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ABSTRACT

Thls report descrLbee the lnltlal developuent of a mathematlcal nodel ln the
tlEe donaln of a noored ehlp lu yaves. Thls nodel, called sErpuooR, is
neceaaary ln order to repreaent, correctry, the motloas of vegsels on
conventloaal uoorlngs. Thie ls becauee, norually, moorlnga are hlghly
non-linear uaking a frequency space descriptlon inadequate.

Tbls tlue donaln nodel complements a frequeocy apece nodel called TTNDERKEEL
shl'ch ls belng developed ln parallel under the eane contract. Eydrod5rnamic
coefflcients for descrLbl.ng the notLon of a vessel in waves wtll be obtaLned
from IIMERKEEL for use in SEIPMOOR. Used together in this way these nodels
wtll allos a partial descriptlon of moored vessel movements in wavee for the
partlcular ca8e of interest in coastal work, Le where the underkeel
clearance is llnited. Eowever, further work, reguirlng an additional
contract, wl'l l be needed to enable non-lLnear wave forces, whLch are now
kaown through random wave physieal modelllng of harboura to be of crucial
signlflcance in coatrolling berth tenablllti, to be represeated
nathematl.cally. Only when thLs is completed can SEIpMOOR be validated
agalast the Eotloae of actual moored shtps sLnee such motl.oog w1.11 contaln
non-ll.near reaponaea.

In this report SEIPMOOR ls applled to two caaes of practlcal Laterest under
the simpllfytog aseumptlon of frequency independent hydrodlmanlc
coefflcl'ente. one appltcation ls to a vessel e:recutlag subharDonLc away
motlons agalaet fenders. such motl.ons are kaown, through phyeical
uodel1lng, to be caused by feuders being stlffer thaa noorin! ttaee tn
conventional moorlng ayatema. Comparisons made wl.th an ldealised phys1cal
model showed good agreement. rn these tegts the waves were of slagle
perLod. Further developnent of sEIPMooR is needed to represent random wave
forcing.

The eecoud appllcatlon ls to the paselng ehtp probl-em where the disturbance
created by a vessel underway can cause lines- to part oa veseels moored
aearby. Comparl'sons of movementa and uooring line loade fron SEIpMOOR are
nade wlth phyetcal model resuLts obtained eore years ago for an oil tanlcer
berth ln Milford Eaven. SEIPMOOR wae found to provlde a good reproductiou
of maximuo moorl.ng line loads caused by passlng shipe. But regults were
eeasltl 've to atartiag conditLons in the sLmulation and further etudy of this
aspect is Lu progresa.

The results of tbe above appllcatlona to problems of practlcal interest are
eucouragLng and extensl.on of SErpMooR to eneble frequency dependeut
hydrodynauic coefficlents to be repreaented is undeiway unaei tnre
contract. This will enable slmulatlona to be carrLed out with llnear
random wave forclag.
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INTRODUCTION
There is an increaslng dernand from the designers of
harbours and vessel moorings for rnathematical models
of moored ships. Used in conjunct ion with sul table
mathematical  nave predict lon rnodels,  a moored ship
model wi l l  forecast l lkely ship movenent.  This wi l l
enable the designer to make a f l rst  est imate of such
things as the breakwat,er protecElon required in a
proposed harbour or the l lkel ihood of a ship ts loading
and unloading being disrupted by excessive shlp
movement,  ie berth "downtime". These faetors
cr i t i ca l l y  a f fec t  a  por t  o r  ber th rs  v iab i l i t y .
Designers can use maEhenatical  models to assess
layouts  aE a  feas ib i l i t y  s tage and to  tes t '  poss lb ly
many,  a l te rna t ive  proposa ls ,  inc lud ing  d i f fe ren t
sL tes ,  un t l l  p re fe r red  op t lons  emerge.

At an early design stage of a project there ls usual ly
insuff lc ient funding avai lable to carry out a physical
model LnvestLgat ion whlch, al though providing a
couprehensive descrlption of both harbour response and
moored ship behaviour, becomes time consuming, and
therefore expensive, Lf a signiflcant number of
different options have to be considered. On the other
hand nathematLcal models, which can describe to a
reasonable accuracy the most lmportant effects already
idenclfled in nany previous random vave physlcal
model-s, allow nany dlfferent Parameters to be varled
at minimum cost. Such nodels can be used Eo good
effect to narrow down the number of possible opt lons.
This leads natural ly to the use of a physical  model '
at  a later stage ln design'  to provide more detai led
hydraulic information on a reduced number of options.

It night be thought t,hat variatlon in the size of
ships would preclude a meaningful description of the
motions of a moored ship in any partieular harbour
because of the inpossibl l i ty of  eovering al l  cases:
this is not true. It may have been true twenty or
thirty years ago when general cargo vessels of many
sizes were the norm. But now berths are usually
designed for a part icular tyPe of shlp, examples being
container vessels and ro11 on/rol l  of f  ferr ies. Thus,

the standardisat lon in vessel s ize which has already
occur red  w l l l  normal ly  a l low a  rdes ignr  vesse l  to  be
def ined for any part icular berth within a harbour '

Whi le a revolutLon has occurred in vessel type over
recent decades, the same cannot be said for vessel
moorings. Ilowever, operaLors are becoming a\trare that
berthing and mooring teehniques wl l l  have to lmprove'
Berthing and noorlng has now become the most labour
lotensive part  of  a vesselrs passage since electronic
controls in modern ships have reduced the size of
crews needed whl le the vessel is at  sea. Better
moorings will further reduee the man Power needed.



The merchant fleets of the developed world will then

be able to make the reductions lo crew cosLs whlch

Lhey need l f  they are to compete effecEively with the
lower man power coaEs in the fleets of developing
couot r ies  (Ref  1 ) .

Bet,ter moorings have the addltlonal advantage that
berth tenability in exposed harbours will be improved'
And in newly proposed harbour extensions and proposed

new harbours i t  may wel l  be posslble Eo accept less

shelter of  berchs than would be the case wlth exist ing
mooring pracEices. Breakwaters are expensive to bui ld
in the deep water needed for large modern shlps'
Reduced need for shelcer could wel l  rnake al l  che
dif ference between a proposal being feasible or not
(Ref 2).  Thus, the cirne is r lpe for development of

iroproved noorings and, with such development,
standardisat ion in mooring design wi l l  inevi tably
fol low. As part  of  this process, Ehe nodel l lng of

vesseL moorings can be expected to assume increased
significance with comPuter sinulatlons ln the tine

domain playing an lmPortant role.

To satlsfy the requlrement for mathematical nodelling

of waves ln harbours, and ships moored in waves, HR is

undertaking a 3 year research programme with DoE

funding covering the perlod 1985 to 1988'

In one contract (PIF No IfR 2/8) a cooputer model is

being developed whlch is eapable of describing both

the nain or primary wave activlty ltithin a harbour and

associated long period disturbanees (such as
set-down) due to rtave grouptng. Thls model will

extend I IRts present capabi l t ty of  descr ibing the
prinary wave disturbance within a harbour using a

computer rnodel developed under an earller research
conlract (Ref 3). Our Present qodel has been much

used in project work but it cannot simulate important

nave non-linearities identified ln random wave
physical  models;  a separate, less accurate'  long vave

model having to be used for thls purpose (Ref 4) '

AlEhough they cause smaller forces on vessels than the

primary waves, long period disturbances exci te

resonant motions of large vessels on their  moorings
and thereby cause berrh downtime. The nodel of waves

in harbours being developed under Ehe contract PIF No

ifRL 2/8 wiLl enable both prinary and long period wave

acEivi t ,y to be evaluated more accurately '  This

lnfornat ion can then be used as input to apProPrlate

mathematical  models of shlps moored Ln waves to get a

good f l rs t  es t lmate  o f  ber th  tenab i l l t y '

A second contrac! (PIF No IIRL 4/8) of whLch thls

report  forms a Part ,  is eoncerned wlth the development

of mathematlcal models of moored shlps' The work



being done under this contract falls conveniently into
trdo Btages:

1. !o calculate hydrodynanlc coeff lc ients which
control  the response of the vessel in tbe six
degrees of f reedom of movement (see Fig 1);

2. to set-up a time developrnent model so Ehat
non-l ineari t tes present in convenEional mooring
systees, eg fenders that are sELffer than mooriag
l ines, can be described.

At the eod of the present contract the work done
should enable the response of moored ships to the
pr inary  uaves  to  be 'we l l  de f lned.  Thus ,  d redged
levels of berths and navigat ion ehannels,  Eaking
account of vert lcal  vessel motions in waves, can be
def ined. In addit ion, vessel movements and mooring
Ioads at prlmary nave periods and those long period
vessel oovements due to subharmonLc response, caused
by vessel moorings being non-lLnear, can be described.
An extension of the present contract will be needed to
caleulate long perlod non-lLnear nave forces like
those due to set-down and radiatLon stress. Once this
is done the full non-linear rrave disturbance available
from the mathematlcal model of waves ln harbours, at
present under development and mentioned above, can be
used ln the shlp models.  I t  wi l l  then be possible to
deseribe moored ship response, on non-llnear mooring
systems, to both primary wave activit,y and non-linear
wave effects. This would complete the amalgamation of
harbour aad ship models needed t,o estimale berth
tenabi l i ty.

The above discussion has shown that modelling ship
uot lon uathematical ly is a three stage process; the
third stage being the extension to non-linear Iilave
f o r c e s .

The f l rst  stage is to calculate how the shlp responds
to ordinary wind generated rtaves when it is not
moored. This calculat.Lon gives as i ts results the
l inear forces waves exert  on the ship and the shiprs
hydrodynanic added masses and inerEias and danping
coeff ic ients.  These wj. l l  be needeC again at a lat ,er
s tage.  I t  i s  feas ib le  to  do  s tage one ca lcu la t ions  in
the frequency or wave period domain. Responses are
calculated by studying the effect that regular waves
of a glven period have on the ship. Forces, added
masses and lnert ias and danping coeff lc ients are
def lned as funct lons of wave period.

The stage one uodel UNDERKEEL which ls under
developuent in the present contract bullds upon a
mathematical rnodel of pitch and heave (Fig 1) which
was deveLoped under a prevlous research contract (Ref



5).  This model  has a l ready been used to good ef fect

in  pro ject  work to determine a safe underkeel
a l lowance for  very large vessels (draughts up to 22n)

in the Dover Stra i t  (Ref  6) .  Under Lhe present
research contract  the renain lng four  degrees of
f reedom (ro11,  surge,  sway and yaw) wl l l  be deser ibed
( f ig  1) .  The nodel  ls  speci f ica l ly  deslgned to deal
wl th vessels wi th snal1 underkeel  c learanees,  le  the
typleal  case in coasEal  naters.

Unmoored ships respond to wind generated waves of
fa i r ly  shor t  per lod (up to about  twenty seconds)  -

these are t ,he waves which are v is ib le to anyone on the
seashore.  But  for  most  uodern commercia l  sh ips at
conven t i ona l  moor ings ,  l ong  pe r l od  osc i l l a t i ons
(per iods longer than Ewenty seconds)  are more
signi f icant .  This  is  because for  movements in  the
horizontal plane (ie surge, sway and yaw) the
restra in ing forces act ing on the ship ar ise f rom i ts
moor ings.  Moor lng ropes act  l ike spr ings ln  a
spring/nass systeln. Commercial vessels have l 'arge
masses. As a result, the systeln has a long resonant
per iod -  typ lcal ly  betveen 20 seconds for  a 51000

tonne displacement vesseL and over 2 minutes for a
very large oi1 tanker or bulk carrier. I lydrodynamle
danplng on the ship at these long periods is snall.
Conseguently, even small long period forces acting on

a large shlp can set  up resonances ln these hor lzonta l

modes of  mot ion.

Long period ship motlons are not, normally caused
direetly by wind generated nater waves. They are more

likely to arise from non-linear effects due to wave
grouping ( th ls  is  i l lust rated scheuat ica l ly  in  F ig 2) .

