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ABSTRACT

The fate of dredge material disposed of at open water sites by hopper
dredgers has significant ecological and engineering importance. The
suitability of a site for continued or proposed new disposal of dredged
material can only be considered if the processes which occur in both the

short-term and long-term with respect to the dispersal of the material are

well understood.

Following release from the hopper, the dredged material descends through the
water column as a well defined jet. During the descent large volumes of
water are entrained in the jet and so the material becomes separated from
the jet and remains in the upper portion of the water cdlumn. This material
may be described as a near surface plume and is advected by the current from
the disposal point. The descending jet collapses as a result of impact on
the bed and the material which is not deposited on impact will move out
radially under its own momentum. When sufficient energy has been dissipated

material will begin to settle rapidly on the bed.

A computational model was developed to predict the movement of the plume of
material put into suspension during the disposal process. The objective of
the work was to create an economic means of predicting the dispersion of

disposed dredged material in tidal waters.

The model was based on an analytical solution of a simplified differential
equation which described the spread of material from a source. It was
assumed that the current velocity, depth of flow and turbulent diffusion
remain constant for the length of the plume, the flow was parallel to the

x-direction and the material was fully mixed throughout the depth.

A technique of convoluting solutions was implemented to enable the model to
represent changes in“thé cirrent direction and water depth during a tide and
the effect of concentration of suspended solids on the settling velocity.
During a particular time step all the parameters were held constant but were
changed from one time step to the next according to the tidal conditionms.
The results from the model were presented as contoured plots of suspended

solids concentration and deposited mass.



The sensitivity of the model to the time step, diffusion coefficients and
settling velocity of the material were investigated. The length of the time
step did not affect the solution except for relatively short time steps in
which the distance advected was of the same magnitude as the cell size.
Longitudinal diffusion was seen to have significant effect on the spreading
of the plume. The effect of the lateral diffusion coefficient was less
marked. The results were shown to be quite sensitive to the settling

velocity of the material.

A practical application of the model was made to demonstrate its function.
The Tees Bay Inner Disposal Site was selected as this was the location of
previous and current field studies of dispersion of dredged material. One
run of the model was made and the pattern of deposited mass on the bed

was presented.
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INTRODUCTION

Recent years have seen a substantial increase in the
size and draught of vessels passing through ports.
Many ports require a regular programme of dredging to
maintain navigable depths in the docks and in the
entrance channels. Such maintenance dredging is
costly and methods are continually sought to reduce

the input of effort into such maintenance.

Part of the solution is clearly to be found in the
appropriate design of ports and their access channels.
Their design should minimize the hydraulic conditions
that favour settlement of suspended material. In
existing ports, however, and those where physical
factors are contrary, the maintenance of deep water

may be an unavoidably heavy burden.

Historically, maintenance dredging has been carried
out using local experience to determine when and where
to dispose of dredged material. There is increasingly
greater pressure to maximize dredging efficiency. In
addition, and perhaps more importantly, dredging
exercises in channels which pass through industrial
areas involve moving sediments which may have
significant accumulations of pollutants. These then
either become concentrated in the disposal sites, or
thrown into suspension in the mud clouds caused by
dredging works. Recently, it has been suggested that
disposed dredged materials represent a major input of
trace metals to the marine environment. The mass
loads could be substantially higher than the total
input to the seas around England and Wales from the

disposal of industrial wastes and sewerage sludges.

It is clearly of interest then, from an envirommental

point of view as well as from an engineering

standpoint, to gain greater insight into the dispersal



of material arising from dredging operations.
Mathematical models are increasingly recognised as
useful tools in many research programme, and in the
context of dispersal of dredged spoil, polluted or
otherwise, they attempt to answer the two questions
regarding where the material goes to and what happens
to it on the way. The answer to the first question is
governed by the hydrodynamic processes taking place in
the area of dispersal. The answer to the latter
question is governed by the physical processes of

sediments falling to the bed.

The disposal process may be divided into three
distinct transport phases according to the physical
forces or processes that dominate during each period.
These stages have been described by a number of
investigators Clark et al (1971), Koh and Chang
(1973), Gordon (1974), Brandsma and Divoky (1976),
Johnson and Holliday (1978) and Bokuniewicz et al
(1978). The most common terminology for these stages
is convective descent, dynamic collapse and pressure
diffusion (WES, 1986). A diagramatic representation
of the transport processes during open-water disposal

is shown in Figure 1.

Following release from the hopper, the dredged
material descends though the water column as a well
defined jet. During the descent large volumes of
water are entrained in the jet and so the material
becomes separated from the jet and remains in the
upper portion of the water column. This material may
be described as a near surface plume and would be
advected by the current from the disposal point. The
descending jet collapses as a result of impact on the
bed and the material which is not deposited on impact
will move out radially under its own momentum. When
sufficient energy has been dissipated material will
begin to settle rapidly on the bed. Diffusive



processes will then dominate and any remaining
material will be mixed with the lower water column.
The concentration of suspended solids will be lower
and settling will take place but at a much slower

rate.

It is the plume of material put into suspension during
the disposal process that is the subject of this

report.

The objective of the work was to create an economic
means of predicting the dispersion of disposed dredged

material in tidal waters.

THE MATHEMATICAL MODEL

General description

of physical

processes
The dispersion and deposition of suspended solids
depends mainly on advection by the current velocity,
the settling velocity of the sediment and the

diffusion due to natural turbulence in the flow.

Advection

In a turbidity cloud generated from a surface source,
the horizontal component of velocity of a suspended
solid particle is determined by the current velocity
of the water into which it falls. This is known as

advection.

Settling velocity

The vertical component of velocity of a suspended
solid particle depends both on the characteristics of
the flow, such as turbulence, and those of the

sediment, such as size, shape and density of the



2.2 The differential

equation

particles and the tendency of the sediment to
flocculate. The settling velocity reflects these

properties.
Diffusion

The spread of material away from a dense cloud is
known as diffusion. Longitudinal diffusion is caused
by the difference in velocities of the water at the
surface and at the bed. Lateral diffusion determines
the rate of spread of the cloud due to natural
turbulence in the moving current. 1In an estuary; the
scale of turbulent eddies may be laterally restricted,
so the cloud may form a long thin ribbon which spreads
sideways only slowly.

