics, irrespective of the extremal hypothesis that is used. 

Since the only theories we have are empirical and there are no other accepted 
theories for predicting river regime against which comparisons can be made, the only way 
of establishing the usefulness of these rational regime theories and their underlying 
extremal hypotheses is by comparing the predictions that they provide with observations. 
In this study, therefore, extensive comparisons have been made with data collected from 
sand and gravel rivers and canals. We provide no other justification for an extremal 
hypothesis approach to regime theory other than that such rational regime theories provide 
predictions which are in good agreement with observations. 

Relationships between extremal hypotheses 

We have described a number of different variational principles and will now 
investigate the relationships between them in an attempt to impose some order on the 
bewildering array of suggestions. 

White et a1 (1982) showed that minimising stream power subject to given values of 
ischarge and sediment concentration is equivalent to maximising the sediment 
.oncentration subject to given values of discharge and slope. If the effect of sediment 
transport on the energy dissipation rate is regarded as small then minimum energy 
dissipation rate is equivalent to minimum stream power for given values of discharge and 
sediment concentration. If energy dissipation due to sediment transport is included then 
the two principles are still equivalent for all practical purposes, provided the sediment 
concentration is not too large. It can also be shown that minimum stream power and 
maximum sediment concentration are both equivalent to minimum discharge for fixed sediment 
concentration and slope. 

ie min S max X min Q 
Q,X fixed Q,S fixed X,S fixed 

Davies and Sutherland (1980) proposed the extremal hypothesis that there should be an 
extremum in the friction factor. The expression used for the friction factor was 

Since the definition of Froude number is 

it follows that f = 8 S 
Fr* 

We have therefore that maximising the friction factor is equivalent to minimising the 
Froude number for a given slope. 

An extremal hypothesis must satisfy two conditions to be of value in regime theory. 
Firstly the extremal values must exist under a wide range of conditions and secondly the 
resulting regime predictions should agree with observed channel data. These properties, 
however, will also depend upon the sediment relationships with which they are associated. 
The sediment transport relationships considered in this present work are the Ackers and 
White sediment relationships (Ackers and White 1973; White et al, 1980) [A-W 1, the 
Engelund and Hansen relationships (1967) [E-H], the Yang sediment transport equation 
(1982) together with the Engelund and Hansen resistance equation [yang ] and the Parker bed 
load formula (1978) together with the Reulegan resistance equation [YPK 1. 



Comparison of different formulations 

1. Effect of different extremum hypothesis. 

We will first consider the differences that arise from using the same sediment 
transport relationships with different extremal hypotheses. Table 1 shows calculated 
widths obtained using the Ackers and White sediment relationships and five different 
extremal hypotheses for different values of D,Q and X. In none of the cases could a 
maximum be found for the friction factor. 

Table 1 Widths predicted by different extremal hypotheses. 

The omissions occur since for those values of D, Q and X no minimum could be found. 
The results show that the differences between the various extremal hypotheses vary 
depending upon the particular values of D, Q and X. 

Once it is established that different extremal hypotheses may give significantly 
different predictions one must then consider which extremal hypothesis gives the most 
useful predictions. This was judged by comparing the predictions using the different 
extremal hypotheses with observed data. The observed data consisted of 203 sets of data 
from sand rivers and canals and 59 sets of data from gravel rivers. The data from sand 
channels covered the following ranges 

The gravel river data covered the range 

A comparison of the observations with the different predictions with Ackers and Whit 
sediment relationships and various extremal hypotheses is shown in Table 2 .  The 
comparison is made in terms of the discrepancy ratio, that is, the ratio of the predicted 
to the observed values. Values are given of the mean discrepancy ratio A, which indicate 
on average how good were the predictions of each method, and the value of the standard 
deviation SD which indicates the scatter of individual predictions. Figure 2 shows a 
comparison of observed and predicted widths using the Ackers and White equations together 
with minimum stream power for the sand data. A similar comparison for gravel data using 
maximum sediment concentration is shown in Fig 3 .  The results using the Engelund and 
Hansen sediment relationships showed a similar behaviour. 



Table 2 Comparison of discrepancy ratios for different extremal hypotheses. 

Type of Extrernal Width Depth Slope 
channel principle A S D A S D A SD 

Sand 1.01 0.38 1.08 0.34 

Smin 1.03  0 .41  1.05 0 .41  1.26 1 . 0 1  

Frmin 0.98 0 .34  1 .10  0.37 1.29 1 . 0 1  

F %in 0.84 0 .30  1.18 0.45 1 .31  1 .10  

FFmin 1.03  0.40 1.04 0 .42  1.14 0 .69  

VSmin 1.33 0.68 0 .90  0 . 3 1  1.19 0 .78  

Gravel 'max 1.06 0.45 
Smin 0.95 0.40 
Frmin 0.74 0.27 
FRmin 0.78 0.28 
FFmin 1.00 0.54 
VSmin 1.38 0.88 

The results show that the principle of minimum stream power or maximum sediment 
concentration gives the best agreement with field data. Of the remaining extremal 
hypotheses the principle of minimum Froude number provides the best results. The 
principles of minimum stream power and maximum sediment concentration while being 
equivalent provide slightly different predictions since one is using an observed sediment 
concentration and the other an observed slope. Discrepancies in the measurements of these 
quantities will lead to differences in predicted values of width. 