One of these ef.fects leads to small varlations in
water surface elevat,ion known as set-down beneath wave
groups.  Set-down ls  a depression ln  the mean water

sur face under groups of  large l taves.  I t  ls  detectable

by instrunents although not noticeable to the naked

eye. And set-down is known to be capable of drlving

long per iod shlp oscl l la t lons both d i rect ly  (Ref  7)

and v ia harbour resonance (Ref  8) .

The re  a re  a l so  i n te rac t i ons  l i ke  rad ia t i on  s t ress  (Re f

9)  which cause forces associated wi th wave groupl-ng

whenever s igni f icant  d i f f ract ion occurs around the

moored ship.  These forces can be calculated only

af ter  wave d i f f ract ion around the shlp has beeo

computed.

As a l ready ment ioned,  the th i rd s tage ln rnodel l ing

moored ship not ions ls  ca lculat ing long per lod

non-linear ltave forces l ike those due to set-down and

radiat lon s l ress and th is  th i rd s tage wi lL  requl re an

extensLon of  the present ,  contract .



This reporc ls concerned with stage two' ie

calculating the responses of the moored shlp once
hydrodynanic coefflclents and forces have been
def ined. This involves addlng the forces exerted by
the shlpts moorLng to the vave forces and using the
resultant to solve the ship rs equat ions of motion. A
model ls being developed to do chis under the Present
contract (PIF No I IRI.  4/8).  This report  deseribes a

sinpl l f ied version of that rnodel,  whlch has been

cal led SHIPI ' IOOR' togecher Lt i th i ts appl icat lon to two

problems of pract ical  interest.

The theoret ical  dl f f tculry of stage t l ro is that

mooring forces are normal ly non-l inear;  forces do not

increase l inearly wlth rope extensioa or fender

compression. Even i f  the ropes and fenders can be

assumed Eo be perfect ly elast ic,  the uoorlng system is

bl l lnear raEher than truly l lnear.  Thls ar ises in

sway where the sprlng rate of the systen sil1 be nuch

larger when the ship is pressed against the fenders,

which are normally stiff, Lhan lt will be when it

moves off the fenders and is only restrained by the

relat ively softer mooring roPes.

The non-linearity of the mooring system rules out

nodelllog stage two by using the wave period or

frequency domaLn approach used for the unmoored shlp

in stage one. Frequency domain methods make the

assumptlon that a regular perlodic forcing provokes a

regular per iodic motion in response' Non-l inear

systerns do not necessarlly behave like that ' For

example, the impact oscillator (described later ln

this report) may be used to model sway in the linit of

inf inl tely st i f f  fenders and i t  responds
subharmoaical ly to regular forcing. The response is

periodic,  but i t  ls aL a longer period than the

forcing and it ls not regular.

Instead of the frequeney domaln, moored ship motions

must be calculated in the time domain' The method

proeeeds in a ser ies of t ime-stePs' At the start  of

each t ime-step, the shiprs Poslt ion and veloci ty are

known; and 1ts aecelerat ion is calculable from known

forces and mass. Accelerat ion and veloci ty are

integrated numerical ly across the t ioe-step to give

the iew shiprs veloci ty and poslt ion at the end of the

t ime-step. This new poslt ion and veloci ty then become

the ini t la l  posl t ion and veloelty for the next

t ime-s tep .

The iupact osci l lator whteh is a l in i t ing ease of a

vessel swaying agalnst fenders l l lustrates anoEher

important asPeet of non-l lneari ty apart  f rom l ts

influence on modelllng technlques' lJhat tends to

happen ls that any swaylng shlp w111 bounce off lts

fenders and return after an lnterval given



approxlmately by the natural sway perlod of the
mooring. In some cases, the net effect of  wave
forcing durlng the bounce ls to feed energy into the
shlp rs motion; thls energy ls not dlssipated during
the ship rs relat lvely br lef  per iod of contact wlth the
fenders. So the ship starts on i ts next bounce wlth
more kinet ic energy than Lt started wlth oD . l ts last
one. The result is a bulld up of energy and hence
successively larger bounces. I t  is a resonant effect.
Like a ehtld being pushed on a swing, snall forces can
produce a large motion lf they are applied at the
r igh t  t ine .

The ship resonating ln sway is an example of
subharmonic resonance. The chl ld in the swing ls an
example of the ordinary type of resonance; the swing
moves periodical ly and force is appl ied periodical ly;

and the perlod of the forclng is the same as the
perlod of the motion. A subharmonlc resonance also
has a perlodic moELon and a periodie forcing. But in
the subharmonLc case the period of the motion ls given
by an integer rnultiple of the forcing perlod. This
explai.ns how a fairly short perlod forclng given by
wave action can resonate with the long natural sway
perlod of a large moored ship (Ref 10).

Subharmonic resonance ls therefore interesting from
two points of v iew. There ie a pract lcal  interest
because it can cause large ship movements which can
damage uoorings. And there is a theoretieal int,erest
beeause l t  Ls an effect due to non-l inear uoorlngs.

These two aspects of interest are ref lected in the
treatment given to subharmonic resooance in thls
report. This forms the first application of SIIIPMOOR
whleh ls descr ibed in Chapter 3. There is f i rst ly a
theoret lcal  invest igat lon which uses a sinpl i f ied
model of the swaying shlp ( ie the inpact oscl l lator) .
The inpact oscillator represents the case of
inf ini tely st i f f  fenders; the ship bounces off  then
inst.antaneously wlch the same sway speed at which it
hit then. These siroplificatLons are dropped in the
pract ical  Lnvest igat ion. Thls lncludes the effects of
f ln l te fender st i f fness and the ship rol l ing as wel l
as swaylng.

In carrying out Ehls work l t  has been possibte to
investlgate subharmonic responses Eo random wave
forcing. This shows Ehat the fear expressed in some
recent work (Ref 11),  that subharmonic resPonses can
be missed ln sinulat ions i f  a conprehensive set of
ini t ia l  condit . lons is not,  considered, ls unfounded.
Whlle true with regular wave forclag tt appears that
random wave forclng ensures that all the possible
subharuonlc modes occur durlng the slnulation in a
stat lst ical ly meanLngful  way. In part lcular,  provided



TEE TIUE
DEVELOPMENT
- SEIPUOOR

simulations of long enough duration are made, a stable

est imate of  the standard devlat ion of  the t ime ser ies
of  vessel  mot l -on is  obta lned i r respect lve of  the
in i t ia l  condi t ions.  In  addi t lon,  random wave forc ing
appears to lead to a sEat ls t lca l  f ramework for  the

descr ipt ion of  ext reme movements in  terms of  the
standard deviaEion and average per lod of  the mot ion.

Thus,  the chaot ic  behaviour  descr ibed tn Ref  11 wl th

regular  wave forc iog does not  apPear to lead to any
pa r t i cu la r  d l f f i cu l t l es  l n  desc r l b i ng  the  s ta t i s t i cs
of exEreme movemenls once random wave forcing (the

more  rea l l s t l c  case )  i s  used .

The second appl icat ion of  SHIPMOOR is  to the case of  a

moored ship being passed by another  ship;  the wel l

known "passing ship"  problern.  The d is turbance in the

htater  due to the passing ship wi l l  cause movement of

the moored ship. This movement can be large enough to

somet iues cause moor ing l ines to Part .  I t  has been

nodel led mathemat ica l ly  us lng daEa to rePresent
real is t ic  sh ips and moorLngs.  Resul ts  are presented

ln Chapter 4 of thls report where comparisons are
presented between SHIPMOOR and a physical model
invest igat ion carr ied out  at  l tydraul lcs Research in to

passing shlp problems in Mi l ford l laven (Ref  12) .

UODEL

SHIPI{OOR has been developed at IIRL to do stage two of

the modell lng process outl lned in the introduction.

Given character is t ies of  a ship rs  moor ing system and

the ship i tse l f  and wave forces act lng on the ship '

the model  wl lL  solve the shiprs equat ions of  mot ion

and hence calculate movements and mooring loads.

Because the moor ing system wi l l  general ly  be

non-liuear, this solution has to be done in the time

donain.  The acceLerat , ions and veloc l t ies of  the ship

are in tegrated suecessively  across a ser ies of  t ime

steps to compute the shlps motion. The Tine

Development  Model  does th is  us ing a mul t i -s tep '

f ou r th -o rde r ,  p red i c to r - co r rec to r  a lgo r l t hm (see  2 .4

f o r  d e t a l l s ) .

I n  t h i s  sec t i on  o f  t he  repo r t ,  t he  sh ip  r s  pos l t i on  and

or ientaEion wi l l  be denoted by a s ix  component  vector '

x .

x  I  = surge posi t ion of  sh iP
x 2 

= sr{a}  posl t lon of  sh iP

x 3 = heave posi t lon of  sh iP
x4 = ro11 or lent ,at lon of  sh iP

x5 = p i t ,ch or ientat lon of  sh lp
x5 = yal f  or ientat lon of  sh iP



2 .1  Sh lp  dynamics  and
i ts  equat ion of
mot . ion

We use a t ine var iable,  t ;  a  '  denotes a t ime

der lvat ive,  sor  for  example:

* ,  =  su rge  ve loc i t y
* ,  =  su rge  acce le ra t i on .

And we deflne a 6 x 5 inertla matrix, { ' whLch

couta ins the ship ts  d isp lacemenE mass
(Mt I  =  MZ2  =  M33) ,  momen ts  o f  i ne r t i a  (1144 ,  1 "155 ,  M55)

and producEs of  lner t la  ( l ' [ r *s  = Me 4) .  A11 other
conponent,s are zero for a normal ship lf the moments
and products of  iner t la  are laken about  Ehe ship rs

centre of  mass.

We can define the ship ts 6-component nomentum vector
(3 conponencs of linear momentum plus three components
of angular momentum) as a natrix product of [' and *:

E = ! 1  i ( 1 )

Newtoats seeond law appl les. Assumlng that the shiprs
moments and producte of inertia have been taken about
el ther a sEat lonary pivot or i ts ceDtre of mass, we
can wri te the ship fs equat lon of motion. Using F ro
represent the external forces and monents aeting on
the ship:

E = F ( x r * r t ) ( 2 )

In SHIPMOOR it is assuned that the linear motlons of
the shlp (surge, srf,ay, heave) are smal1 compared to
the shiprs length, beam and draught.  RotatLons (ro11,
pitch, yaw) are also assuned to be always snall
angles. With these assumPtions, we can wrl te:

g=g*'

gr = I  (x ,  i ,  t )

( 3 )

(4 )

The external force, F, includes forces due to a
var ie ty  o f  hydrodynamic  e f fec ts .  We can ident i f y :

( i )  A  hydrodynamLc iner t ia  fo ree ,  A  i ' .A  i s  a  6  x  6

natrix containlng the shlp rs h:ydFodynanic added
oasses  and iner t ias  (see 2 .2) .

( t i )  I lydrodynauic danping, 9(t t ) .

( f l i )  The fo rce  exer ted  by  wave ac t ion ,  g ( t ) .

And F also lncludes:



2.2 llydrodynarnlc
fo rces

( iv) The buoyancy forces and r lght lng moments, h(x).

(v )  Moor ing  fo rces  and moments ,  g (x r : t ) .

I t  ls convent ional to t . ransfer most of these forces to
the lef t  hand side of (4).  The basic equat lon of
mot ion  is  there fore :

(M+a) !' + q(!) - g(x,!) - r'(:) = gr) (s)

i lydrodynamic forces are forces associated wlth the
f los  o f  water .  In  equat ion  (5 ) ,  Ehere fore ,  the
hydrodynamic forces act ing on Ehe shlp are represented
by rhe terus involving:

f - the wave forcing force
g - t t"  damping force

A 
- the added inert ia matr ix.

These hydrodynamlc quantlties are all calculated ln
stage one of the three stage moored ship modelling
process outlined in the lntroductlon. IIR has a nodel
under developnent to do the necessary calculations but
onLy those for heave and pitch have been completed Eo
date (Ref 5).  An al ternat ive approach using a souree
method has beea developed (Ref 13) but this method is
cost ly in computing t ine and also causes dl- f f icul t les
when appl led to cases with smal l  underkeel c learance.
IlRfs model is intended Eo overeome these problems.