2.2.1 The basic equation

The basic differential equation is:

2 (o) + 2 (aue) + .gy_ (@ve) - = (@ =)
d d -
~ 5 @Dy D)+ W (e -c) =0 a

where:

= depth averaged concentration (kg/m3)
= water depth (m)
X,y = co—ordinate directions parallel and normal to
the flow (m)
u,v = flow velocity in the x and y directions
respectively, (m/s)
D ,D = Diffusion coefficients in the x and y

directions respectively (m%/s)



WS = particle fall velocity (m/s)

Cq = depth averaged background concentration
(kg/u® (c >c, )

t = time(s)

2.2.2 Simplification of the equation

Equation (1) can be simplified if several assumptions
are made. It is assumed that the velocity, depth and
turbulent diffusion remain constant for the length of
the plume. It is also assumed that the flow is
uni~directional, parallel to the x—direction and that
the material is fully mixed throughout the depth from
the point of release. Concentration (c) is defined as
the excess over the background. The basic equation

then reduces to:

2, ¥ue) % o s
x &

This partial differential equation is the continuity
equation for the spread of material from a source.
The terms represent the rate of change of

concentration with time, the rate of decrease of
concentration per unit volume by advection;
longitudinal diffusion, lateral diffusion, and loss of
material from suspension due to settling;

respectively.

2.3 Solution Technique
2.3.1 Basic solution for a point release

The methods of Carslaw and Jaeger (1959) can be

modified to solve equation 2 for the instantaneous
release of a slug of material into a body of water
flowing at velocity u (with flow parallel to the x

axis). The concentration at time t after release is:
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where:
Q = mass of substance released (kg)
Dx’Dy = diffusion coefficients in the x and y

directions respectively (m?/s)
boundary conditions are:
c( o @ t) = background for t = 0O

5 *0as t >

Equation 3 gives a gaussian concentration profile with
the centre moving downstream at velocity u (Fig 2),
with a decay term to represent material falling out of
suspension to the bed. By multiplying the right hand
side of Equation 3 by the depth d, the equation can be
expressed in terms of mass, where d multiplied by

c(x,y,t) gives the mass of material per unit ara.

This gives a continuous solution for the
concentration, but is limited by the constraints of

constant depth and current velocity.
2.3.2 Combination of solutions

To develop a model which could predict the dispersion
of dredged material in tidal waters the basic solution
presented above was repeatedly applied over a number
of relatively short time periods throughout the tidal
cycle. The flow depth and current velocity were

changed each time the solution was applied to



represent the tidal conditions. The typical length of
time for which the tidal conditions were assumed to be
constant was 15 minutes. The dispersion of the plume
of dredged material was thereby given by the

convolution of discretised analytical solutioms.

The area for which a solution is required is divided
into a grid of cells each of dimensions XMESH by
YMESH. The analytical solution (equation 3) is then
solved in terms of mass at the centre of each cell.
This mass, multiplied by the dimensions of the cell,
is then used as the total mass in the cell. It is
assumed that the mass is evenly distributed throughout
the depth within the cell.

A combination solution is made up by treating each
cell in the grid as a point source at the centre of
the cell. Each "source"” spreads out independently of
all the other "sources” and therefore contributes mass
to other cells according to the discretised form of
the analytical solution. By adopting a relatively
short time interval it is assumed that the current
velocity and the depth in the spreading function (the
dispersion equation - Equation 3) are constant during
the time step, but may change from one time step to
the next. The mass in each cell at the end of the
time step is given by the sum of all contributions
from other cells which could affect it during the time
step. The mass at the end of the time step is then
used as the magnitude of the point source in that cell

for the next time step.

Mathematically, every point of the mass distribution
function at the start of a time step is spread out
according to the spreading function with parameters of
velocity and depth particular to the time step. The
convolution of these functions gives the new mass

distribution which is used for the next time step. A



mathematical justification for the combination of

solutions by successive convolutions is given in

Appendix A.

Due to discretising the continuous solution, small
discrepancies arise in the sum of all masses in
suspension after a time step. For conservation of
mass, the total mass in suspension at the end of the
time step must equal the total mass in suspension at
the start of the time step minus the mass which has
settled out during that time step. Therefore, during
each time step a single multiplicative correction
factor is applied to every cell so that the condition

of conservation of mass is obeyed.

To choose representative values for the magnitude and
direction of the current velocity and for the depth,
which are to be -eld constant during a time step, the
centroid of the plume is tracked. The values of
velocity magnitude and direction and of depth at the
centroid of the plume at the start of each time step
are used as representative of the whole grid area

during that time step.

2.3.3 Calculation of suspended solids concentration

and mass on bed

At the end of each time step n, the concentration of
suspended solids in each grid cell ce(i,j,n) is given
by the mass in suspension in the cell at the end of
the time step n (i,j,n) divided by the depth of the

cell at the end of the time step, de(i,j;n).

The flux of material settling onto the bed in a cell
is proportional to the suspended solids concentration
in that cell at any time and the settling velocity of

the material. The flux dm/dt may be expressed as



2.4 Sensitivity
Analysis

The value of the suspended solids concentation in a
cell changes from co(i,j,n) at the start of a time
step n to ce(i,j,n) at the end of a time step. The
mass which is deposited in a cell is calculated based
on the average concentration in the cell during a time

step and is given by

md(i,j,n) =% (co(i’j’n) + ce(i,j,n))WS tn
where:

tn is the length of time step n.

For conservation of mass, the sum over all grid cells
of mass falling out during a time step must equal the
true mass falling out as given by the decay term in

Equation 3. That is:
Hn,(1,3,n) = E(i,§,0) [1 - exp (W _t /d)]
where:

d = representative dépth of grid area.

A number of model runs were made to test the
sensitivity of the model to changes in the length of
the time step tn’ the diffusion coefficients, Dx and
Dy’ and the settling velocity, WS. Effects on both
the suspended solids concentrations and the mass
deposited are observed. The results are presented in
the form of contour plots of suspended solids

concentrations and mass on the bed.



2.4.1 Sensitivity to time step

A set of tests was run with all parameters constant
except the length of a time step. Actual conditions
were: grid cell size, XMESH = 100m, YMESH = 100m;
depth 30m; velocity 0.lm/s on bearing 180°; diffusion
coefficients DX = 5.0m%/s, DY = 0.5m %/s; settling
velocity 0.001Im/s.

Figures 3 to 6 show the contour plots of suspended
solids concentrations after 2 hours, comparing the
single step calculation with multi-step calculations.
Figures 3 and 4 show that the length of the time step
generally does not affect the final solution
significantly, unless the time step is short enough
that each cell '"source" does not spread over enough
other cells to give a gaussian profile. 1In this case
a correction factor to conserve mass is needed which
is no longer close to unity, and this has the effect
of reducing the spread of the plume. This effect is

“shown in Figure 6 (8 steps of 15 minutes).

Figures 7 and 8 show the mass deposited on the bed
after two hours. Due to the way the deposited mass is
calculated (using concentrations from the start and
end of a time step) if the centroid moves more than
one grid cell during a time step, a peaked effect can
appear in the mass on the bed. This is shown in
Figure 7, where the centroid has moved 180m each time

step with a grid size of 100m.