The larger deviation of mean discrepancy ratio from the value of 1 and the larger 
standard deviation for the predictions of slope reflect the greater sensitivity of the 
slope to the specified values than either the width or the depth. No values are shown 
under slope for the principle of maximum sediment concentration since under this 
formulation slope is specified and hence cannot be predicted. For gravel rivers there is 
no comparison of depth as the data was unavailable. The agreement between predicted and 
observed results indicate the usefulness of extremal hypotheses in providing realistic 
predictions of regime conditions in alluvial channels. 

2 .  Effect of different sediment transport relationships. 

Using the Ackers and White sediment relationships, the principle of minimum slope or 
maximum sediment concentration provided the best agreement with observed data. It does 
not follow, however, that these extremal hypotheses will provide the best agreement if 
other sediment relations are considered. Calculations were, therefore, performed using 
the Engelund and Hansen equations ( 1 9 6 7 )  and equations due to Yang ( 1 9 8 2 ) .  Comparisons of 
predicted with observed data are shown in Table 3 .  A more detailed analysis of the 
distribution of discrepancy ratios for the Ackers and White and Engelund and Hansen 
sediment relationships are given in Figs 4 and 5 .  

The accuracy using the Ackers and White and Engelund and Hansen relations are 
comparable, with marginally better predictions by Ackers and 'dhite, but both, in general, 
give better predictions than the Yang or Yang-Parker-Keulegan sediment relations. Figure 
4 shows that the Ackers and White formulation with maximum sediment concentration predicts 
the width to within 9 5 % ,  66% of the time. The corresponding figure using the Engelund 
and Hansen equations is 48%. Figure 5 shows that the slope prediction using the Ackers 
and White equations are within a factor of two 79% of the time. 

Both the Yang and the Parker and Keulegan formulations exhibit systematic over or 
under prediction under certain circumstances. Depending upon one's point of view this 
reflects shortcomings in an extremal approach or in the sediment relationships 
themselves. 



Table 3 Discrepancy ratios using various sediment relationships. 

Type of Extremal Sediment Width Depth Slope 
channel hypothesis relation A SD A SD A S D 

- - 

Sand 'min A-W 1.03 0.41 1.05 0.41 1.26 1.01 
E-H 0.92 0.40 0.93 0.36 1.50 1.00 
Y ang 1.01 0.49 1.96 1.82 0.01 0.00 

- 

Sand 'max A-W 1.01 0.38 1.08 0.34 
E-H 0.97 0.36 0.97 0.30 
Yang 0.69 0.26 1.16 0.39 

Grave l 'max A-W 1.06 0.45 
E-H 0.80 0.28 
Y ang 0.63 0.23 
YPK 0.56 0.20 

In empirical regime theory variables such as the channel width or slope are related 
to the discharge sediment diameter and other variables using equations of the form 

for example, 

B = 2.67 qoo5 (Lacey, 1929) (5) 

It is possible to approximate the results predicted by rational regime theory by 
equations of the form 

and S = k , + Q  '1 xC2DC3 

Values of the exponents derived for different ranges of conditions using the Ackers 
and White and the Engelund and Hansen sediment relations are given in Table 4. 

The exponent m l  in equation (2) is approximately 0.57 using the Ackers and White 
sediment relationships or approximately 0.52 using the Engelund and Hansen sediment 
relationships. The exponent m varies with the values of both the discharge and the 2 
sediment diameter. Using the Ackers and 'vJhite relationships m 2  is slightly less than zerc 
for fine sediments and is slightly greater than zero for coarse sediments. This is in 
agreement with field and laboratory data. The values of the exponents n l, m 2, m 3, c l, c 2 
and c3 are all in qualitative agreement with observations, see Table 4. 

It should be observed that not all sediment relationships can be combined with an 
estremal hypothesis to derive a regime theory. For example if the following sediment 
transport (Bogardi, 1974) and friction equations are used 

v X = K- 
gd 

1 2/3 and V = - d 
n 

then for given values of Q and X no minimum exists for the slope. 



'able 4 Exponents in regime equations. 

Range Parameter Ackers and White Engelund and Hansen 

1. The following extremal hypotheses are equivalent 

min S max X min Q 
Q,X fixed Q,S fixed X,S fixed 

Two other extremal hypotheses are equivalent 

min Froude number maximum Friction Factor 
Q,S fixed Q,S fixed 

2. Extremal hypotheses together appropriate sediment transport relationships can be 
combined to provide a rational regime theory. Comparisons with observations show 
that such regime theories have a wide range of applicability. 

3. The use of different hypotheses may lead to different predictions. On the data 
used in this study the principle of minimum slope or maximum sediment 
concentration provided the best agreement. 

4. The use of different sediment relationships may lead to different predictions. 
Of the sediment relationships considered the Ackers and White and Engelund and 
Hansen sediment relationships provided the best agreement with observed data. 

This work was carried out while Wang Shigiang was visiting Hydraulics Research, UK, 
'unded by the Chinese government. The HR involvement in the work was funded by the 
Iepartment of the Environment under Contract PECD 716129-204183. 
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Notation 

mean discrepancy ratio 
constant 
(m) width 
parameters in equation for S 
(m) sediment diameter 
(m) depth 
Froude number 
friction factor 
acceleration due to gravity 
constant in sediment 
transport relationship 
constants in equations for 
B and S 

m2, m 3  parameters in equation for B 
Manning's n 
(m 3/s) discharge 
(m 3/s) sediment discharge 
slope 
standard deviation of 
discrepancy ratios 
(m/s) velocity 
sediment concentration by 
weight 
specific weight of water 
(m/s) fall velocity 
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