Both nethods are based on finding approxlmate
potent ial  f low solut ions for regular osci l latory f lows
around the ship. Whichever rnethod ls used, the flow
around Ehe ship is found in terms of a potential
funct ion, 0(r ,  t ) .  (The vector r  is being used here
to synbolise positLons ln space in and around the
hul l .  )  I laving calculated the potent ial ,  Bernoul l i  rs

equat ion gives the pressure, p:

P ( r ,  t ) , r  (V0 )2 ( 6 )

I lere,  we drop the secoad term on the r ighc hand s ide

which is  quadrat ic  in  veloc i ty  but  in  the th i rd s tage

of  development ,  where non- l inear  wave forees are
needed,  th ls  tern wi l l  be reta ined.  For  the t ime
being,  therefore,  SHIPI ' {OOR uses a l inear ised pressure

equa t i on :

1
F

a0-*-

=^00'EP ( r ,  t ) ( r ,  t ) ( 7 )



And since the flow is assumed to be regularly

( 8 )

osci l la tory,  we can show the t lne dependgnce of  both

quant i t ies by an exponentLal  funcElon,  e-* :

p ( r ,  t )  =  P ( r )  e i d

0 ( r ,  t )  =  ( r )  e l d

(7)  becones:

P(!)  = iop ( l )

Integrat ing thls Pressure over the hul l  surface gives

the iotal hydrodynanic forces and moments acEing on

the  sh ip .

The same basic method works for calculat ing al l  the

hydrodynamic quant i t ies; f ,  D and A' -  Calculat ions

aitter- only ln the flow condtttons Fhich are assumed

to  app ly .

Wave forcicg ls calculated assuming that the shLp is

statlonary and with a known regular wave fleld

propagatl-ng past it. The potentlaL fl-ow calculatlon

i ives-t te l i i t t "" t"d wave f leld near the huLl and

hence the Pressure it exerts' Integrating the

Pressure gi.tes wave forel-ng directly' Random wave

iorcing and forcing by nulit-dtrectlonal- rtaves can be

slnulaied by addini ftrces due to different frequency

and directional comPonenEs'

Darnping and added inertia are found by considering the

fortes actlng on a ship whl-eh is ln regul-ar

osci l latory not ion. far f rom the ship, the water is

assumed to be st i lL.  But close to the ship'  l ts

motlon causes regular water waves radiating away from

it in some roughiy clrcular pattern' Potential flow

calculat lon gives- the water i low associated with these

waves and hence the pressures, forces and moments on

the ship.

We can separate Ehe calculated polent lal  f low forces

into two phase components' The component in phase

wlth ship acceleral ioo, we cal l  the hydrodynamic

inert ia force. And Ehe cornponent in phase with

veloeity, we call the hydrodynarnlc dauping'

BoEh conponents are l inearly proport lonal to- Ehe

motion whlch causes then' But there is coupling

between motlons; for example, a Eurge motion wi l l

usually cause a heave forcl and a pitching noment ln

a d d l t l o n t o a r e a c t i o n f o r c e l n s u r g e . W e e x p r e s s
this coupl lng and the l inear ProPort lonal l ty by

mat,rlces. Thus the added lnertia Batrixt {' exPresses

the l-nert la force:

t 0



Iner tLa  fo rce  =  A* '

And the danplng coeff ic ient matr lx,  B, exPresses the
daoping force:

Danping (= g(*)) = 
E I

These matr ices are funct ions of  the f requency of  the
sh ip rs  osc i l l a to ry  mo t l on .  Bu t  l f  t r ea ted  as
constants,  they wi l l  approxiBate lner t ia l  and danping
forces for  mot ions c lose in  f requency to the f requency
for shich they rvere calculated. They can thus be used
wheaever the shipts mot ion has a narrow f requency
band.  Using the constant  matr lx  approximat ion,  the
equa t l on  o f  r no t i on  (5 )  becomes :

(M+g) I ' *g i -g (x , " ) - t ( " )= ! ( r )  (9 )

Although t t  is only an approxlmation, (9) has the
advantage over the al ternat ive exact formulat ion (Ref
13) of necessitat ing far less computat ion. I t  ls
therefore more economical to use. For this reason,
and because they are adequatel-y accurate for
quaLitative research, constant mat,rlces were used in
both appl lcat ions of the model descr ibed in this
report .  This sirnpl i f ieat ion wi l l  be dropped in future
work to be carried out using frequency dependent
hydrodynamic coef f icients .

It shouLd be noted that the hydrodynamic forces whose
calculat ion is descr ibed here are completely l inear.
Their fu1l analysis would involve a number of
quadratlc and higher order t,erms in wave helght and
ship movement. These have been neglected here. This
approximation can be justified by invoking Ehe two
assumptions that wave helght is much less than
wavelength and ship movement is much smaller than ship
dimensions. Some of these non-linearlties however,
have important ef fects at low frequencies. As
explained already these would be covered by stage
three of the moored ship nodel l tng process but their
descr ipt ion lLes beyond the scope of the present
cont rac t .

2 .3  l " Ioor ing  f  o rces
Non-l inear effects are included ln calculat ing uoorlng
forces. Rotat ions of the ship in rol l ,  p i tch and yaw
are assumed snal l .  Hysteresis effects in mooring
l lnes and fenders are neglected. But SHIPMOOR does
al lor the force in a moorlng l lne or fender to be a
non-l inear funct lon of l ts extension or conPression.

This functLon nay be expressed within Lhe mathematical
model in either of two ways. it nay be by an
analyt ical  funct ion. Al ternat lvely,  i t  can be via a
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tab le of  load/extension data read into and stored on
the computer.

Calculat ing noor lng forces is  therefore s inple once
rope ext,ensions and fender compressions are known.
The naln purpose of SHIPMOOR ls to calculate these
exEensions and conpresslons.

Calculat ion is  conpl icated by the models us ing two
di f ferent  co-ord lnate systems.  The posi t lon of  the
shlp ln  surge,  sway and heave ls  best  consldered
relat ive t ,o  axes f ixed in  the ear th.  This is  a lso the
obvious f rame of  reference for  locat ing a l l  moor ing
anchorages on the quay-s lde.  l ' loor ing at tachnents to
the  sh ip ,  on  the  o the r  hand ,  a re  obv lous l y  be t te r
located in  terms of  thei r  posi t ion on the ship.  This
gives another  co-ord inate systet r  which uses axes f ixed
relat ive to the ship.  We also use th is  seeond
co-ord inate system to express the ship rs  rotat ions in
ro11,  p i tch and yaw.

The origLn for the axes in the ship ls taken to be at
the ships centre of  rotat lon.  This ls  usual ly  l ts
centre of mass. Occasional cases have a fl-xed
pivotlng point about which the ship rotates; thLs
polnt can be used l-nstead. Any arbltrary origin can
be used for the axes fixed in the earth.

Both co-ordlnate systems are assumed to be
r ight-handed.  Rotat ions are taken to be posi t ive when
they are in a clockwise dlrection viewed along the
axis of rotation looking towards the origin.

I t  16 of ten necessary in  SI I IPMOORTs calculat ions to
express a posi t ion which has been speci f ied in  one
co-ordLnate system in tenns of  the other .  For
example, one frequently necessary caleulation is
f ind ing Ehe st retched length of  a moor ing rope.  We
knov the position of the end of the rope attached to
the quay. And we know the position of the other end
too.  But  the quay-end posl t ion is  in  ear th-based
co-ord inates and the ship-end posi t ion ls  ln
ship-baseC co-ordinates. We have t,o use our knowledge
of  the shlps posi t ion to express Ehe ship-end posi t lon
in t ,he quay-endrs co-ord inates.  We can then easi ly
f ind the d is tance beEween the two ends of  the rope -

ie  l ts  s t retched length.

Transforming between the two co-ord lnates systems is
grear , ly  s tnpl i f led by assuming that  a l l  the shiprs
angles of  rotat lon are sna1l .  Denot lng ro11,  p i tch
and yaw by 01, Q2, q, and surge, sway, heave by s 1,
s '  s z  ( s e e . F i g . l ) ,  w e  c a n  e x p r e s s  a  p o s L t l o n  o n  t h e
shlp (  g ' r ,  E; ,  g j )  as a posi t iou re lat lve to ear th

co-ord inates (  81,  Ez,  Ea) :
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92

Es

The

t

s r

, 2

s3

i s :

= E t -  QzEz+ 0g  Ez+
t r l= Ez. -  0s  Er+ 0r  Ea+
t t t= Eg  -  0 r  Ez+  Qz  E t+

E=E,+0q0t -s
l l 2 3 3 2 t
I

€z= 1z+ 0r  Er  -  0 r  6a -  sa

E;  
=  

Es +  o : .  Ez-  oz  Er  
-  se

(  1 0 a )

(  1 0 b )

( 1 0 c )

lnverse transformation

( 1 l a )

(  1 l b )

(  1 l c )

Sini lar t ransformations are avai lable to translate
other vectors, and forces in part icular,  bet\ teen Ehe
two co-ordinate systems. Since Corlol ls and
Centr i fugal forces are negl igible because ship
movements are assumed small, force transformations are

Just rotat ions of axes si ln i lar to the posit ion
transformatl-ons above; (10) and (11).

The force whl-ch acts aLong a moorLng line ls a
funct ion of l ts extenslon. The stretched length and
hence extension can be calculated given the ship rs

posit ion and or ientat lon. Force is calculated from
the known load/extension curve of the mooring line.
We resolve the force into x,  y,  and z comPonents.
These are usable ilrmedlately to give surge, sway and
heave forces. Roll, pitch and yaw moments are
calculated fron the same force but transformed to be
re la t i ve  to  the  sh lp rs  axes .

Fender forces requLre a broadly simi lar t reatment to
mooring l ine forces. For a fender mounted on the
guay-side, compression ls gLven by the distance
between the uncompressed posit ion of the fender face
and the plane of the shiprs hul l -s ide. Al lowance is
made for ship rot,at ion. The normal react lon force of
the fender is assumed to act normal to the hull-side
plane. Dynamie fr ict ion forces can be introduced i f
wanted. They act in the plane of the hul l -s ide ln
oppos l t ion  to  the  loca l  ve loc i ty  o f  the  hu l l  ac ross
the  fender .

Natural ly,  fender forces do not act,  and neither do
mooring l ine forces, i f  calculat ion shows thaE Ehere
is no hul l  concact wlth the fender or that a
part icular l lne is s1ack.

2 ,4  Numer ica l  so lu t lon
of the equat ions
of motlon

The motLon of a moored shlp, subject to the
sinpl l fy ing assumptlons already dlscussed, is governed
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by l ts equat lon of not ioo (9).  This equat lon is
generally non-linear because it contains non-lLnear
moorLng forces. I t  ls consequent ly lnsoluble in the
frequency domaln. But a numerical solution can be
found ln the time douain by time stepplng.

Tlue stepping nechods glve the solut ion y(t) ,  to a
dif ferentLal equat l-on as a ser ies of values at
dlscrete tLne steps. Each value ln che series has to
be calculated ln turn. At the start  of  each step, rre
know the initlal value of y fron preceding
calculat lons; the di f fereot ial  equat lon glves Lts
derivat ive ! .  We integrate the derivat lve across the
time step to give y rs value at the end of t.he tine
step. This f inal  value wi l l  serve as the lni t ia l
value for the next t ime step and so the process
proceeds through t ime.

Many di f ferent t , ine stepping algori thms are avai lable;
SEIPMOOR uses a fourth-order predictor-corrector
algorithn developed by llanming (Ref 14).
Predictor-corrector nethods have the advantages of
being qulck to run and having easlly controlled
accuracy. Sone accuracy can be traded off to epeed
program running lf desired. One of their
disadvant,ages is that they can be numericaLly unstable
because of the existence of rparasi t ie solut lons I  in
some circumstaaces. The llanning scheme was chosen as
being Less prone to instabt l l ty than most.