2.4.2 Sensitivity to diffusion coefficients

Test were rum using identical conditions but varying
either the longitudinal or lateral diffusion

coefficient. Actual conditions were: grid cell size,

XMESH=100m, YMESH=100m; depth varying as a plane

10



between 30m and 40m; settling velocity 0.00lm/s; time
step 30 minutes (6 time steps); velocity varying each

time step as follows:

0.05m/s at 190°
0.08m/s at 175° N
0.10m/s at 160°
0.13m/s at 145°
0.16m/s at 130°
0.20m/s at 115°

(a) Longitudinal diffusion

Figures 9, 10 and 11 show the effect of varying the
longitudinal diffusion coefficient, with Dx=1mm2/s,
&nzls, Im%s respectively. The concentration
distributions show that the rate of spreading of the
plume is significantly modified by these changes with
substantially greater longitudinal spreading for runs

with higher values of Dx.
(b) Lateral diffusion

Figures 12, 13 and 14 show the effect of varying the
lateral diffusion coefficient, with Dy=1.0m2/s,
0.5m%/s, 0.lm?%/s respectively. Again, the
concentration distributions show that the rate of
spreading of the plume is modified, though in this
case, changing the diffusion coefficient by a factor

of 10 does not have such a marked effect.
2.4.3 Sensitivity to settling velocity

Tests were run using identical conditions but with
different settling velocities. Actual conditions

were: grid cell size, XMESH = 100m, YMESH = 100m;
depth varying as a plane between 30m and 40m;

diffusion coefficients DX=5.&n2/s, Dy=0.&n2/s; time

11



step 30 minutes (6 time steps); current velocity

varying each time step, as in Section 2.4.2.

In each run, the initial concentration in the starting
cell was 1000ppm. Figures 15 to 18 show
concentrations in suspension (in ppm) with varying
settling velocities. 1In each case the plume has
spread over approximately the same total area, but as
the settling velocity increases the number of contour
levels decreases and the spacing between them
increases, showing that the concentration in the
centre of the plume is lower as a result of more
material having settled out of suspension. The effect
is less marked as the settling velocity changes from
0.000lm/sec to 0.00lm/s, but is very noticeable as it
changes from 0.00lm/s to 0.005m/s (Figures 17 and 18).
With a settling velocity of 0.0001 m/s the
concentration at the centroid is 30-35 ppm; with a
settling velocity of 0.005 m/s the concentration at
the centroid is only 5-10 ppm. Figure 19 shows the
effect of altering the settling velocity at the start
of each time step to reflect the concentration at the
centroid of the plume. The actual settling velocity

used for each time step was given by
Wo=%C_ .10"6

where

W, is settling velocity in m/s

Cc is concentration of suspended solids at centroid of

plume in ppm.

In this case the concentration distribution is very
similar to that given by a settling velocity of 0.0001
m/s (Fig 15), with a concentration at the centroid of
30-35 ppm.

12
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Figures 20 to 22 show the distribution of mass settled
on the bed after 180 minutes, with settling velocities
0.005m/s, 0.00lm/s, 0.0005m/s respectively. The mass
distributions each show a pear-shaped area marking the
total spread of the plume; this is due to the velocity
direction which changes in the six time steps from
190° to 115°. The increased settling velocity causes
more mass to be deposited, particularly around the
starting point of the plume as shown by the many
tightly-packed contours around the starting point in
Fig 20, where the settling velocity is 0.005 m/s. As
the settling velocity decreases, there are fewer mass
contours and the mass is less spread out (Fig 22,
settling velocity 0.0005 m/s. Figure 23 shows the
effect of making the settling velocity proportional to
the concentration at the centroid (as in Fig 21).

When Figure 23 is compared with Figure 22, which has
the same contour interval, it can be seen that the
decreasing settling velocities of Figure 23 cause
little mass to be deposited.

APPLICATION OF THE MODEL

Introduction

The model described in the report was developed to
predict the dispersion of dredged material which is
disposed of at open water sites. Accordingly, as a
means of demonstrating the practical application of
the model a run was made based as closely as possible
on the data obtained from the field work conducted on
the disposal of dredged material in Tees Bay (Delo and
Burt, 1987). The location of the Tees is shown in
Figure 24.

The material dredged from the River Tees estuary as a
result of maintenance dredging operations is disposed
of at the Tees and Hartlepool Port Authority (THPA)

disposal site in Tees Bay (Fig 25). This site, known

13



3.2

Input Data

as the Inner Disposal Site, is some 8km offshore in a
water depth of 25-35m and has an area of approximately
4.6km2, On average about 1.7 million cubic metres of
dredged material per annum is disposed of at this site

by THPA's three dredgers.

The area of the National Grid covered by the model is
shown in Figure 26, with the relative position of the
Inner Disposal Site and the area covered by the

contour plots of results from the model.

The bathymetry was idealized as a plane varying from
20m close to the SW boundary to 46m near the NE limit
of the disposal site. The section of this bathymetry
within the area covered by the contour plots of
results is shown in Figure 27. Figure 28 shows the
typical tidal variation of waterylevel, relative to

Lowest Astronomical Tide (LAT).

The magnitude of the velocity for a time step was
given by the discharge divided by the depth at the
centroid at the start of the time step. The discharge
against time relative to high water is shown in Figure
29. The direction of the velocity against time is
shown in Figure 30 and was derived from current meter

data.

The model was run for am initial concentration of
200ppm stafting at point 462100E, 532400N, near the
centre of the Inner Disposal Area (see Fig 26). The
model was started 2 hours after low water (i.e. 8
hours after high water). The longitudinal diffusion
coefficient was taken to be 5.0m2/s and the lateral
diffusion coefficient was set to 0.5m%/s. The

settling velocity used was proportional to the

14



3.3 Results

concentration at the centroid of the plume at the

beginning of a time step, given by
W =%cCc .107°

s c
where

W, is settling velocity in m/s

Cc is concentration in ppm

until it decreased to 0.03mm/s, after which the

settling velocity was constant at 0.03mm/s.

The length of the time steps was not a constant but
was derived in conjunction with the current velocity
at the particular period during the tide to give an
advection of the centroid of the plume of 200m.

The model was run until the concentration at the
centroid fell below 20ppm. Contour plots of the
concentrations in suspension are shown for 33 minutes
and 63 minutes after disposal in Figures 31 and 32
respectively and for the final distribution (83
minutes after disposal) when the concentration at the
centroid had fallen below 20ppm (Fig 33).

The distribution of mass on the bed at the end of the
run (when the centroid concentration was less than
20ppm) is shown in Figure 34. The masses are given as
proportions of the original mass. The total mass on
the bed is approximately 0.5% of the starting mass.
Most of the mass had fallen out within 300m of the

point of release.

15
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4.1

CONCLUSIONS AND
RECOMMENDATIONS

Conclusions

A computational model was developed to predict the
dispersion of dredged material at open water sites.
The model was based on an analytical solution of a
simplified differential equation which described the
spread of material from a source. It was assumed that
the current velocity, depth of flow and turbulent
diffusion remain constant for the length of the plume,
the flow was parallel to the x—direction and the
material was fully mixed throughout the depth.