I t  ls not sui table for start ing the calcul-at ion of the
solut ion t ime serLes. For thls reason, SHIPMOOR
aluays does the first three time steps in any run
using a Runge-Kutta scheme. Thereafter the llanning
scheme is used exclusively.

Haming rs meEhod cal-culates a time series solution
( " ' ,  Y L - Z ,  Y 1 - 1 ,  y i '  y i + 1 ,  ' . ' )  f o r  a  g i v e n
f i rst-order di f  f  erent ial  equat ion:

I  =  f ( y ,  t )  ( r 2 )

At the i th t ine sfep, al l  values in the t , ime series up
to and including y1 are known and we rsish to calculaEe
y i+ l  nex t .  Ca lcu la t ion  is  a  th ree  s tage process .

First ,  an expl ic i t  predlct ,or equat ion is used to give
a f l rs t  es t ina te  fo r  y1*1 :

t 4
r1+r  =  Y t -3  *  

"  

6 t  (2 f  ( r r ' t r )  -  f  (y r - r " r - l )  *

2 f  (Y  
,_ r , . r_z)  )

L4

(13 )



Second,  an improved est imate
corrector  equat ion:

r 9
Yi+r = 

B- Ii

f 9 r *

Yi*t = Yi.*t - 15 
(Yr+r - Yr*r)

is  got using an inpl ic i t

( f ( y i ; r ,  , i * r )  *

(  1s)

-* t r - r* |o '

Z f ( y {  t r )  -  f ( y r_ r ,  t i - l ) ) ( 1 4 )

The corrector expresslon is used l teraElvely wlt l in
the nodeL*by lnsert ing sueceesive new valuel '  

I t* t '
into f(yt f l ,  t i+L) on the r ight hand slde of the

equat lon untt l  a sat lsfactory convergence is reached.

Third and f inal  stage; the def inl t ive value for y i . , -1
is  f i xed  by  a l low ing  fo r  es t ina ted  t runcat , ion  er ro rs :

Equat lons  (13) ,  ( f4 ) ,  (15)  show l lanmlagrs  method as  i t
is appl- icable to f i rst  order scalar di f ferent ial-
equations. But it can be extended to vector eguations
ln the obvious way by lettlng both f and y be vectors.
ExEensLon to secood order systems (such as (9)) is
achieved by introduclag a further variable, u:

l l =

Then (9 )  becomes:

-  I  g )  (15)

( 1 7 )

Equation (9) ls thus equival-ent to a set of twelve
simultaneous f i rst-order di f ferent lal  equat lons which

can be solved by ltanming rs method.

Observat ion shows that  moored ships can make

substanEla l  long per lod sway movernents (Ref  10) .

These movements can be large enough Eo break the
ropes restra ln lng Ehe vessel .  I t  is  of  course

possib le for  long per lod moElons to be dr iven d i rect ly

by long perLod ldaves.  But  Ehere is  a lso a mechanism

by which sbor t  per iod waves can cause long per iod

movement; thls is subharmonic response.

dy
i - = v
d t J

(_g*g) ' i  *  E u -  g(x,g) -  t t ( " )  = g(t)

"  
=  (Eg) - l  ( r ( r )  *  g (x ,g )  +  h (x )

*=u

SUBEAR}TONIC
UOTION OF A
IN SWAY

SHIP

15



For example, a regular t,en second wave rnight excite a
moored ship and nake it sway subharmonically at a
twenty, Ehir ty or forty (or longer) second period. A
subharmonic response ls a type of per lodic response to
perlodic forcing; but lnstead of the response period
and the forcing period belng the same, ln subharmonlc
reaponse the response ls at a subharmonic of the
forclng frequency, ie the response pertod is an
integer nult ip le of the forcing perlod.

Subharmonie responses cannot occur in linear systems
because l inear systens responses are always at the
forclng frequency. But many di f ferent types of
non-l inear systems can have subharmonLc responses.

In the part icular case of a moored ship, the necessary
non-l inearl ty of t .he mooring systen ar ises from the
dispari ty in st i f fness between the fenders (which are
relat ively st i f f )  and the restraining ropes (whlch are
relat ively soft) .  Non-l lnear rope load-extension
curves or fender load-compresslon curves are not a
necessery pre-condition for subharmonic responses to
occur. They can happen even sith linear ropes and
fenders.

Physically, the subharmonic motion of a moored ship is
a ser ies of bounces against fenders. Consider,  for
simpl lc i ty,  the moLion of a ship of no rrave forces act
on  i t  (F tg  3c) .  A f te r  leav ing  the  fender  (A) ,  l t  w i l l
move for half a swaying eycle as if it were restrained
only by mooring ropes (f tg 3a).  Then (B) i t  returns
to the fender and moves for its next half cycle as lf
i t  were restralned onLy by fenders ( to C).  In
reallty, cycles wouLd repeat unt.l1 danping deeays the
motion away; the decay is not shown on this
slnpl l f ied diagram.

Note that the natural  f requency of the not ion is
approximately twice that of  the ship rs motion on i ts
ropes. Thts ls a consequence of the fenderrs being
rnuch st i f fer than the ropes so that the periods of
fender conlact are of relat ively short  durat ion (Fig
3 c ) .

'u lhen an osci l latory force ls appl ied (Fig 3d),  the
ship does not respond ent irely at the forcing
frequency as it would if the mooring forces rrere
lLnear.  Instead, the response at the forcing
frequeney Ls superimposed on a bounclng motlon at.  or
close Eo Ehe nooring natural  f reguency. The result ,  is
a subharmonlc motlon. Fig 3d shows a schematical ly
cypical  exampleg ln this case, the forclng ls at three
times Ehe natural moorlng frequency and the result ls
a thlrd rnode subharmonLc motlon.
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The mathematical theory of subharmonic motions is
greaEly slnpl i f ied l f  we assume that both fenders and
mooring l lnes have l inear load eharacter ist ics.  We
also assune that the ship rs rol l  and yaw movements are
negl lgible so sway can be considered in isolat lon.

We take sway to be ln the x direct ion" The ship wt l l
have an equi l ibr iun posit ion rest ing on the fenders;
this can be arbl trar i ly assigned as x = 0. We assume
constant (sway) added mass and danplng coeff leients,  A
and B; and a monochromatLc beam sea drives the motion

1I. ,""1l91!9ncy o._- Ropes have.a combined sr i f fness tr I ,
and tenders \2.  The sway motion equat ion i .s:

(M+A) )t' + B t + l,I x = F cos ut

( f r A )  * ' +  B  *  +  L 2 x  =  F  c o s  u t

I'Ie def lne the ship ts natural f requeney moving on its
mooring ropes, which we have already seen Ls
approxirnately half its natural bouncing frequency of
sway notion wit,h f enders:

( ,  =y '
o

Three dimensionless parameters fully describe the
system:

1=t' E=rdry%, ̂ =*

x  > 0  ( 1 8 a )

x  <  0  ( 1 8 b )

(1e )

(20 )

We wil l  refer t ,o the f i rst  parameter as the frequency
rat io in this report .  I ts physical  s igni f icance is
that it gives (approxlnately) the number of forctng
cycles in each natural  per iod between fender eont.acts.
Subharmonic response, t f  i t  occurs, norual ly does so
at the integer nult ip le of the forcing period whlch is
closest to the natural  per lod of the shlp not ion. The
frequency rat io is therefore a good guide to which
subharmonic mode ls l lkely to be exci ted.

I t  ls also an lndicator of how close to resonance the
sway ing  sh ip  i s .  Other  fac t .o rs  a f fec t  resu l ts ,  bu t  in
general  terms the closer the frequency rat io is to
being an integer the closer the ship is to a
subharmonic resonance. Through i ts resonant effect,
the frequency rat lo Ls inportant for determining the
anplltude of subharmonic responses

The second parameter in (20) fs a measure of damping
ln the system. I t  was conf lrmed during this
lnvest igat lon that subharmonlc responses are sensit ive
to danptng.
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The third parameter in (20) is the rat io of tocal
moorlng l ine to fender st i f fness. I t  is these
stiffnesses belng unequal whlch makes the syst,en
non-llnear and hence makes subharmonlc responses
posslble. With very st i f f  fenders (+<. 1) the shtp

can be considered to bounce off ttre #naers
lnstantaneouely.  This was a sinpl l fy ing assumptlon
used ln Refs 10 and 11, and i t  w111 be used in sect ion
3.1 of thl-s report .  In pract lcal  cases of shlp
movenent,  al though fender st i f fnesses are
signif lcant ly greater than l lne st i f fnesses, the
dlf ference may not be great enough for the sinple
bouncing nodel to apply and Ehe ship ulght spend a
s ign i f i can t  p ropor t , ion  o f  l t s  t ime in  fender  contac t .
The parameter therefore gives a measure:

( i )  of  the appl lcabi l i ty of  the bounding nodel
( i i )  of  the l ikely proport l -on of fender contact Lime

(i i i )  ( in a sense) of the non-l ineari ty of the rnooring
system.

We can use the three paramet,ers (20) to re-wrLte (18)
Ln a dinensionless form.

Defining dinensLonless time and space variables:

T  =  { r t  (21a)

- _ (M+A)u:2 
(2tb). r - _ . n _ ) K

(18)  becones:

dk  ,
d ,12

dk  +  E  dx

d"' n ff i

osc i l l a to rs

EdX*
n i l i '

1  x=cos  r
4n2

x  >0 (22a)

(22b)+  1  X=cos  r  X  <o
4 Lnz

3 .1  Impac t
The l in ic ing case of lnf ini tely st i f f  fenders (  A = 0)
ls ln nany respects easier Eo analyse than the general
case discussed so far.  And l t  approximat,es to the
behavlour of ships on st i f f  fenders.

Inf lnl tely st i f f  fenders cannot be conpressed.
Because of this,  the part  of  equat ion (22) whlch deals
with ship motion on the fender (X < 0) is i r relevant;
the shlp rebounds from the fenders imrnediat.ely after
contact is rnade. We assume that fenders are perfectJ-y
el"ast lc as wel l  as inf ini tely st l f f  so the ship
rebound without loss of klnetlc energy - it leaves the
fenders at the same speed as lt hlt them. Fender
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cont,act instant ly reverses
When off  the fenders, the
rem:{ns the same:

the  sh ip rs  sway ve loc i tY .
ship rs equat lon of motion

a2x
G- c o s  r  X  > 0 (  23 )

Systems l lke this one wit .h lnsEantaneous reversals of
motion on impact are sometines called impact
osc i l la to rs .

Inpaet osci l lators ar ise in many contexts as an
idea l i sa t ion  o f  a  phys ica l  p rocess .  They  o fEen have

subharmonic motions associated with them.

Thompson et aI  (Ref f l )  did an extensive Lnvest igat ion
of subharmonLc motlons of a single point mooring using
an impact osci l lator mode1. Another i rnpact osci l lator
invest igat ion was done earl ler by Lean (Ref L0) '  The
followl-ng subseccions of this report describe an
investl.gatlon done at ItR. Thonpsonrs flndings were

confirmed. And additional results were obtained, in
partlcular se calculaEe resPoDses Eo random wave
forclng whl-ch, to our knowledge, is something no
previous authors have done for impact oscillaLors'

3 .1 .1  Impact  osc i l la to r  mode l

The investigation used a time-stepping numerical model
of the impact oscl l lator to solve (23).  Because of

the impact osclllator rs singular behaviour at fender
impact, SI{IPMOOR could not be used; a simpler model
was used instead. I t  proceeded in a ser ies of t ime
steps (of length 6),  integrat ing across each in turn

by the Runge-Kutta-l'[erson method to give an

a p p r o x i u a t e  s e r i e s  s o l u t i o n  t X t ,  X  2 ,  X 3 ,  " ' ,  X i ,  " ' )
a i ' t i n e s  { 0 ,  2 6 ,  3 6 ,  . . . ,  i 6 ,  . . .  } .  T h e  s i g n  o f  t h e

solution Xi was checked at each steP. Impact
osci l lator rules require X to be postt ive. I f  i t  had
gone negaEive, a fender contact had occurred at some

time in the previous time steP. The exact tlme of

contact and veloci ty at that t ine was found'
Calculat lon of the solut lon then resumed from that

contact t ime but with the veloci ty reversed ( ie

pos l t i ve)  so  reproduc ing  the  impact  osc l l la to r '

This nethod dl f fers fundamental ly from the method used

in Refs 10 and 11. Lean (Ref l0) used a technlque
based on harmonie analysls of the response'
Thompsonts method (Ref 11) rel ied on an extrapolat ion
of the knorsn analyt ic solut ion to (22) from one impact

to Ehe next.  Both chelr  metbods are deslgned for use

with regular sinusoidal forcing, neLther wl l l  cope
easl ly with a random forclng Eerm. We wished Eo use

random forces. Hence the use here of a tlme-stepping

E d X- - r - f
n  o r ft*=
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procedure ivhich is versati le enough to include a

randornlsed force.