The simplified differential equation had terms which
represented the rate of change of suspended solids
concentration with time, the rate of decrease of
concentration per unit volume by advection,
longitudinal diffusion, lateral diffusion and loss

of material from suspension due to settling.

A technique of convoluting solutions was implemented
to enable the model to represent changes in the
current direction and water depth during a tide and
the effect of concentration of suspended solids on the
settling velocity. During a particular time step all
the parameters were held constant but were changed
from one time step to the next according to the tidal
conditions. The results from the model were presented
as contoured plots of suspended solids concentration

and deposited mass.

The sensitivity of the model to the time step,
diffusion coefficients and settling velocity of the

material were investigated. The length of the time
step did not affect the solution except for relatively
short time steps in which the distance advected was of

the same magnitude as the cell size. Longitudinal

16



4.2 Recommendations

diffusion was seen to have significant effect on the
spreading of the plume. The effect of the lateral
diffusion coefficient was less marked. The results
were shown to be quite sensitive to the settling

velocity of the material.

A practical application of the model was made to
demonstrate its function. The Tees Bay Inner Disposal
Site was selected as this was the location of previous
and current field studies of the dispersal of dredged
material. One run of the model was made and the

pattern of deposited mass on the bed was presented.

It is recommended that the model is tested against
data obtained from different field situations with

different hydraulic and sediment characteristics.

17



REFERENCES

1. Bokuniewicz, H J, et al, 1978. "Field Study of
the Mechanics of the Placement of Dredged
Material at Open-Water Sites", Technical Report
D-78-7, prepared by Yale University for the US
Army Engineer Waterways Experiment Station,

Vicksburg, Miss.

2. Brandsma, M G, and Divoky, D J, 1976.
"Development of Models for Prediction of
Short-term Fate of Dredged Material Discharged in
the Estuarine Environment", Contract Report
D-76-5, prepared by Tetra Tech, Inc, for US Army
Engineer Waterways Experiment Station, Vicksburg

Miss.

3. Carslaw H S and Jaeger J C. Conduction of heat
in solids. Oxford University Press, second

edition 1959.

4. Clark, B D, et al, 1971. "The Barged Disposal of
Wastes, A Review of Current Practice and Methods
of Evaluation", Pacific Northwest Water Quality
Laboratory, Northwest Region, US Environmental

Protection Agency, Corvallis, Oreg.

5. Delo E A and Burt T N. Dispersal of Dredged
Material: Tees Field study September 1986. H R
Report No SR112, June 1987.

6. Gordon, R B, 1974. '"Dispersion of Dredge Spoil

Dumped in Near-Shore Waters', Estnarine and

Coastal Marine Science, Vol 2, pp 349-358.

18



10.

Koh, R C Y, and Chang, Y C, 1973. "Mathematical
Model for Barged Ocean Disposal of Wastes"”,
Environmental Protection Technology Series
EPA-660/2-73-029, US Environmental Protection
Agency, Washington, DC.

Johnson, B H, and Holliday, B W, 1978.
"Evaluation and Calibration of the Tetra Tech
Dredged Material Disposal Models Based on Field
Data”, Technical Report D-78-47, US Army Engineer
Waterways Experiment Station, Vicksberg, Miss.

Mayo P P and Burt T N. A simple Numerical Method
to Simulate Spoil Dispersal from Surface Dredger

Discharges. HR Report No SR32, January 1985.

Waterways Experiment Station (WES).
"Environmental Effects of Dredging”, Technical
Notes EEDP-0l1-2, September 1986.

19






FIGURES.






I; 'm ! ‘.‘ ;‘I/ ., .’i..-lq
l’ o
Y, " /‘“'" oo /‘/ iy

AT l“ "" l o :' ! " ‘.,
\f“(‘{ ‘ ’ 'rl.!" Q'; |H A "{ g
'.'(\i!( |l ‘\\ g ‘1(-4\1 ;&’(f
me'i .y l:"‘”‘[ .|-' _g_ "\P‘f, ‘\!,
s 9 fharged ol
NS E L ;-""(J:\ll.('_'l’ > ’[',;“,ll'./{ !
l > SR
g \( fpand -.-\“I.“’,!."l 3 :|",;Ill!' II‘
o 2 £ B o
Q! ¢ 40 — o ‘\‘\ {qll' oS i':l .(’“’"1" |‘
._uj g .l; ) .E % ‘;l‘{( o0 l (am ] H ‘."‘"l‘.c l:
(I O NI D) NG
swil] o _&J a Bigal-if ’4'.’,'&--' Y,
) : — m » ] L (7 '1“
AN . AN R
(l o E ’ T 4 “'.'/l‘ll '
‘(( g 3 2'{‘ o"."
{(( R G, |'m“l':
‘ '::'loln

o~
s s’

e

.

5
Ao
:

J

e 1}

t

lllf {’r 'I"'
!' Iifl, " u‘
‘{('lfhl;llﬁ" l\l‘

Iy
O. l;" ,.'!{QW’

poin

Ll Y RIS S

Release

'l _' «I/’ ‘ lbl
< ( t/ l lg‘ll‘i‘
<q
}\\('\‘ //4 n (“/n/ 4 “
{ /l‘

High density core

Fig 1 Transport processess during open-water disposal (affer WES)



>
jpast
&
o
@
>
=
o
w
™
H
-
~N
u
L ad
@
3
c
o
e
v
(]
—
H
R
o
"
>

U0 1}D13U3OU0]

Fig 2 Gaussian concentration profile with centre moving downstream



Z

500m 1000m
L \ ) , . | . \ . . | Scale

3.0+ -

30

2.2+

1.8+ -

I 2 | I T l | I T l 1 F T ! 1
13 1.5 1.7 1.8 2.4 23 2.5 2.7
X AXIS %10 CONTOUR HEIGHT %107°
Y AXIS 10

Starting point of mass is 20,30

Velocity is 0.10 m/s  at bearing 180.0 Settling: velocity 0.001m/s
DX = 5.00 m¥m/s DY = 0.50 m*m/s

Contour interval is 0.00050

Fig 3 Concenfrations in suspension affer 120 minutes
One time step of 120 minutes



=z
o
w
o
o
-
o
o
o
3

| | 1 4

3.4 1 | i | 1 | 1 | ) | 1 | 1

4 //\a -

Q
3.0+
0,

2.6
2.2+ -
1.8+
1 -4"" 0\/
1 .2 T I T I T I T I T T T I T

1.3 1.5 1.7 1.9 2.1 2.3 2.5 2.7

X AXIS %10 CONTOUR HEIGHT ¥10_5

Y AXIS %10

Starting point of mass is 20,30

Velocity is 0.10 m/s  at bearing 180.0 Settling' velocity 0.001m/s
DX = 5.00 m¥m/s 0Y = 0.50 m¥m/s