Random force time serles rtere created for use ln the

model  by Four ler  EransfornLng a set  of  complex FourLer

coefficients of random phase but conforming to known

spectra l  anpl . i tudes.  Gaussian spectra were used:

s ( f )  = 1

ETo

G - f  ) 2
exP (- -TV-> (24 )

#
o

Spectra l  peak f requency,  fo ,  was f ixed at  one cyc le

pe r  s i x teen  t ime-s teps .  Spec t ra l  w id th ,  6 '  was  chosen

to g ive a spread of  f requencies s imi lar  to  Ehat  found
ln natura l  sea waves:

o.26 (25a)

(2sb)d = 0.01625 cycLes/t ime step

Fourier transforming these derlved coeffielents gave a
pseudo-random force t ime series which repeated i tsel f

every 4096 t lne steps. I t  could be used' with
interpolation whenever neceasary' for the forcing term
on the r ight hand side of (23).

The or iginal  def lni t ioa of the frequency rat io '  r ;  (Eq

20) is str ict ly speaking only appl icable to a
regularly forced subharmonie motLon because it
includes the regular foreiog freguency. It needs
adaptation for use Ln random forcing. The sfunplest
re-def ini t ion avai lable is to def ine i t  by the mean
frequency of the forcing sPectrum' le fo ln (24).

Frequency ratio thereby becomes the ratio of fo to the

natural frequency of the nooring system ln random
s e a s .

3 .L .2  Responses  to  regu la r  fo rc ing

Thonpson 's  de ta l led  inves t iga t ion  (Ref  11)  p rodueed

many results uslng regular forcing of an lmpact
oscl l lator.  Some are reported here part ly for thelr
Lnterest and part ly because we reproduced them using
our lmpact oscl l lator uodel as part  of  i ts proving

Proces  s .

Thompsonrs lnvest igat lon showed that regular
subharmonic motlons are at Ehelr largest at near

d o
n=t

o
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iotegral  values of n.  Thls result  night be expected;
the peaks are presunably due to subharmonic
resonance.

He then did further invest lgat ion to i l luninate
response behavl-our at non-integer 11 values. AtLenEion
concentrated on frequency ratios ln the range bet,ween
four and f lve using a danping coeff lc lent E = O.2.

At a frequency rat lo of four,  the response r las regular
fourth node; ie (after an inLt ial  sett l ing perlod)
the motion was a succession of ldent ical  bounces each
wi t ,h  a  per iod  o f  four  fo rc ing  cyc les  (F tg  4a) .  Th ts
type of response cont inued for al l  11 values up to
4 .260 (F ig  4b) .  Near  th is  va lue ,  Ehere  was a
b l fu rca t ion .  A t  n  =  4 .262,  a  d i f fe ren t ,  response
pattern had set in;  the motion l tas s8111 a ser ies of
bounces with periods of about four forcing cycles, but
only alternative bounces were the sarne (Fig 4c). The
repeating perlod of the response had become elght
rather than four forclng cycles; the motion ltas
Lherefore eighth rather than fourth mode. Another
bi furcaEion to a sixteenth node response (Flg 4d)
occurred at 1 d 4.296; and another ( thlr ty-second
n o d e )  a t  n . 4 . 3 0 5 .

Coning down from I = 5, only one bi.furcation was
ldent i f led .  A t  r  .4 .555,  the  response changed f rom
fi f th to tenth mode.

Responses around \  = 4.5 were chaot ic.  This term ls
used (Ref 11) when there is no periodic repet i t lon of
the response (Fig 4e) and dl f ferent solut ions start ing
fron sl ight ly di f ferenc ini t ia l  condit ions would
alvays diverge so that srnal l  in i t ia l  dl f ferences would
become larger after a Lime (Ref 11).

Thompson also noted that, even Lf a subharmonlc
response solut ion dld exist ,  i t  would not necessarl . ly
be found by start tng fron any ini t ia l  condit ion. Some
ini t ia l  condit ions lead Eo other Patterns of motion.
These are likely to cause smaller movements than the
subharmonLc motion would. Thompson, therefore,
expressed concern that experimental  workers could miss
potent lal ly dangerous large resonant resPonses by not
try ing a comprehensive range of ln i t ia l  condit lons.
We will show thls concern is unfounded when random
wave fo rc ing  ( the  rea l i s t l c  case)  l s  used.

3 .1 .3  Responses  to  random forcLng

In the real world, swaying ships are drlven by the
forces of random not regular waves. Responses to
regular forcing therefore, although they rnight be of
theoret lcal  interest,  are not necessari ly of  pract ical
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Lnportance. I ' Ie wanted to lnvesEigate the pract ical ly

more relevant resPonses to random forces.

Our procedure for generating random forces has been

ouc l lned in  3 .1 .1 .  Severa l  fo rce  t ime ser ies  were

generated, each one ldas dl f ferent ( ln phasing of

-orpott"ttts) but all had the same spectrulu (Eq (24) and
(25) ) .  Us ing  Ehese fo rce  t lme ser les ,  two se ts .o f
experimental  runs were calculated; one at I  = 4'0,
the other at 

-1 = 4.5. Both these runs used the

dauping parameter of E = 0.2. A thlrd set of runs \Jas
naae wft i r  1 = 4.5 and double the danping E = 0'4 '

Each forcing sequence was 4096 t ine steps long'  We

found that, ,  af ter running through a forcing sequence

a few t imes, the resPonse sequence eventual ly sett led

into a l ln i t  cycle of length 4096 or 8L92' Responses
would thereafter repeat ad inf inl tum, le for as long

as the foreing sequence was repeated.

The same linlt eyele was reached for a given forcing

seguence regardless of in l- t iaI  condit ions'  Thus, the

chaotic responses found ln regular rtaves (Fig 4e) do

not appear to disrupt rePeatlng cycles of random wave

foreing.

The pressure of the inpact osci l lator great ly

ragnif ied response anpl i tudes; resPonses to Ehe unit

rns forcing would have had rms values of about 6 ot 7

unlts without it but actual rms responses averaged
f13.6 for 

-n = 4.0 and'  L29.9 for 
-n= 

4'5 (both wtth

d a m p i n g o f  E = 0 . 2 ) .

Despite the response at 
-n = 4'5 being sl ight ly larger '

the  responses  a t  i  =  4 .0  and t r=  4 '5  appear

qual i tat ively slni lar (Fig 5).  There is certainly no

cl ." t-cot disginct lon l ike their  di f ference under

regular forcing where I  = 4.0 gives a resonant '

regular fourth mode response (Fig 4a) and 1 = 4'5

gives a chaot lc one (Fig 4e).  Under l rregular

iorcl-ng, both gl-ve responses which aPpear to be

sintlaily random. Glven that the force spectruo is

broad entugh that,  for a nominal value of T1 = 4'9,  i t

wi l l  contaLn sizeable components at values out to n =

3 and n = 5 and beyond, this is perhaps not

surpr is ing. The inf luence of any one frequency

component wl l l  be srnal l  in the overalL effeet '  An n =

4.5 conponent wLl l  be present ln the force spectrum in

runs at a mean tr= 4'0 and vice-versa'

Phys ica l l y ,  sec t ing  i  =  4 .5  ra ther  than 7 l=  4 '0  fo r

the same forcing spectrum corresPonds to using less

sElf f  roPes. The softer ropes wi l l  a l low the ship to

move further out for the saue force and simultaneously

l-ower the uoorLngts natural  f requency'  These effects

are detectable ln the lmpact oscl l lator results '
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Larger values of n cause a lowerLng of the resPonse

frequency and they allow larger movenents.

But lt ls the extremely large srray ltrovements of a ship

which endanger l ts  moorLngs'  not  the averaged s ized

ones.  we want  to be able to predlct  how large a

movement rte are l ikely to get in a given sPan of t iue.

For  th ls ,  we have to der ive the probabt l i ty

d is t r ibut lon of  the shlprs exEremely large movemenEs'

A possib le d ls t r lbut lon,  of t ,en used to predlct  such

things as maximum wave heights, ls the Gunbel
d i s t r i buc ion :

P ( h ) = r - e x p ( - n e x p  ( * ) ) (26 )

The distr ibut ion can be l-nterpreted in the context of
our suaying ship as; i f  o2 l t  the shipts mean square
distance from the fenders, Lhen P(h) is the
probabi l i ty of  sway ever exceeding a distance h from
the fender in a time which includes n fender
contaccs.

The applicability of the theory was checked by makl-ng
curnulat ive probabl l i ty plots (Figs 6 and 7).  Overal l
response maxima over 2048 successive time-steps are
p lo t ted  aga ins t  a  logar i thn ic  sca le ,  -1n( - ln ( I -P) ) .

The plots should theoret ical ly fal- l  ln a straight l ine
l f  the Gumbel distr ibut ion appl ies. The theoret ical
line shown in each plot is that defiined by equatlon
(26) using the a'v"r"g. values of o2 and n from each
set of runs. As can be seen, a least squares f i t
curve through Ehe data does indeed correspond-closely
to  the  theore t ica l  l ine  fo r  bo th  1  =  4 .0  and 1  =  4 .5 .

One can therefore use the Gunbel distr ibut lon (26) to
predict extreme sway motions in irregular seas once 6
and n are def ined.

This result  is of  considerable slgni f lcance as l t

i rnpl ies chat the usuaL Gausslan stat ist ics apply to
the case of a ship svaylng against fenders. This is
in spi te of the non-l lneari ty displayed by rhe impact
osc l l la to r  under  regu la r  wave fo rc ing .  In  par t l cu la r ,

E,he fear expressed by Thornpson (Ref t l )  that
simulat ions (computer and tank tesEs) could nlss
subharuonic responses, i f  a eonprehensive set of
lnl t ia l  condlt lons is not considered, only appl ies 1f
regular wave forcing is used. With random wave
forcing we have shown that a meaningful  value of ' the

rms of the response ls obEained in that Ehls value
together wlth the average number of fender inpacts in

a given t ime lntervaL al lows the probabi l i ty
distr ibut ion of extreme vessel movements off  the
fenders to be described.
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3.2  SLmula t ions
uslng SIIIPMOOR

The flnal polnt that can be nade concerns the
uncertalnties that occur ln the rms response. The
average error (neasured deviation fron the mean rms
obtalned by averaging over the set of rns) Ln the rms
values for the runs wlth 

-n = 4 and 4.5 and with a
danping parameter E = 0.2 sas 9i(  co LO%. I t  is
enphasl-zed that thls is the average error in the rms
value from a slngle run (the error ln the average rus
value calculated fron t.he set of runs can be expected
to be nearer 2 to 3%). The relat ively high
uncertaLnty ln rms values from single runs reflects
the relat,lvely low danping parameter used in those
cases .  The e f fec t  o f  th is  l s  to  g ive  a  re la t l ve ly
narrow response functlon which in turn means that long
randoo sequences of waves are required for forcing i f
good coverage of the response funct ion is co be
obtained in frequency spaee which i tsel f  wi l l  y ield a
stable rms value. A theoret ical  est lmate of the
average error that can be expected Ln a single run is
about 7Z which is not too different, from rhe observed
error of 9 to 102. To test this idea further a third
set of runs was carried out with tr = 4.5 and with
double the amount of danpiag, 1 = O.4. This larger
danping parameter Ls more represenEative of measured
darnplng coefficients obtained from physlcal uodels of
vessels, with snall underkeel clearances, swaying
against fenders. This set of runs produced on average
rms value of 89.14 with ao average error in the rms
value from a single run of 52. This lower error is in
accordance with lncreased danping producing a broader
response ln frequency space whieh leads to a better
estimat.e of the rms value from the same length of run.
In this ease the theoretlcal estimate of the average
error expected ln a singLe run ls also 52. These
results are i.uportant in that the length of random
wave simulat lon tests must be suff lc ient to obtain a
good estlmate of the ros reaponse value if accurate
predictions of maxima are to be made via equatLon
( 2 6 ) .