Contour interval is 0.00050

Fig &

Concentrations in suspension after 120 minutes
Two time steps of 60minutes




=z
o
Ul
o
o
-
o
)
o
3

3.4 1 ] ; | ) | 1 1 1 | 1 ] 1
3.0+ -
Y
2.6+ -
2.2 -
1 B
1.8+
1.4+ 9\/
12 i [ T l [ l T I T l i l ¥
1.3 1.5 1.7 1.9 2.1 2.3 2.5 2.7
X AXIS %10 CONTOUR HEIGHT *10—5
Y AXIS %10

Starting point of mass is 20,30

Velocity is 0.10 m/s  at bearing 180.0 Settling: velocity 000Im/s
DX = 5.00 m*m/s DY = 0.50 m¥m/s

Contour interval is 0.00050

Fig5

Concentrations in suspension after 120 minutes
Four time steps of 30 minutes




4
o
o
)
o
—
o)
)
)
3

L L . |
I T R EI R B S SR T
0
3.0 { _
2.6+ X
2.2+
1.8+
1.4+
s B B LIS LS B N B
1.3 1.5 1.7 1.9 2.1 2.3 2.5 2.7
X AXIS ¥10 CONTOUR HEIGHT %10~
Y AXIS %10

Starting point of mass is 20,30

Velocity is 0.10 m’s  at bearing 180.0 Settling velocity 0.001m/s

DX = 5.00 m*m/s DY = 0.50 m¥m/s
Contour interval is 0.00050

Fig 6

Concentrations in suspension after 120 minutes
Eight time steps of 15 minutes




Z

2.2+

1.8+

1.4

1.2

0

5 1.7 1.8 2.4 23 25 2.9
X AXIS %10 CONTOUR HEIGHT x10~*
Y AXIS ¥10

Starting point of mass is 20,30

Velocity is 0.10 m/s ot bearing 180.0 Settling velocity 0.001m/s
DX = 5.00 m¥m/s DY = 0.50 m*m/s

Contour interval is 0.01000

Fig 7

Distribution of mass on the bed after 120minutes
Four time steps of 30 minufes




prd

B 1 AR RN N SRR U SR B

2.2+
1.8+ 2
1.4+ -
1 2 1 ' L) l 1 l i ' I | 1 I ¥
1.3 1.5 1.7 1.9 2.1 2.3 2.5 2.7
X AXIS *10 CONTOUR HEIGHT ¥10™*
Y AXIS %10

Starting point of mass is 20,30

Velocity is 0.10 m/s  at bearing 180.0 Settling velocity 0.001m/s.
OX = 5.00 m¥m/s DY = 0.50 m¥m/s

Contour interval is 0.01000

Fig 8

Distribution of mass on the bed after 120minutes
Eight time steps of 15 minutes




Z

0 500 1000m

1.50+

1.00+

0.50+ X

0.25 1 I L] I ] | Ll l i
0.50 1.00 1.50 2.00 2.50 3.00

X AXIS %10 CONTOUR HEIGHT *10_6
Y AXIS *10

Starting point of mass is 10,30
Settling velocity is 0.0010 m/s

DX = 10.00 m¥m/s DY = 0.50 m¥m/s
Contour interval is 0.00025

Fig 9 thtﬁ:rehfrafioﬁrs; in“sljskjjéns“ioﬁ
Longitudinal diffusion coefficient 10m?/s




N 0 500 1000m
{ { J
4.00 ] ] 1 ] i 1 1 | :
3.504
3.00+ o -
2,504 -
2.004 ‘l|||||||||' |
1.90+ -
i ) . -
1.00- , i
0.50+ -
0-25 1 ! ¥ l ] l ] } 1
0.50 1.00 1.50 2.00 2.50 3.00
X AXIS %10 CONTOUR HEIGHT %1075
Y AXIS %10
Starting point of mass is 10,30
Setiling velocity is 0.0010 m/s
DX = 5.00 m*m/s DY = 0.50 m¥m/s
Contour interval is 0.00025

" Fig 10 Concentrations in suspension
Longitudinal diffusion coefficient Sm ¥s



pd
o
S
o

1000m

4.00 ] | 1 ] 1 ] f ] !

3.50+

3.00+

2.50+

2-00_ o

‘ 050—

1.00+

0.50+

0'25 L] l ) r 1 l 1 I i

0.50 1.00 1.50 2,00 - 2.30 3.00

X AXIS *10 CONTOUR HEIGHT *10_5
Y AXIS %10

Starting point of mass is 10,30
Settling velocity is 0.0010 m/s

0X = 1.00 m*m/s DY = 0.50 m¥m/s
Contour interval is 0.00025

Fig 11 Concentrations in suspension
Longitudinal diffusion coefficient 1m2/s



N 0 500 1000m
/r L. i L
3.6 ! ] ! | 1 | I |
3.2
2.84
2.4
2.0+
1.6+
1.2+
l 10 1 l 1 l i I 1 l
1.6 2.0 2.4 2.8 3.2 3.6
X AXIS %10 CONTOUR HEIGHT 107
Y AXIS *10
Starting point of mass is 20,30
Settling velocity is 0.0010 m/s
DX = 5.00 m¥n/s DY = 1.00 m¥m/s
Contour interval is 0.00025

Fig 12 Concentrations in suspension
Lateral diffusion coefficient 10m%/s




3.6 ] ] i | ; 1 1 | 1
3.2 !
| o ]
—
2.8 » !
250
2.4 !
2.0 !
250
‘ tB-‘ B
1.2+ \o\____/“ i
I '0 1 l 1 I 1 l 1 l 1
1.6 2.0 2.4 2.8 3.2 3.6
X AXIS ¥10 CONTOUR HEIGHT %1078
Y AXIS %10

Starting point of mass is 20,30
Settling velocity is 0.0010 mss

0X = 5.00 m*n/s 0Y = 0.50 m*m/s
Contour interval is 0.00025

Fig 13. Concentrations in suspension
Lateral diffusion coefficient 0.5m%%



Starting paint of mass is 20,30
Settling velocity is 0.0010 m/s

DX = 5.00 m¥m/s DY = 0.10 n¥m/s
Contour interval is 0.00025

3.6 - : 1 '
3.2
- "\a
o i
2-4"' :
)
2.0 3 |
1.6
0\-—————/Q 3
1.2
1.0 L A
1.6 2.0 2.4 2.8 3.2 3.6
X AXIS 10 CONTOUR HEIGHT x1075
Y AXIS *10