The inpact  osc i l la tor  ls  an in terest ing model  of  a
swaying moored ship which h ighl ights fundamental
feat .ures of  subharmonic mot ions sueh as changes in the
response node as the f reguency raEio changes,  But  i t
does not  lnc lude a l l  the features of  real  sh lp not ion.
In par t leu lar ,  l t  cannot  shoy the ef fecE.s of  f in i re
and vary lng fender s t i f fness.  Nor does i t  inc lude
Lnteract lons beEween the shlps ro11 and sway mot ions.
To slmulate the subharmonlc sway motion of a ship
which is  a lso ro l l lng againet  f in i te  s t i f fness
fenders, we used SIIIPMOOR.
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3.2 .L  Exper imenta l  cond l t ions

The f requency  ra t io ,  T ;  l s  de f ined in  equat ion  (20) .
I t  is the rat io of forcLng frequency to a moored
shLpfs natural  f requency of sway movement, .  The inpact
osci l lator shows how inportanE the frequency rat io ls
in determinlng the tyPe of subharmonLc response which
occurs. I t  remains ioportant with f in l te st l f fness
fenders .

We dld a ser ies of tests to slmulate frequency rat io
effects on subharinonic moored ship not ions- For a
f ixed forclng frequency, the frequeney rat io can be
changed by al ter ing the natural  f requency of the
sh ip  rs  moor ing  sys tem.  In  our  tes ts  we used a
constant frequency of 0. l l tz for the forclng L/ave. The
natural frequency of sway was changed by taking
d l f fe ren t  s t i f fnesses  fo r  the  sh ip rs  moor ing  roPes.

The nodel ship we used represented a moored 145000
tonne displacement bulk carrler. It had a
longitudlnal ly synmetr ic hul l ,  a f lat  bottom, pointed

ends, a 250n length, a 40n bean and a 16n draught'
Radii of gyratLon were 59n ln pltch and yaw, and 14n

in ro11. It was restraiaed by a simple mooring system
wlth four fenders and two lateral lines at the bow and
s tern .

A few tests were done using non-regular wave forclng
(see 3 .2 .4 ) .  A11 the  pas t  were  dr iven  by  regu la r
sinusoidal waves at a period of ten seconds.

Waves acted bean onto the ship. Since it and its
moorings were both longitudinal ly sfmmsgal. '  the
ship ts pi tch, yaw and surge motions were not exci ted;
the ship moved in heave, ro11 and sway only.

The ship fs hydrodynamic character ist ics (added
inertia, damping and wave foree) are frequency
dependent, so we had to choose values which were
cor rec t  fo r  appropr ia te  f requenc ies .  In  most  cases '
the appropriate frequency was obvlously the forcing
frequency (0.1i12).  But there \das one imPortant
except ion  to  th is  genera l  ru le .

We found that the low frequency subharmonic sway
motion was superer i t ical ly damped when we used the
danplng coeff lc lent found at,  the (higher) forclng
frequency. Subharmonic response \ tas consequent ly very
smal l  or absent.  Thls would have defeated the object
of the scudy. A more approprlate damping coeff lc ient
ls that occurr ing at the expected subharmonlc response
frequency. This gave much llghter danplng and a
real ist ic reproduct ion of the 1ow frequency response.
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We ained to produce regular seventh node subharmonic

responses, ie responses at a sevenEy second perlod'  in

our experiments. This period was chosen as being
fairly typical of t,he J-ong perlod motlons experLenced

with large shlps.

But the subharmonlc motlon we calculated ls correet

only in the sense of lts being correctly ProPortional-
to the ship ts motion at forclng frequencies; i t  is

not correctly scaled wlth the height of Ehe ldaves

drtving the mot,Lon. This is because che subharmonic

moEion is drl-ven by waves vl-a the primary motioo at

forclng frequencles. And this pr imary motion ls
incorrect ly calculated because we have assuoed che
dauping coeff ic lent for the (1ow) subharmonic response

frequency rather than for the (higher) forcing
freguency. For maxlmum posslble general i ty,
therefore, we calculat,e subharnonic response
arnplitudes relative to the resPonse at the primary

wave period.

Yr"* Observed subharmonic response amplitude -
Observed forcing freguency response amplttude

( 2 7  a )

The dlmensionless response above (27) cannot be used

lr iEh responses to i rregular forcing because response

amplitudes are then not constant. Instead, we used

the shipts t ime averaged dlstance off  i ts fenders as a

measure of the subharmonic response, and lts rms

respoose at forced frequencies as a Ereasure of primary

r.spoo"e. Both quantitles can be easil-y calculated

from spectral  analyses:

-  1 t s  -  { 2  on = 
z -77-6-

yo

(27b)

Where R = diuensionless resPonse
s = mean distance off  fender
6 = rms prl-marY resPonse '

In terms of the parameters def ined ln equat ion (20) '

danping parameters used with SHIPMOOR were within a

few 'pe icent  o f  E  =  0 '095 fo r  most  runs  (bu t  see  3 '2 '2>

although they var led sl ight ly with mooring l ine

st i f fness. Frequency rat ios were in the range

6.1  <  n  <  7 .0 .  These gave seventh  mode resPonses '

t ' loor lng l ine/fender st l f fness rat los were typical ly

abouc A = 0.03. But in the runs simulat ing the- lmpact

osc i l la to r  (3 .2 .2 )  we used ex t ra  hard  fenders  w l th

ra t , ios  a round A= 0 .003.
i
{

:
a
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3.2.2 Simulat ing the inpact osci l lator

Although work has been done and results publlshed for
subharmonic response of lnpact osci l lators (Refs 10
and 11),  there are few pubLished results which relate
to subharmonic response of ships against fenders with
f lni te st i f fness. SITIPMOOR on the other hand is
designed for s imulat lng real ist lc condit ions and
eannot eope wLth mathematical  abstract ions such as
inf ini tely st l f f  fenders. l {e used extra hard fenders
in an attempt to get as close as possible to lmpact
osci l lator condit ions with our model.  This gave us a
set of results we could compare with publ ished values.
Ilence our rnodel could be verifled.

The results ne chose for conparlson were t ,hose
obtained by Lean (Ref 10).  He had used a danplng
paramet.er of E = 0.45 ln his study. This was based on
the results of physical-  nodel experiments, but i t  is
much larger than our eonputed value (of E = 0.095).
The discrepancy shows the effect of underkeel
clearance on hydrodynauic coeff ic ients.  Leanrs shlp
had a 102 underkeel clearance compared with 402 for
the case considered here.

Reduced underkeel clearance is known to cause
increased danping (Ref 13).  Eor compatabl l l ty with
Leanrs result.s, ve used his danping value in our
simulation.

Under these condit ions, our sinulated ship rapidly
settled into a regular seventh mode subharmonlc
response at frequency ratios in the range
6.83 < n < 6.46. Response anpl i tudes are plotted in
Ftg 8 together with a trend curve taken from
cal-culated results given in Ref 10. Bearing ln mind
the dlfferences 1o assumed conditloos and the
uncertaLnties in reproducing Leant6 curve, the
agreement between the tlto sets of results is very good
over this range of f requencies.

We also nade caLeulations using SHIPUOOR at lower
f requency  ra t ios  in  the  range 6 .45  >  I  >  6 .1 .  Resu l ts
are not plot ted ln Fig 8 because the calculat ions did
not give regular sevenLh node subharmoni.c responses
l i ke  the  oLhers .  A t  I  =  6 .1 ,  the  response was c lear ly
sixth mode. Responses in the interrnediate range were
too irregular for a maximum sway value to be fixed.

The lat ter f lndlng f i ts ln with Thonpson rs inpact
osc i l la to r  resu l t  (Ref  11 ,  see  a lso  3 .L .2  and F lg  5  o f
thls report)  thac fourth aad f l f th mode responses
become chaot l .c at about I  = 4.5. Judging from that '  a
chaotLc response to the Lnpact oscl l - lator would be
expected near n = 6.5, whleh ls approxlmateLy where
our regular response broke down.
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But Lt is just as possible that we fai led to f ind a
regular seventh mode solut lon nhlch does exist  in the
range 6.45 > n > 6.1. Subhannonic responses can be
extremely sensit ive to inl t la l  condit ions. I f  the
wrong condit lona are chosen, the deslred response w111
noE be there. ?he absence of a regular response nay
jusE ref lect our not f lnding appropriaEe start-up
posit lons and velocl t les for the shlp. I lovever,  f rom
the work already carrled out with random wave forcing
(see 3.1.3) we know such problerns do not occur when
random waves are used.

3 .2 .3  F in i te  s t i f fness  fenders  and regu la r  fo rc lng

The preceding seccion describes condit lons which are
unl ikely even to occur with large modern ships. The
fenders were much st, i f fer than nornal.  ThLs sect i .on
describes work done reproducing movemenE with more
real ist ic fenders whlch at a total  st i f fness in sway
of 40,000kN/n are only a tenth as st l f f  as the
prevlous ones.

As before, ve investLgated the ship rs seventh mode
respoose to ten second period regular ltave. The
seventy second response perlod was chosen as being a
typlcal natural sway perl-od for a large modern ship.

Both Lean (Ref 10) and Thonpson (Ref 11) nention the
posstbi l i ty of  co-exist lng steady state solut ions of
systems l ike this one. Several  di f ferent per iodic
solut ions (with di f ferent per iods) can exist  for the
same Eooring llne and fender stiffnesses. Whlch of
these solut ions the shiprs motion wi l l  adopt depends
on the ship rs poslt ion and velocl ty at the start  of
ca lcu laE ion .

We found several solutions co-existing with the
regular seventh mode motLon in the course of this
investigation. they did not cause sueh large
movements as the seventh mode did, so t.hey have not
been recorded ln the results table (Table 1) and
relevant f igures (Figs 9, f0).  But they sometimes
seemed to be more stable and easier to f ind! Great
care \das needed in specify ing ini t ia l  condit ions to
get  the  des i red  regu la r  response.

Sometines what appeared at f i rst  to be a large and
regular sevenEh mode response decayed fair ly rapidly
away to something else (Fig 9d).  I lere we seem to have
ehosen rnarginal ly unstable lni t ia l  condit ions. We did
eventual l -y get a non-decaylng resPonse for s iml lar
fender and l lne st l f fnesses by assuming a sl ight ly
larger sway dlsplacement and veloci ty at the scart .
But we cannot ent i rely discount the posslbl l l ty that
some of the seventh node respooses we assumed to be
stable night not also have decayed, l ike this
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partlcular exauple, if the runs we made had been

cont inued for longer t imes. I t  is therefore posslble

chat Ftg t0 night include some false results in that

not all Ehe seventh node resPonses found may be

stable. On the other hand i t  is possible that the

stable range of seventh rnode resPonses extends beyond

the frequency rat los plotted ln Flg l0 '  We show the

range of results tesLed here but no attempt was made

to di""o.rer the whole range in view of the lack of

real ism of regular l tave foreing'

3.2.4 Flni te st i f fness fenders and irregular forcing

All of the experiments using SI{IP!100R uP to this point

have used a regular ten second wave to force ship

motion in ro11 and sway. BuE sea waves are general ly

thought to be random. The fol lowing sect ion out l lnes

some tests which we dld using random or i rregular wave

forc lng .