Fig 14 Concentrations in suspension
Lateral diffusion coefficient 0.1m%s




—_—
~ O
v
- ©
o
o
— O
S
3

3.50 I 1 l 1 | 1 ' 1 1
3.00~ -
/0-00 —\
. . A
s ]
I 5.0 »
2 .90+ IQ.N\\ [
B3 Y
e \ﬁﬂo"g
2 = )8
] "% '%0\/
\)&-ﬁ
I .50— “% g ™
- \\\\\\‘\mm -—*’///?
M1 |
0.4 0.8 1.2 1.6 2.0 2.4 2.6
X AXIS %10
Y AXIS %10
Starting point of mass is 10,30; initial concentration is 1000ppm

Settling velocity is 0.0001 m/s

DX = 5.00 m*m/s
Contour interval is

0Y = 0.50 m*m/s
5.000

Fig 15

Concentrations in suspension
Settling velocity = 0 0001m/s

(in ppm)




N 0 500 1000m
T L { ' 1'
3.50 | L | 1 | ! ] L | 1
3.00+ -
0
\o
) \
2,50 \ .
° ((WY a
ﬁo\\ \
LAY
%
2.004 @Q _
\f,
% @\V‘,ﬁ/\e i &
\ -
1 .90+ \u _
17—
0.4 0.8 1.2 1.6 2.0 2.4 2.6
X AXIS *10 CONTOUR HETGHT x107!
Y AXIS ¥10
Starting point of mass is 10,30; initial concentration is 1000ppm
Settling velocity is 0.0005 m/s
X = 5.00 n*n/s DY = 0.50 m¥m/s
Contour interval is 5.000

Fig 16
Settling

Concentrations in suspension (in ppm)
velocity = 00005m/s




——
— O
w1
b O
o
r —
o
ool =]
o
3

3.50 ] 1 i : ] 1 ] 1 ] t

3.004 "

2.00+ L

1 502 | ‘1\\\\\0\\\\\\"’J§ ;

=
)

77—
0.4 0.8 1.2 1.6 2.0 2.4 2.8
X AXIS ¥10 CONTOUR HEIGHT 107"
Y AXIS %10 :

Starting point of mass is 10,30; initial concentration is 1000ppm
Settling velocity is 0.0010 m/s -

DX = 5.00 m¥n/s DY = 0.50 m*n/s

Contour interval is 5.000

Fig 17 Concentrations in suspension (in ppm)
Settling velocity=0.001m/s



=z

3.50 | 1 ] 1 | 1 ] 1 | !

3.00- o

S
\\%> |
/|

M
0.4 0.8 1.2 1.6 2.0 2.4 2.8
X AXIS ¥10 CONTOUR HEIGHT ¥10 2
Y AXIS *10

Starting point of mass is 10,30; initial concentration is 1000ppm
Settling velocity is 0.0050 ms

0X = 5.00 m*m/s DY = 0.50 m*m/s

Contour interval is 5.000

Fig 18 Concentrations in suspension (in ppm)
Settling velocity = 0.005m/s



0 500 1000m
l i I i I
3.50 ) | ! | 1 | i | N | 1
3.004 B
L]
.\o
2.50- o ,N . -

2 )
e

2,00 L 2%\\) )t
A\

g
(

1.30+ "
\o_/
77171
0.4 0.8 1.2 1.6 2.0 24 2.6
X AXIS *1( CONTOUR HEIGHT *10—1
Y AXIS *1(

Starting point of mass is 10,30; initial concentration is 1000ppm

DX = 5.00 m*m/s
Contour interval is

0Y = 0.50 m*n/s
5.000

Fig 19

Concentrations in suspension (in ppm)

Settling velocity proportional to concentration at centroid

of plume




3.50 ] ! 1 ] 1 1 1
3.00+ -
2.50+ "
2.00_ ‘ & =
1.50- — i

.00 S L By B A B
0.4 0.8 1.2 1.6 2.0 2.4 2.8

X AXIS *10 CONTOUR HEIGHT *10_3

Y AXIS *10

Starting point of mass is 10,30; initial concentration is 1000 ppm
Settling velocity is 0.0050 m/s

DX = 5.00 m¥m/s DY = 0.50 mxm/s

Contour interval is 0.010

Fig 20 Distribution of mass on bed
Settling velocity is 0.005m/s



o O
un
—)
o
—
o
—_ O
o
3

3.50 [ !

. f \\ _

2.504

2.00- \ i

1,504 \ﬂ—j

1.00 T I T I T ] i { ' ]
0.4 0.8 1.2 1.6 2.0 2.4 2.6
X AXIS ¥10 CONTOUR HEIGHT x10~
Y AXIS ¥10

Starting point of mass is 10,30, initial concentration is 1000ppm
Settling velocity is 0.0010 m/s

0X = 5.00 m¥a/s = DY = 0.50 m¥m/s

Contour interval is 0.010

Fig 21 Oistribution of mass on bed
Settling velocity is 0.001m/s



—
~ O
un
]
o
)
— 0
o
3

3.50 | 1 | 1 | ! i 1 | ]

)

2.00- i
~—~———
1 .50 I
1.00 v I T I T I T 1 ! 1
0.4 0.8 1.2 1.6 2.0 2.4 2.8
X AXIS ¥10 CONTOUR HEIGHT *10™*

Y AXIS #10

Starting point of mass is 10,30, initial concentration is 1000ppm
Settling velocity is 0.0005 ws

DX = 5.00 m¥m/s DY = 0.50 n¥m/s

Contour interval is 0.005

Fig 22 Distribution of mass on bed
Settling velocity is 0.0005m/s



N 0 500 1000m
T& L I ]
3.50 } i | L | ] ] t | {
3.00- _
2.50— -
2.00- N
1.90- : —
1.00 e L A B S N a—|
0.4 0.8 1.2 1.8 2.0 2.4 2.6
X AXIS ¥10 CONTOUR HEIGHT 104

Y AXIS *10

Starting point of mass is 10,30; initial concentration is 1000ppm

DX = 5.00 m*m/s DY = 0.50 m*m/s.>
Contour interval is 0.005

Fig 23 Distribution of mass on bed ‘
Settling velocity proportional to concentration at centroid