I t  has been mentioned in 3.2'L that we are usl-ng

constant hydrodynarnic added lnerfia and danping

coeff ic ients ln-the simulat lon nodeL vhereas these

coeff lc ients real ly vary wtth frequency'  Thereforet

i f  the motion is to be model led correet ly,  t t  wi l l

have to be predominantly at or close to the frequency

for which the hydrodynanic coefficients are calculated
- otherwise the danping and ioertial forces on the

ship wi1-l be wrong. This now reguires that ve use a

forctng signal which has a narroit frequency band'

Narrow band signals typicall-y look like nodulated sine

ltaves. They are rgroupyr in the sense that they

conslst of relativeLy long grouPs of larger ltaves

interspersed wlth relat ively caln sect ions'  This can

be seen by looking at the heave slgnal in Fig 11;

heave fol lows foreing fair ly c losely '

This modulat,ion was sufficient to disrupt and

randomise the shipts sway response' No Lests showed

anything simllar lo ttre long period regular resPonse

(Fig 9) observed with perlodic forcing'

Some long period sway response was always dLscernible

in  the  
" t ip ts  

moc ion '  bu t  i t  var ied  cons iderab ly  ln

magnitude. Most of the t ine the long perlod response

appeared to correlace with Ehe heights of Ehe wave

gtoop passing rhe ship at the t lme; large waves

direct ly producing large resPonses'

Only one run produced a response akln to regular'

subharmonlc resonance. During Ehe run wlth a spectral

peak at O.095I lz there was a period of some 200 seconds

Lt t"r t ty sEable wave coodit ions (see Table 2) '  Thls

was abouE three natural perlods for the sway motlon'

In this time the resPonse buLlt-up to a larger than
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3 .3 Conclusl-ons on
subharmonlc
motion

MOTION CAUSED BY
A PASSINC SEIP

usual level which persisted for a time lnto a
succeeding caln spell.

I t  seems,  therefore,  that  large subharmonlc responses
can bui ld-up ln  i r regular  seas l f  a  per lod of
re lat lve ly  s teady wave condl t ions occurs.  The
respoose ls  unl lke ly  to persLst  for  long,  but  there
are l lkely to be large Bovements shlle lt lasts shich
could cause mooring l ines Eo part.

The tests usiag SHIPMOOR nere of l in i ted scoPe,
intended more to demonstrate and veri fy the model than
as an extensive invesEigat ion into subharmonic
response. The Eests with i rregular foreing in
part,ieular were too few and short in duration to give
anything more than anecedotal evidence, but comparison
with Leants impact osci l lator results ( f ig 8) shows
that SHIPMOOR performed satlsfactorily.

Our impact oscillator results with regul"ar forcing
verl f ied results found by Thonpson et al  (Ref l -1),
namely, the period doubltng bifurcatlons (Fig 4),
chaotic respoase (fig 4e) and the lmportance of
ioitial conditions. Response was also shown to be
sensit ive to inl- t ia l  condit ions for f in l te st i f fness
fenders wl- th regular forcing (Fig 9).

With l rregular forcing, however,  the iupact oscl l lator
response was not sensit ive to ini t ia l  condlt ions.
Extreme sway notions of the inpact oscillator are well
predicted by the Gunbel probabi l i ty distr lbut ion,
Eguat ioa (26).

Only a very linlted investlgat,lon of responses to
narrow band irregular foreing on f ln i te st i f fness
fenders was undertaken, but there seems no reason not
Lo expect the Gumbel distr ibut lon to predict  extreme
motions for this case as sell as for the lmpact
oscillator. Once SIIIPI"IOOR has been adapted to cope
with wide frequency band movements, 1.e. f requency
dependent hydrodynanic coeff lc ients,  we wi l l  be able
t,o rnodel subharmonic responses t,o irregular forcing
lncluding yaw as wel l  as sway motlons.

l' loored shlps can be forced to move by the actior of
other ships passing by. Thls movement can be
considerable l f  the ship ts moorLngs are badly arranged
or allowed to go slack or if the passing ship moves
pa6t excessively quickly or closely. Large movemeots
of the moored vessel w1.11 eause large loads on lts
resEraining ropes wlth a consequent risk of them
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4 . 1  T h e o r y

breaking" In the case of loading or unloading oil
tankers there is the addit lonal r isk of oi l  spl l lage.
This necessitates a cut-off  valve which stoPs the f low
of oil whenever the tanker ts movement exceeds some
pre-determined Ehreshold va1ue. Interrupt ions eaused
this way are inconvenient,  t ime-consuming and eosts
the operators money whenever they occur. I"lotions
induced by passlng ships are therefore of conslderable
pract ical  importance.

M,athematical models can be used to optimise harbour
designs and mooring arrangementa by flnding
conf igurat, ions whieh minimise the effects of passlng
ships. This sect ion of the report  descr ibes the use
of SHIPI ' IOOR in simulat ing motion due to a passing
s  h lp .

The moored ship rs motion is caused by the pressure
f ield which the passing ship generates. I t  is
lmportant to real ise that this pressure f ie ld is not,
associated with the fanl-Llar and visible bow (and
stern) naves which fan out from a moving shtp. Those
waves have too short a wavelength to affect any but
the snallest ships and speed linitations l-n coastal
waters generally mean borr lilaves are small. Large
ship rs motions are caused by the long wavelength
components of the pressure f ie ld.  This consists in
general terms of high pressure areas at the bow and
stern and low pressure abeam of the ship (Fig 12).
Pressure gradl-ents decrease with increasing distance
so Lhat the effect of  a passing ship decreases as the
separat ion dlstance between i t  and the moored ship'
increase.

The general  features of this pressure dlstr ibut ion are
sini lar to chose which potent ial  theory predicts for
two-dimensional flow around a cylinder. This ls not
surpr is ing since, i f  the passing shiprs underkeel
clearance is smal l ,  l t  wt lL approximate to a thin
cyl inder extending vert ical ly through the water.

We can use potent ial  f low as a model to explain the
pressure  d is t r ibu t ion  about  the  vesse l .  I f  we
cons ider  f low re la t i ve  Eo the  mov ing  sh ip '  there  must
be stagnat ion points at rhe shiprs bow and stern and
accelerated f low close to the ship ac nidships.
Bernou l l i r s  equat ion  (6 )  p red ic ts  h igh  pressure  where
f low is slow, le near the stagnat ion poinEs, and low
pressure  where  lc  l s  fas t ,  le  n idsh ips .

The movLng shlp ts pressure causes a eharacter ist lc
series of movements in surge, srray and yaw by the
uoored shlp. High pressure in fronE of the moving
ship lni t ia l ly tends to push the ships apart .  This
usual ly causes a snal l ,  barely deteetabLe surge of the
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Boored ship ln the moving shiprs direct ion of t ravel.
But after the bow of the passing shlp draws alongside
the moored ship, the moored shlp feels the lncreasing
lnf luence of the nidshlps 1ow pressure, and the net
force changes to one of at . t racEion. The moored ship
ls sucked off  i ts fenders and surges, sways and yaws
towards the other; sway forcing reaching a maximum
when the two shlps are alongside. The nett  at tract ive
foree causes the moored ship to t , ry to fol low the
passlng shlp as i t  moves ahead. The largest movements
of the moored ship and loads on its mooring llnes
often occur in rhls phase of the moLlon as the mooring
l ine tensions restrain the moored ship not only
against the passing ship forclng but also against the
sway and ya\{ moalentums accumulated in earl ier stages.
But,  as the passing ship noves on farther,  the moored
ship cooes more under the inf luence of Ehe stern high
pressure region. This pushes the ships apart  again.
Iu the final phase of the motion, the moored ship
returns to something l tke i ts or iginal  posi t ion under
the comblned force of the departlng moving ship and
loads in i ts mooring l ines.

Surging and swaying forces and yaw uoments on the
moored ship have been investigated by Renery (Ref 15).
In a series of Eests uslng models in a toslng tank, he
produced a series of graphs to show the forcLng tine
histor ies for three di f ferent sized passlng shlps at
di f ferent distances fron an instrumented moored shtp.
Rerneryrs ship was free to pi tch, ro11 and heave, but
it, was statLonary ln surge, sway and yaw.
Experimental  condit lons therefore did not dupl icate
real i ty.  I lowever,  this should not affect the val idi ty
of hls results.  Hydrodynamic forces are
interdependent wiEh the pattern of water flow around
the two ships. Thls depends ln Eurn on the geometry
of the ships I  posi t ioning. Nornal moored ship
movement wi l l  not af fect the geometry signtf icant ly.
Moored ship novernent is therefore expected to affect
forces only sl ight ly.

We have used Remery rs resulEs as the basis for passlng
ship forcing in SHIPI'IOOR. They need to be scaled to
take  account  o f  sh ip 's  d lmens ions ,  separa t lon  d is tance
and passing ship speed before we can use Ehem.
Dimenslonal arguments and Bernoul l i  rs equat ion suggest
thac force should be proport ional to speed squared.
Unfortunately,  no simi lar ly slnple reasoning can be
appl ied to Ehe ot,her scal ing laws. Inscead, we have
attenpted a necessari ly subject ive best f l t  to the
aval lable data. The fol lowing scal ing laws resulted:

For  pass ing  speed,  V :

F  u . V 2
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For separat ion,  s :

F  o " - o ' 7  !  t ^  s  < 6 o r n
F  a . O . 6 2  s - r ' r z  6 0 m  <  s  <  1 2 0 m
F  c 0 . 2 8  s - 1 " 3 8  s  >  1 2 0 n

For  sh ip  d imens lons :

(surge)  F t  oBoDoBpDp

( s w a y )  F 2  o L o D o B p D p

(yaw)  Fa cL 'oootnon

Where:

Lo = moored ship rs  water l ine length
Bo = ooored shipts beam
Do = moored shiprs draught
Bo = passing ship rs  beam
Dn = lass ing ship rs  draught

4.2  Pass ing  sh ip
t,est condit ions

Varlous lnvestlgators have tried to reproduce passing

ship indueed movements in the Past. Dand (Ref 16)
used a mathematlcal- model of a similar sort to
SHIPMOOR to simulate both rnodel tests (Ref 12) and
some fuLL-scale field Beasurements made wlth moored
shlps in narrow channels. Comparison with the model
tests showed some very good agreemenL betweeo measured
and computed values. Unfortunately, operational
di f f ieul t ies in the f ie ld tr la ls nade l t  dt f f icul t  to
judge the validity of the fteld measurements. The
resulEs showed poor agreement between measured and
computed mooring force tine hlstories rtith the forees

being great.ly over-estimated by the maEhematical
nodel.

In 1971 IIRS carrled out a serles of physical nodel
trials to investigate the behavlour of a noored
250r000dwt tanker when passed by another vessel (Ref

12).  There l tere nany tests ln the ser ies. The
effects of moorlng l lne pre-tension, passing ship
speed and separat, ion between the shlps were al l
rneasured for two al ternat ive mooring arrangemenls and
three di f ferent passing ships of which one was used in

both loaded and bal lasted sLates.

I{e have chosen to sluulate fLve of the tests which
rdere part lcular ly wel l  docunented. Three of the'same
tests were also sinulated by David (Ref 16).

The moorlng arrangeuents for al l  these tests ls showo
ln Fig 13. t{e took our rope load/extenslon curves
from data for the model ropes published in Ref L2'
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4.3  Pass ing  sh ip
results

Dimensions of the ships involved in the fLve t,ests
nodel led for  th is  repor t  are gLven in Table 5.  The
210,000dwt passing ship was tesced in boch loaded and
bal lasted condl t lons;  d imenslons are g iven for  both.

Only one of  our  f ive tests involved the bal lasted ship
(a l though the fu l l  set  of  tests ln  Ref  12 ineludes
Eany  tes t s  w l t h  i t ) .  Th i s  was  tes t  32B .  Th i s  t es t
was unlque among our ftve ln that the passlng ship was
presumed Eo be headlng down-river and lt approached
t .he moored shlp f rom astern.

Table 4 g ives fur ther  deta i ls  of  the f ive tests.  Rope
pre- tensions of  5 tonnes were appl led equal ly  per

l ine.  This makes the ef fect lve pretension 10 tonnes
for  a double l ine;  a l l  l ines were twinned in Ehe
o r i g ina l  Ees ts .

Our f i rst  test was done start ing the moored ship from
rest with the movLng shlp far away. Initlal
condit,lons were Ehus sinilar Eo those in the original
physical rnodel tests. Uofortunately, comparing
maxlmum loads in mooring lines from these tests with
those fron the physical model (Table 5) one can see
Ehat in some cases agreement is Poor.  These tests
also did not mimic the dynamie behaviour of the nodel
moored shlp well. Subjectivel,y, the centre of the
shlp fol lowed a f igure of etght t rack, qul te unl ike
the loop the nodel took (Fig 14).  Al though i t ,  does
not show ln the figure, yaw waa greaLer in the
matheuatical nodel the ship starEed to move early,
away from the passing shlp in response to the lnitial
hlgh pressure bow rtave, whlch the model- ship was not
recorded as doing in the experiments.

This early movement probably shows the effects of
fr ict lon. Stat lc fr ict lon against the fenders uould
tend to hold the model shlp stationary. SHIPI{OOR does
model dynanic fr lct ion but oot statLc fr ict ion; there
ls consequent ly noL an effect ive mechanisu for
fr ict ion to hold a stat ionary ship in place. Without
st,at . lc f r ict lon our ship was able to move ln response
to the weak force of Ehe bow pressure.

Publ ished results frorn the or iginal  Eests indicate
that the moored ship started to move a! about the Eime
the passing ship rs bow reached the moored ship's
centre point.  We accordingly declded Eo do a ser les
o f  tes ts  wh ich  sEar ted  f ron  th ls  pos l t lon .  Th is
circuuvented the problern of the moored ship noving
prematurely.

But lt introduced another difftcuJ-ty. We needed an
tni t laL velocl ty as wel l  as the moored ship ts posi t ion
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at the st .art .  of  calculaElon. Reference 12 gives the
shiprs posit . ion and yaw or ientat ion at our tnewt sLart
t ime, but l t  does not tel l  us the ioi t ia l  veloci ty.
Judging from the ship rs posit lon twenty seconds later
(also publ lshed in Ref 12),  l t  seeus unl lkely that the
ship could have starEed from rest in every case. We
were obf iged to experiuent wlth a range of feasible
inl t la l  velocLt ies for each run to f ind that whlch
gave the best f l t  to the publ ished data. Results
preseated here therefore represent our best
approximations to the or iglnal  results obtalned by a
process of t r la l  and error.

We also tr ied to reduce the prevlously noted exeess
yaw motion by experimenting with reduced yaw forcing.
Th ls  had re la t i ve ly  l l t t le  e f fec t ;  yahr  was a f fec ted
more by our cholce of in i t ia l  velocl ty.

In part icular,  we found that giv ing the ship an
lni t ia l  sway veloeity away froo the fenders inhlbl ted
yawing. Doing this made the stern mooring lines
(ropes 1 and 2, FLg 13) tauter ear l ier in the motlon
than they sould otherwise have been. They would then
pull to straighten the ship up at a tlme when yaw
forctng on the ship was pulling the stern outwards.
Yaw rotatlonal velocity was thereby reduced or even
reversed early in che notion, and yawing was
consequently reduced overall.

Glvlng the ship an lni t ia l  sway veloci ty also helped
to  change the  t fLgure  o f  e igh t '  t ra jec to r ies  (F ig  14)
into loops llke those found in the original
experimencs (Flg 15).  Again, the effect of  mooring
lines is important. The extra sway velocity early on
causea al l  ropes to become tauter ear lLer.  There wi l l
therefore be an increased tension ln the ropes earl-y
in the motion pulling the ship back onto the fenders.
This force causes the sway veloci ty to reverse early.
SLnee our or iginal  f igure of eight t rajector ies occur
only i f  sway veloelty reverses after a reversal ln
surge, ear l ier srtay reversal can change the trajectory
from a f igure of eight to a simple 1oop.

And start ing the motlon from the ELme when the passing
sh ip  reached the  moored sh ip  rs  n idsh ips  po ln t  a lso
improved our simulat lon of raooring forces. Table 6
shows that most of the maximum mooring forces for
lndividual ropes agree closely wlth the or iginal  data
and few show large discrepancles.
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4.4 ConclusLons on
passing ship
t e s t s

CONCLUSIONS ON
SEIPMOOR

The results show that,  glven suitable ini t ia l
conditions, SIIIPMOOR can simulate well the uotion of a
moored ship exci ted by a passlng shlp.

In practice, however, the model tril l be requl-red t,o
act as a predict ive tool .  Io this role,  the only
known initiaL conditlons are likely to be wlth the
uoored ship at rest and the passlng ship approaching
from far array. These are the cooditions of che first
set of  tests (Flg 14, Table 5) which gave only
moderately good agreemenL between simulations and
original  experiments. SHIPMOOR cannot therefore be
considered to be an absolutely rel iable predictor of
movement due to passing shlps at this sEage.

This unrel iabi l l ty appears to ar ise frorn an inabi l i ty
to nodeL the ship motion in i ts very early stages'
before the passing ship reaehes midships on the moored
ship. The reasons for this are uncertain.

The lack of any simulatlon of static frlction has
already beeo noted and is probably funportant but
another possibt l i ty is that,  the forcing t lne history
was wrong in some respects. Few passlng shlp forcing
data have been published. l{e used data colles,led by
Remery (Ref 15).  But these data refer to dl f ferent
sized ships fron those in our tests;  we have to al low
for the di f ferences by scal ing the forces. Our
sinplified scaling laws can only be approximately
correct, and their validity ls hard to check because
of the shortage of daca on passLng ship forces. l"lore
work needs to be done before we can be sure thac Lhe
passing ship forcing is right in SI{IPMOOR.

l , Ie know that SI{IPMOOR is not perfect' Nothing ever

is. l ' lathennatteal uodels certalnly never are. We

continue to work to increase and Lmprove lts

capabl l i t ies.  Nevertheless '  we bel ieve that  i t  is  a

usefu l  and adaptable cornputat lonal  tool  even at  i ts

present  s tage of  develoPment.

We were able to use lt to reproduce subharmonlc sway

responses.  Compar ison wi th Leanrs lnpaet  osc i l laEor

resul ts  (F lg 8)  shows that  the model  is  accurate.  We

would l lke to be able to model subharmonic responses

to random as welL as regular  forc ing.  This was only

posslb le for  narrow band forc ing for  th is  rePort ;

lmprovements are in hand which wil l enable us to

calculate general  responses lat .er .
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Very good reproduct ion of motlon due to a passing ship
was possible l f  sui table ini t la l-  condit ions nere
ehosen (Tab1e 6).  Reproduct ion of the not lon start lng
from rest wlEh the ship ts far apart  was less good.
The lat ter ls l ikely to be required start lng condlcion
in pract ical  use of the model.  But even ln this less
favourable case'  SHIPMOOR is fair ly accurate in
predlct ing mooring forces (Table 5).  I ts accuracy is
conparable to siml lar results Presented in Ref 16.
Wlth further development it should becoue even
bet te r .

Work is in hand under the present research contract to
extend SHIPMOOR to the case of linear random wave

forcing. But further work, reguir ing an addit ional
contract,  wi l l  be needed !o represent non-l inear wave
forces. These forces are known from randon \ tave
physical  nodel l ing of harbours to be of crucial
importance ln controlling berth tenability. Only when

thls is completed can SIIIPMOOR be validated agalnst
the motions of actual moored ships sLnce such motions
wlll contain non-linear responses.
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Table 1: Reaponeee to regular forclng - flalle stlffness fenders

Yr"*
rl

6 . 09

6 . r3

6  . 15

6 .L7

6 .20

6 .2L

6 .22

6 .23

6 .27

6  . 31

6 .35

6 .38

6 .42

6 .46

6 .50

6  . 55

6 .59

6 .63

6 .69

6 .7  5

6  . 81

6  . 91

6 .96

7 .0 r

0 .089

0 .090

0 .090

0 .090

0 .091

0 .091

0 .091

0 .0  91

0 .092

0 .093

0 .093

0 .094

0 .094

0 .095

0 .095

0 .096

0 .097

0 .097

0 .098

0 .099

0 .100

0 .101

0 .102

0 .103

yo

2L.6

n.4
1 9 . 6

1 8 . 8

1 8 . 1

1 8 . 3

L 7  . 7

L 7  " 4
r 6 .3

15 .3

L4 .4

L3.7

L2 .9

L2.4

L2 .5

L2 .2

11 .6

LL.2

10 .6

10 .0

9 .5

8 .8

8 .5

8 .2



Table 2: Reepoaees to lrregular forcLng - finlte fender stiffneee

Forc l -ng  spec t rum nas :  s ( f  )  =  I  '  
( f - f  

J2

f f i" '? 
-23-)

f ^ o r l D i m e n s i o n l e s s C o n m g n g s
o

Band width response

Hz Hz

0 . 0 9 5  0 . 0 1  6 . 1 1 7.25 Large subharmonlc

resonance observed.

0  .100  0  .01  6 .43 4 .00

0.105 0 .01  5 .75  4 . t+o  )  same f  o rce  specr rum

) oi f ferent force

0 .10 5 0 .01 6 .7 5 3 .17 l  r ime-sert  es .

0 .110  0 .01  7  .O7 3 .80



Table 3: Sblpte dl.nenslone for passlng ebLp teets

Overal l  Breadth Draught Displacement

Length

rtr m m u3

Moored Sh ip  384 51 .8  19 .8  269000

Pass ing  Sh ip  I  L59.4  20 .1  9 .8  22270 ( laden)

Pass ing  Sh ip  2  244.4  30 .5  r4 .0  80900 ( laden)

Pass ing  Sh ip  3  304.8  48 .7  20 .1  240000 ( laden)

"  10.7 120000 
[ i t r ""r l



Table 4: Detal.Ie of passlng ehlp Eesta

Test No Passing Condlt ion Speed Clearance MoorLng

Shtp (knots) Between Ships Line Pretenslon

(n)  ( tonnes  f )

1 7  3  L a d e n  4 . 2  6 9  5

228 46 "

32B "  Ba l las ted  3 .9  46

478 2  Laden 3 .6  46  5

50B 3 " 4.0 46 30cm slack



Tabl.e 5: Passl.ng ship noorlng forces - started from rest

lulaximum mooring l ine forces in Eonnes force

Run No

Moor ing

T  r ' n o

1

2

4

5

7 /8

9 /LO

L 7

Math Expt

Ilodel

22B.

MaEh Expt

i'lodel

32B

Mach Expt

i"lodel

478 508

i ' lath Expt Math Exp t

I,Iodel llodel

30

30

L4

L4

22

23

36 48

41 28

36 40

64 63

63 60

43 30

s6

65

51

87

94

4L

57

34

47

66

72

38

25

42

z9
ZL

30

23

16

22

L7

39

38

15

20

2L

L7

35

18

25

36  86

77 64

80 76

L07 90+

114 86

27 45



Table 6: PassLng shlp uoorl.ng forces - started from centre polnt

i ' laximun nooring l ine forces in tonnes force

Run No

Moor ing

L ine

I

2

4

5

7 /8

9 /LO

L 7

i"Iath Expt

f{odel

228

i" la th Expt

i{odel

328

Math  Exp t

Model

478 50B

i ' ta th Expt  Marh Expt

i ' todel Model

45 48  46

29 28  42

31 40  48

66 63  86

s4 60 94

30 30 39

57

34

47

66

72

38

L7

31

25

22

19

2L

30

30

L4

L4

22

23

1 9

1 8

1 8

39

24

1 6

20

2L

L7

35

18

25

86 86

72 64

66 76

105 90+

93 86

44 45
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