Newcastle-

upon-Tyne
“
¥ North Sea
Sunderland ®f
. %
X
“‘\
River P
¢
<
8

Study
area

Grimsby

0 1 20 30 40 50 km
l { | |

Fig 24 Location map of River Tees




I~
/ ~—
/ \\\

/.
/ isposal 7
y site /
L /

-~ /
3 ~
AR AR NA NI -~
AN ~
-~
ARARAICEARANIR XA -~/
e e e N
OO OO e e
3 3 S d
DRI,
KAARAAK AR EDONANARARARAN
T T .
OANAAARARIR AR
DAARAAKAKIAARAAI
) e s
ASAAARA A,
seenveova .l.l “ssseasers e !
ANy .
e e e e e e e e e e e e e
AR AR AR KA KON KA AKX AN i
RARAX
X A
e T T S e A
A XK AKAIER AR
e e T e e e e e e e 8
A A K KA AA KRNI e
5
A 3 REIRAARNK AOSANANN
A AR A A AR AR SARARAA
T e e e e e e ST T RSN
B A A AR ety
AARAARIARANIX AR e .
. g
AR AR AN e e e e )
A KA XN AN OSNOSASANNS -
D KA Akt et oo e
AN DARANARAARAIMAK e e e e e 00000
’ ‘ . .0-.-00.. oto‘l-cc-.oot.cu.l
o

o000 ...-....-o.......
o D e easeee OO
0

00 SO00000000 0 00
e e ee e e e e e e e e e OO0 OOo00000 o000 QLoD
.............................-.......... OO O XX XN 00
OO00OUCRIO OO000000 o0 OO0 DOXRYXN o OO0 D
>y A )
0 oaete e e e e e 0s . et e e e 8 e n s e e s e s e s .......-..u......
OO ) eaTeare e e a e e e b0t .
SOO000 ...--..-.................-....... e e e e e e e e e e e e e e e e e
e atee e o8 a s e XXOOOOSCR O ................-. aee SO00000A0LONOOIO
[) OO0000 ...............................-.............u.-....

OO XL DO XAAX LX)
0 PO XION
oo

OO000ONOLN0 e e m e neareseenn
..............-....---...n.uo---.-.....

Senasees
e e e e e o000

COXXX
o0 seoessasteessestass

o0 SO0D0O00ND
.....-.-...n BOS00N000000000O0NX XYY
...-..-.u.-..-.--.u.-........o--...
o o’
atere

OO0 e D 3 fo's’e
..--...........-..--.-.......-.n--. ORS00
e oo e e e s et et e e

500

DOOOIOUOCE Y
0

RRRNOONCIR R XXX
00 OO0

0

OO X OOOOROMOE X X XX O o0 o OO0XY

IAOONEE OO R R X OO R RO X R U AO0000000

D LA RRONO .....u.u..o.-... (o'e o ROOC0
DO000000000000

OO0

OO L XXX XN o)
s ssac e eeey DOSOOORORON OOOO000 c-onuu......-..-. ...-.a.‘ OO0 0
LR 8 0 000 000 oo.....ou.... DOULRREX O 000000
00 . s eennessers oo D 0 . es DIUOOLLEX) .-.u.u.--...--.
OOROOO0000000 00 o e s e e e e e e s ey e e e e A e s e A e e e e Do00) OO0 AKX XXX AXXRAED
....-o--.u.----------..................‘..................... 0t e a e e e s e e s e e ae a e e e a e e e e s e o D
eeesesess ey ore s s e e e e s s e e s s e e e e sy esssesseee sy ....-....-.....-....u.-u.o........ OO0
o0 OO0 N OO AKX R LA RANKXD D
. . 0 o’ IR XAF XX .......u-...-.....u ORI
aeaessasees e see. LSt st s e e et eas e ese XX aesesaseeaseesesaieses
COOCOSIOOOOOO0 000 X000000000OaNNOINNOOOOOONa0Y 00000 oK) X 0 o o0 OO0
000000 .............-.. a6 s e e ueeeeteseseseassee ................... anv oo PODOOOR RN
COOOUY 0 eaene SOOGS0 AR XKE) ale’s .......--u..... et e et e e e e e e e a e e e e e o
0 o e a e e 8 e a e st s e e an ety SOOONONN0 0
OOOO000000 . . QoK) -‘.-........u.-...........-.....n 000
OO0 PO RCROROROOOIOTCUNU BOOO0000 @ SN 0 et AR AAREX)
a%e e e a a0 e a e e e e u e e 0 e s e e 8 s n e aw e e e e e s .......-u-u QO R OO o OO0
.-..-..-.-..............n.....-...........----..... OO D000k W) QOOCO00 SOAANOO0CON0I0N0 oo oo
O et a s e e s e e e n e s s e s eneeeen OO0 OASON0Y . ..........-u..--.--..u ettt et e e e e e e et et e
OO0 0 -........--..................-.....o XOOOARXX)
0 SOUOOOOOONOOROMAUS L AR X R RO OO0
POOOUIN

...........----.... .
0 0
.

oe O
. S AAANSARNAAAR AN
et e e e e e e e e e e e e e
s e e et et e et e e Tt e e e e e e e et e e e

g DO O XL XA XXX
OO0 RO KOO
000 ooy

OOLR
.......o..---.........-........n
0 oo ee 000 .

X3

o' OO0

..u.........
0000

00 o0
ettt T e e T e T
.....n....-............ DOOOCCO00
D .....u.n......u....-.......
000 DOMTON
..

for study

BO0000 OO o000
et e et e et T e e e e
0000 oe e e e s s s s s et e e e st et e et soaeoetestoeaoacrte e aTate e e e e h e e e e o0
RO ORI SO O A X XXX XX et e e e e e e e e e

0 OO0 DOON OGO TR KRR R KL X )

s aes e .u....

OOOOO00O00000T

QOS0O000
DOOLO00X
SO0
o'ee fecereeectevocnerossncsenancananaen

.

OO00S00000 0 'y
SO0GOO00008 300 a0 0 8 8 e a8 e e s ey e e e e e s e 0
0 OO000 ........-.........-.................... 06 48 e s e s eeseeeaey
o s 4 e e earesseee ettt et eses ey g SO0000SOONOOO000COOO OO0 N aeeensane .
oe s 0 e e s v e easasy OO 0 ........n...-.n.-........n-.......--ou..-.. oo DOOOSO000ND
. RO .........-.....-uu-...................... AOOSO000D
00 ...--...........nu-u..-..-.o........
eaiaeaa s s e e s eeeeseeneretiseoesy

DO AR aees o0

DOCD00 0 0 o
o 0 e g e o 88 6 5 8 00 e s eacsnsseuaeetyaesee BOOCOOOOOSOCH0a000000 0 X
o0ey

OO0
4 00000 g
JOOSOOOEOONNON0ND
--..................o.......
OO0

.....u......................u............u.-
ee OOO00000C

PO OO RS .
e e e e e e e e e
.......-.........u.....-................--- BO0OCO0000
ROOOOC) ..........................n-u-..-.............-. SOOI
OGO OO KOO XXX R XXX
0 e e e e a e et e e s e e e e e e s e eeeesn el
D000 0 .
SO0000Y

SOO00Y

OO0
e e e s et e s

0
OOOOSOCO00
A A A A N
OO X A
oo RO R RN

0

DOOO0000 e e e e e e s e et e st eeesaeeateeeareeteeeeeee

............-......- OO0 OO 0000000000000 XXX SOOO0000E o0

OO0 OO ORI e e et e e e e et e e e
e aes o0y QUUDLCC X

QOO0

0 o000 -0-0-..-—--.:1.0..0-.’0-n-t'tcvco.n.co o0 g
JO000OOOOaOOONOS OO0 OO0 ....-....‘. oo oe
A0SO OO0 SOOI ....................-........ 0000000000
DOOOOOOIRI0 o0 o

"o

.......................................................
O OO KON AR XXIINY
e oo‘-n--'-‘0...-.1.....-...0 e
u..........-........“...'._..

CUUOCOOMU,

e e e e e e e D
e ettt T T T T T T T T T T T T T e T e T e e e e e
& e e e e e e e e e s e e e e B A ORI
SO000 DOOOOLOONO00000 DOOOOII OO R AR

.’ D000 OO NOOOOOONR AR
e te e e e e e e o e e e v e e e

s ese e n e et ot et At et ats

Fig 25 Location map of disposal site




~
/ >~
// \\\
533000 s S
7/ >
/ ~4
Z >
4 ® Stafting pgint /
e of |mass //
e
532000 —<] -
\\ /7
N '/
N\\ /
N 7
>~ /
N /
\\ /
531000 YV 4
530000
529000
9 1{km
528000N
wi w) w w) (V%] w
o < o o o o
o o o o o o
f=4 o o o o o
— ~ m ~r wm D
2] 0 [¥o] [¥a) O 0
= = < - = ~+
P
<& \:> Inner Dispasal site
\\/,
* Area covered by contour plots of results,
with starting point of mass.
Fig 26 Total area on National Grid covered by model, showing

position of ODisposal site and area covered by contour
plots of results




"3

932.6 ! . : \ | 1 1 L ] 1 ] 1 i 3
3,
932.2- .
%,
. \
231 .8+ _
&
. \
231 .44 n
%
\"' * \
931.0- - n
P
930.6- \_
P,

O

%
/

530!2 1 I ¥ ’ [ { I 1 l 1 4 [ 1 l 1 l ¥
461.9 462.1 462.3 462.5 462.7 462.9 463.1 463.3 463.5
3
X AXIS *‘03 0 500m Tkm
Y AXIS *10 L N
N

Depths inm below LAT
Contour interval is 1.0m

Fig 27 Bathymetry of results area used in model
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Fig 31 Plume model with input data from the Tees estuary

Concentrations in suspension (in ppm) 33 minutes after
disposal
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Fig 32 Plume model with input data from the Tees estuary
Concentrations in suspension (in ppm), Thour 3minutes
after disposal
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Fig 33 ”Plume model with input data from the Tees estuary
Concentrations in suspension (in ppm) 1hour 23 minutes
after disposal
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Fig 34 Plume model with input data from the Tees estuary
Distribution of mass on bed after 1 hour 23 minutes
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APPENDIX A

A general convolution which spreads out a function

fo(x,y) can be written:

4+ o 4o
fi(a,b,t) = [ [ £ _(x,y)5(a=x,b-y,t) dx dy (A1)

— 00 = OO0

where S is the spreading function which is convolved
with the old distribution fo to obtain the new
distribution fl

For this particular model, the spreading function is

: 1 (a-ut)z—b2
S(a,b,t) = — f- }
411:t(Dny)!5 4tD t:Dy
—Wst
exp { T } (A2)

This is equation 3 of section 2.3.1, written in terms
of mass. The gaussian parts are normalised so that
the overall change in total suspended mass depends
only on the decay term.

+owto Wt

ie f f S(a,b,t) da db = exp {—f?— }

-— 0 == OO

The convolution is now
£ (a,b,t)=

+ o 4w _‘_ z_b_)z
[ 1 e (xam) exp {{a7xut) (=) 7y
m ln:Dx ln:Dy

-—CO ~— 00

exp{-—g—}] dx dy (A3)



In order to justify the combination of solutions in
Section 2.3.2 we need to show that f2 obtained by
putting t=2T and performing one convolution is the
same as f11 obtained by putting t=T and convolving to
obtain fj, then performing a second convolution on £

to obtain fll‘
i.e f2(a,b,2T) = fll(a’b’T)

The initial distribution of mass fo(x,y) is a point
release which can be represented by a delta function
&x,y), which has the value O except at

(a,b)=(0,0) where it has the value 1.

First consider the single convolution with t=2T:

4+ o 4o
fz(a>b’2T)=I f G(X,Y)

-0 -0

1
5
AnKZT)(DXDy)

-(a-x~2uT) 2 -(b-y) 2 2T
el 2orw-  sEmp. | eel—g— Mxday a5
x y

Because of the properties of the delta function, this
is just

~(a—2uT)2 - b2

£ 5(a,b,2T) exp }
’ 84T D ) 8ID_ 8TD
Xy
-2W_T
exp {—5— |} (46)

Next consider the successive convolutions with t=T:

The first convolution, with x and y integrated from -

to +xo ig:



4+ 4o

£ (a,b,T)=] [ &x,y) ——

)
o —o 41t1‘(Dny)

-(a~x-uT) 2 -(b-y) 2 Wst

exp ) VAd) } exp { 3 } dx dy (A7)
X y

1 {-(a—uT)2 - b2 \ sy

s - exp exp i — (A8)
AﬂT(DXDy)% _zTDx 4TDy d

as &x,y)=0 except at x=0, y=0.
The second convolution is

fll(a)b’T) = ff f]_(x,y:T) S(a-x,b-y,T) dx dy

C Il e (G

4TD 4TD
415[‘(DXDy) b4 y
{—WST } 1 -(a-x-uT) 2 -(b-y) 2
exp{ — —_— . exp
d 4w D )’5 4TD_ 4TD
Xy
—WST
exp { —}kx dy (49)

Rearranging the right hand side gives

5, 1y= [ f— (s
f,.(a,b,T)=}}|— exp
1 4% (D D )E d
X'y
1 exp {-(x—uT)?—(a—x—uT)z ~y 2 -(b—y)z}]
4 1T (Dny)E 4TD_ 4TD_ 4TDy ATDY

dx dy
(A10)

Make the substitutions:



a - I
p= #x - 0 4 =2 ")
dp =42 dq =+

The integral limits are unchanged as integrating x
from ~~ to +~ means that p is integrated over the

same range. Similarly for q.

2
Now p2=2x2—2ax+%_

and with some rearrangement

-2 2
p2+ 2D T | u1) 24 (a—x-uT) 2 (A12)
2 2 b2
Similarly q< = 2y < - 2by +'7f-
2, b? 2 2 :
and q< + 57— =Y + (b-y) (A13)

Using Equations Al2 and Al3 in the integrand of
Equation Al0 and making the substitution, we get

® ® -2W T

£, a0, )= [ [————1———-5 exp {—>}

q=-=,p===4 TO.D )

1 exp P 2 _ (a=2uT) 2 _ q 2 _ b2 }
|y
4 T (Dny)% 4TDX 4'.1:Dx 4TDy 2 (4TDy
dq (Al4)

dp
/2 V2
Taking the constant factors outside the integral and

re—arranging this equation to separate the variables

gives:



