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Mathematical  Uodels of Tave Refract ion, and Dif f ract ion by Igland
Breakwaters

J V Smallman SR No 171

ABSTRACT

This report describes tso mathenatical uodela yhich may be used for the
prediction of save effecte by an island breakwater in varying depth. A
brief description is givea of the derivatioa of two models. Their results
sere conPared for a test case of en island breakwater in uniforn depth rith
thoee fron a mathenatical aodel which ryould nornally be ueed in thia
si tuat ion.

Eaving establiehed that the two nodele give a reaeonable repreaentatioa of
nave diffraction by an ielaad breaksater in uniforn depth, a seriee of teste
rere then carried out for the varying depth. Thie allowed a qualitative
aaseaanent to be nade of.the performaace of the rnodels in the varyiag depth
G88€. The rep.ort concludes by eu arising the capabilitiee and linitatione
of each of the nodela, aad by naking suggeotione for their future
development.
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1 . 1

t . 2

INTRODUCTION

Terms of

Re fe rence

Ou t l i ne  o f

Report

One  impor tan t  aspec t  i n  t he  des ign  o f  a  sys tem o f

o f f sho re  b reakwa te rs  i s  t he  p red i c t i on  o f  t he i r

e f f ec t s  on  the  nea rsho re  wave  c l ima te .  An  ea r l i e r

repor t  (Ref  1)  descr ibed a mathemat ica l  model  which

wou ld  be  used  to  g i ve  a  f i r s t  es t ima te  o f  t he  changes

in wave condi t ions due to nave d i f f racr ion and

ove r topp ing  a t  o f f sho re  b reakwa te rs .  Th i s  node l  d i d

not  inc lude the ef fects of  ref ract ion due to depth

var iat ion in  the v ic in i ty  of  the breakwater .  In  many

si tuat ions where of fshore breakwaters are being

considered as par t  of  a coast  protect ion scheme the

e f fec t s  o f  r e f rac t i on  and  shoa l i ng  w i l l  be

s ign i f i can t .  I t  i s  t he re fo re  impor tan t  t ha t ,  whe re

necessa ry ,  such  e f f ec t s  a re  i nc luded  i n  ma themat i ca l

models of  wave propogat ion by of fshore breakwaters.

With th is  in  s l ind we consider  here two mathemat ica l

mode ls  wh i ch  a re  capab le  o f  r ep resen t i ng  shoa l i ng  and

re f rac t i on ,  and  d i f f r ac t i on  by  b reakwa te rs .  These  a re

both descr i .bed br ief ly  and thei r  per formance examined

for  uni form and vary ing l rater  depths.

In th is  repor t  resul ts  f rou three mathemat ica l  models

a re  p resen ted .  The  f i r s t  o f  t hese  i s  t he  mode l

desc r i bed  i n  Re f  I  wh i ch  rep resen ts  d i f f r ac t i on  by

breakwaters in  water  of  uni forn depth.  The other  two

mode ls  a l so  a l l ow  re f rac t i on  and  shoa l i ng  e f f ec t s  t o

be  rep resen ted .  The  mode ls  a re  a l l  desc r i bed  b r i e f l y ,

t oge the r  w i t h  de ta i l s  o f  t he  app roach  used  to  examine

the i r  pe r fo rmance ,  i n  Chap te r  2 .  A  compar i son  o f  t he

resu l t s  f r oo  a l l  t h ree  mode ls  f o r  che  cons tan t  dep th

s i t ua t i on  i s  g i ven  i n  Chap te r  3 ,  and  resu l t s  f o r

va ry ing  dep th  a re  p resen ted  i n  Chap te r  4 .  The



2 . 1

ilATflEUATICAL

I{ODELS

Out l i ne  o f

approach

conc lus ions  and  recommenda t i ons  a r i s i ng  f r om th i s

repo r t  a re  g i ven  i n  t he  f i na l  chap te r .

The  ma themat i ca l  mode l  desc r i bed  i n  Re f  1  w i l l

r ep resen t  t he  e f f ec t s  o f  wave  d i f f r ac t i on  by

b reakwa te rs  i n  un i f o rm  \ ra te r  dep th .  I t s  resu l t s  have

been compared wi th theoret ica l  so lut ions and found to

be in good agreement .  The mathemat ica l  technique used

in  t h i s  oode l  r e l i es  on  f i nd ing  a  numer i ca l  so lu t i on

to the governing in tegra l  equat ion,  whose der ivat ion

is  based on an assumpt ion of  constant  r i ra ter  depth.

These equat ions do not  admit  any s i rnple extensions

wh ich  wou ld  a l l ow  dep th  va r i a t i on  t o  be  i nc luded .

The re fo re  i n  o rde r  t o  rep resen t  re f rac t i on  and

shoa l i ng  a l t e rna t i ve  mode ls  t o  t ha t  desc r i bed  i n  Re f  I

are requi red.  In  the present  rdork t l ro  such models

a re  i nves t i ga ted .  I n  bo th  cases  the i r  gove rn ing

equa t i ons  a re  de r i ved  f rom the  m i l d  s l ope  equa t i on

(Ref  2)  which represents both vave d i f f ract ion and

re f rac t i on .

The  f i r s t  o f  t hese  mode ls  was  deve loped  a t  B r i s to l

Un i ve rs i t y  (Re f  3 ) ,  and  uses  a  f i n i t e  d i f f e rence

method  to  so l ve  a  pa rabo l i c  app rox ima t i on  to  t he  n i l d

s lope  equa t i on .  Th i s  i s  re fe r red  to  t h roughou t  t he

report  as the Parabol ic  model .  The second model

(Re f  4 ) ,  wh i ch  was  deve loped  a t  L i ve rpoo l  Un i ve rs i t y

i s  a l s o  a  f i n i t e  d i f f e r e n c e  m o d e l ,  b u t  i t  s o l v e s  a

d i f f e ren t  app rox ima t i on  to  t he  m i l d  s l ope  equa t i on .

Th i s  mode l  i s  re fe r red  to  as  t he  L i ve rpoo l  mode l .

Bo th  a re  desc r i bed  i o  t he  rema inde r  o f  t h i s  chap te r ,

t oge the r  w i t h  b r i e f  de ta i l s  o f  t he  cons tan t  dep th

in teg ra l  equa t i on  mode l  f o r  comp le teness .



2 . 2  I n t e g r a l

Equat ion Model

(Constan t  Depth)

O n e  o f  t h e  d i f f i c u l t i e s  i s  a s s e s s i n g  t h e  p e r f o r m a n c e

o f  ma themat i ca l  mode ls  o f  wave  d i f f r ac t i on  by

b reakwa te rs  i n  va ry ing  dep th ,  i s  t he  l ack  o f

a n a l y t i c a l  s o l u t i o n s  o r  p h y s i c a l  m o d e l  t e s t  d a t a  t o

v a l i d a t e  t h e  n u m e r i c a l  m o d e l  r e s u l t s .  F o r  t h e

cons tan t  dep th  case  the re  a re  t heo re t i ca l  so lu t i ons

a v a i l a b l e  ( s e e  R e f s  1  a n d  5 ) .  T h e r e f o r e ,  t h e  a p p r o a c h

taken  he re  was  to  examine  the  resu l t s  f r om the

mathemat i ca l  mode ls  wh i ch  cou ld  be  used  i n  va ry ing

dep th  f o r  a  t es t  l ayou t  \ r i t h  cons tan t  wa te r  dep th .

Th i s  wou ld  enab le  a  compar i son  to  be  made  w i th  resu l t s

f rom the  cons tan t  dep th  mode l  d i scussed  i n  Re f  1 .  The

ou tcone  o f  t hese  compar i sons  a re  d i scussed  i n  Chap te r

3.  The mathemat ica l  models rdere then appl ied to a

s in i lar  breakwater  layout  but  l r i th  vary ing vrater

dep th ,  and  a  quan t i t a t i ve  assessmen t  o f  t he i r

pe r fo rmance  made .  Th i s  i s  d i scussed  i n  Chap te r  4 .

Fo r  a l l  o f  t he  ma themat i ca l  mode ls  desc r i bed  he re  t he

ma in  ob jec t i ve  i s  t o  ca l cu la te  t he  $ rave  he ighc  i n  t he

v i c i n i t y  o f  aa  i s l and  b reakwa te r .  Fo r  a  b reakwa te r  i n

uni form nater  depth the requi red wave heights can be

ca l cu la ted  us ing  the  i n teg ra l  equa t i on  t echn ique

desc r i bed  i n  Re fs  1  and  5 .  Th i s  a l l ows  the  vave

he igh t  coe f f i c i en t ,  i e  t he  ra t i o  o f  wave  he igh t  a t  any

po ing  p  t o  t he  i nc iden t  wave  he igh t ,  t o  be  es t ima ted

us ing  the  fo l l ow ing  me thod .

The wave height

in  terms of  rhe

coe f  f  i c i en t  ( I I  /H .  )p 1
ve loc i t y  po ten t i a l

can  be  exp ressed

0  a s t

b= l5lHi I  or l
( 1 )



I t  can  be  shown  tha t  ( see  Re f  5 )  t he  ve loc i t y

p o t e n t i a l  a t  a n y  p o i n t  p  i n  t h e  v e l o c i t y  o f  a n  i s l a n d

b reakwa te r  i s  g i ven  by ,

0o = 0 i  *  0d,  Q\

where  0U  i s  t he  ve loc i t y  po ren t i a l  o f  che  d i f f r ac red

wave .  Th i s  mus t  sa t i s f y  t he  rad ia t i on  cond i t i on ,

I i m  E  ,  d
i^-l - " 

t-# - ir) 4o = o

where r  = (x2 *  y2) t r .  The or ig in of  the Cartes ian

( * r y )  co -o rd ina te  sys teo  i s  t aken  a t  t he  cen t re  o f  a

breakwater  of  length 2a which is  located a long the x

axis .  Waves approach the breakwater  f rom Ehe negat ive

y  d i rec t i on .  The  i nc iden r  po ten t i a l  i s  g i ven  by ,

O t ( x ' y )  =  s  e x p  ( i k ( x s i n  B +  y c o s  p ) ) ( 3 )

where 5 is  the inc ident  wave ampl i tude and k the nave

number ,  The  d i f f r ac ted  po ten t i a l  i s  g i ven  by ,

.  a  on ( l )
06(x,v)  = 

;  I^  g(xo)  t -a*  (kR) ]yo=o dxo ,  y)0 (4)
-a

Ou(x ry ;  =  - { u ( x r - y ) ,  y  (  0 ,

where  p2  =  ( x -x  
o ) ,  

*  ( y . vo )2 ,

" ^ ( t )  
i s  t he  Hanke l  f unc t i on  o f  t he  f i r s t  k i nd ,  ze ro tho

order  and k is  the wave number.  The funct ion

e (xo ) -a (xoda  i s  t he  so lu t i on  o f  t he  i n teg ra l

equa t i on ,



I e ( * )H (1 ) ( r  I
_a  o  o  k l x - xo l ) axo  (5 )

=  G ( x )  +  4 . - i k x  +  B e i k x ,  - a  ( x  d a ,

where  G(x )  i s  a  pa r t i cu la r  i n teg ra l  o f  t he
d i f f e r e n t i a l  e q u a t i o n

ofo^
kzG =  2k  6  cos  F  exp  ( i kx  s i n  F ) ,3 o 2

A  and  B  a re  chosen  to  sa t i s f y  t he  bounda ry  cond i t i on

g ( x ^ ) = 0 a t x = * a- o

Once  (5 )  has  been  so l ved  fo r  e (xo ) ,  _a (xo (a r  t he
d i f f r ac ted  po ren t i a l  i n  rhe  f10w f i e l d  can  be

ca l cu la ted  us ing  (4 )  and  the  to ta l  po tea t i a l  r ecove red
f rom (3 )  and  (2 ) .  Th i s  w i l l  r hen  a l l ow  rhe  d i f f r ac ted
wave  he igh t  t o  be  ca l cu la ted  us ing  (1 ) .  A  d i scuss ion
of  the resul ts  obta ined using th is  method is  g iven in
R e f  1 .

2 .3  Pa rabo l i c  mode l

The parabol ic  model  vhose resul ts  are g iven in th is
repo rc  was  deve loped  a t  B r i s to l  Un i ve rs i t y .  A
de ta i l ed  accoun t  o f  t he  de r i va t i on  o f  t he  gove rn ing

equa t i ons  and  i t s  app r i ca t i on  t o  a  number  o f  t es t
problems is  g iven in Dodd (Ref  3) .  A br ief  account  of
the der ivat ion of  the parabol ic  approximat ion and i ts
l i n i t a t i ons  w i th  respec t  t o  t he  p resen t  p rob lem i s
g i ven  he re .

The parabol ic  equat ion used here is  der ived f rom the
mi ld  s l ope  equa t i on ,

Y. ( c  cg  Y0 )  +  o2  O  c * / c  =  o , ( 6 )



wi th  app rop r i a te  bounda ry  cond i t i ons .  He re  0 ( * r y )  i s

t h e  v e l o c i t y  p o t e n t i a l ,  c  i s  t h e  p h a s e r  c *  t h e  g r o u p

ve loc i t y  and  o  t he  rad ian  f requency .  Th i s  equa t i on

w a s  f i r s E  d e r i v e d  b y  B e r k h o f f  ( R e f  2 ) ,  i r  d e s c r i b e s

Ehe  p ropaga t i on  o f  pe r i od i c ,  sma l l  amp l i t ude  su r face

g rav i t y  rdaves  ove r  a  seabed  o f  m i l d  s l ope .  I t  w i l l

r ep resen t  Ehe  comb ined  e f f ec t s  o f  r e f rac t . i on ,  shoa l i ng

and  d i f f r acc ion .  To  de r i ve  t he  requ i red  pa rabo l i c

app rox ima t . i on  t he  re f l ec ted  wave  f i e l d  i s  assumed  to

be  sma l l  and  i s  neg lec ted ,  and  fo rward  t rave l l i ng

rdaves  on l y  a re  cons ide red .  Th i s  l eads  to  t he

e q u a t i o n ,

# = h#. {io - k*ir, ( 7 )

where x is  the main d i rect ion of  wave propagat ion,  y

i s  t he  t r ansve rse  d i rec t i on .  Dev ia t i ons  f r om the  x

d i rec t i on  a re  cons ide red  i n  t he  equa t i on  as  ob l i que

amp l i t ude  mod i f  i ca t i ons .

E q u a t i o n  ( 7 )  i s  p a r a b o l i c ,  w h e r e a s  ( 6 )  i s  e l l i p r i c .

The main advantage of  a parabol ic  equat ion is  that  i t

permi ts  a more rapid aad st ra ight forward method of

so lu t i on  t han  wou ld  be  poss ib le  f o r  an  e l l i p t i c

equa t i on .  Th i s  i s  because  an  e l l i p t i c  equa t i on

de f i nes  a  p rob lem vh i ch  i s  on l y  p rope r l y  posed ,  i n

gene ra l ,  when  cond i t i ons  a re  spec i f i ed  a t  a l l  po in t s

around the boundary.  I t  therefore requi res that  the

equa t i on  i s  so l ved  ove r  t he  who le  a rea  o f  i n te res t

s imu l taneous l y .  Th i s  necess i t a tes  a  l a rge  amoun t  o f

both computer  s torage and t ime.  The form of  the

pa rabo l i c  equa t i on  i s  such  tha t  f o r  a  we l l  poseC

problem boundary condi t ions only need to be speci f ied

a t .  t he  o f f sho re  bounda ry .  A  march ing  f i n i t e

d i f f e rence  techn ique  can  be  used  to  ob ta in  t he

so lu t i on ;  t h i s  t ype  o f  me thod  on l y  requ i res  s to rage  o f

one  o r  two  ad jec t  r ows  o f  so lu t i on  po in t s  and ,  as  a

consequence ,  i s  cons ide rab l y  l ess  expens i ve  i n  t e rms



2 .4  L i ve rpoo l  mode l

o f  cos t  and  s to rage  t . han  the  equ i va len t  numer i ca l

s o l u t i o n  t o  a n  e l l i p t i c  e q u a t i o n .

The re  a re  o f  cou rse  d rawbacks  assoc ia ted  n i t h  t hese

advan tages .  The  p r imary  one  o f  t hese  i s  t ha t  t he

pa rabo l i c  app rox ima t i on  wo rks  bes t  whe re  the  impor tan t

e f f ec t s  occu r  i n  t he  d i rec t i on  o f  wave  p ropaga t i on ,  as

t ransve rse  e f f ec t s  a re  on l y  i nc luded  i n  a  weak  sense .

A l so  re f l ec ted  waves  a re  no t  rep resen ted  i n  t he  mode l .

Howeve r ,  w i t h  t hese  l im i t a t i ons  i n  m ind ,  i t  w i l l  be

demons t ra ted  i n  Chap te r  3  t ha t  t he  pa rabo l i c  equa t i on

(7 )  p rov ides  a  use fu l  and  economic  me thod  fo r  so l v i ng

the  t ype  o f  p rob lems  o f  i n te res t  he re .

The  second  mode l  t es ted  fo r  rep resenEa t i on  o f  dep th

e f fec t s  was  deve loped  a t  L i ve rpoo l  Un i ve rs i t y ,  and  has

been implemented at  Hydraul ics Research and used to

ob ta in  mode l  resu l t s  desc r i bed  i n  t h i s  repo r t .  A  f u l 1

account  of  the der ivat ion of  the governing equat i .ons

and  some ve r i f i ca t i on  t es t s  may  be  found  i n  Cope land

( R e f  4 ) .  A  b r i e f  d e s c r i p t i o n  o f  t h e  m o d e l  i s  g i v e n

he re .

The governing equat ions used in th is  model  are a lso

de r i ved  f rom the  m i l d  s l ope  equa t i on  (6 ) .  Howeve r ,  i n

th i s  case  a  coup led  pa i r  o f  hype rbo l i c  equa t i ons ,

J4 VQ

and

Pa= o
ot

* " " rV l=0 ,

are  obca ined  ra the r  t han  a  s i ng le

The  assumpt ions  made  to  a r r i ve  a t

t h e  s o l u t i o n  t o  ( 6 )  i s  a  h a r m o n i c

s o l u t i o n ,  a n d  t h a t  t h e  r e s u l t i n g

( 8 )

(e)

parabo l i c  equa t i on .

( 8 )  a n d  ( 9 )  a r e  t h a t

s t e a d y  s t a t e

e x p r e s s i o n  c a n  b e

c
+ -8.

c

0Q
0 t
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3 . 1  D e s c r i p t i o n  o f

t e s t  c a s e

s p l i t  b y  i n t r o d u c r i o n  o f  t h e  v e r r i c a l l y  i n t e g r a t e d

f u n c t i o n  o f  v e l o c i t y  Q .

E q u a t i o n s  ( 8 )  a n d  ( 9 )  w i l l  i n c l u d e  r h e  e f f e c t s  o f

r e f l e c t i o n  w h i c h  e q u a t i o n  ( 7 )  d o e s  n o t .  T h e y  c a n  b e

so l ved  us ing  a  s im i l a r  march ing  techn iques  to  t ha t

u s e d  b y  t h e  p a r a b o l i c  e q u a t i o n ,  a l t h o u g h  t h e y  w i l l

r equ i re  more  t ime  and  s to rage  than  the  equ i va len t

pa rabo l i c  p rob lem.  They  w i l l ,  howeve r ,  s t i l t  r equ i re

much  l ess  compu ta t i ona l  e f f o r t  t han  ob ta in ing  a

s o l u t i o n  t o  t h e  e q u i v a l e n c  e l l i p t i c a l  p r o b l e m .

The wave heights f rom the nodel  are obta ined by

ave rag ing  ove r  seve ra l  wave  pe r i ods .  The re  a l so

appea rs  t o  be  a  ma themat i ca l  i ncons i s tency  i n  t he

in t roduc t i on  o f  t he  t ime  va r i ab le  i n  o rde r  t o  ob ta in

the hyperbol ic  approximat ion to the n i ld  s lope

equa t i on  wh i ch  i s  essen t i a l l y  de f i ned  i n  t e rms  o f  x

and y.  I lowever,  f rom the resul ts  presented i .n  Ref  4

i t  i s  c l ea r  t ha t  t he  mode l  can  be  used  to  p rov ide

so lu t i ons  f o r  a  w ide  range  o f  r e f rac t i on /d i f f r ac t i on

p rob lems .

The layout  which was used to compare the per formance

o f  t he  ma themat i ca l  mode ls  cons i s ted  o f  an  i s l and

breakwater  of  length 60m in a constant  I rater  depth of

5n .  Fo r  i nc iden t  r raves  w i th  a  pe r i od  o f  5s  t he  l eng th

o f  t he  b reakwa te r  i s  app rox ima te l y  2  wave leng ths .

T h i s  i s  a  f a i r l y  t y p i c a l  l e n g t h  f o r  o f f s h o r e

b reakwa te rs  used  i n  sho re  p ro tec t i on  app l i ca t i ons

a r o u n d  t h e  U K  c o a s t .
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3 .2 D i s c u s s i o n

resu l  t  s

o f

The  tes t  p rog ramme cons i s ted  o f  r unn ing  each  o f  t he

ma themat i ca l  mode ls  f o r  t he  g i ven  l ayou t  w i t h  i nc iden t

wave  d i recE ions  o f  no rma l  and  45 " .  The  resu l t s  f r om

the Parabol ic  and L i .verpool  model  were chen compared

w i t h  t h o s e  f r o m  t h e  i n t e g r a l  e q u a t i o n  m o d e l .  T h e

compar i son  be tween  the  mode ls  a re  p resen ted  as  bo th

con tou rs  o f  nave  he i . gh t  coe f f i c i en t  ove r  t he  a rea

rep resen ted ,  and  as  wave  he igh t  coe f f i c i en t s  a long  the

p ro f i l e  l i nes  A -8 ,  A -C  and  A -D  shown  i n  F igu re  1 .

B e f o r e  d i s c u s s i n g  t h e  r e s u l t s  i n  d e t a i l  i t  s h o u l d  b e

reca l l ed  t ha t  t he  ma in  pu rpose  o f  t he  t es t s  f o r  t he

un i f o rm  dep th  case  s ras  t o  check  tha t  t he  Pa rabo l i c  and

Liverpool  models rdere represent ing the d i f f ract ion

e f fec t s  co r rec t l y .  The  f i r s t  t es t  wh i ch  was  ca r r i ed

out  rdas for  the Parabol ic  model  wi th normal ly  inc ident

l r aves .  A  conpa r i son  be tween  these  resu l t s  and  those

from the equivalent  run of  the in tegra l  equat ion uodel

a re  g i ven  i n  F igu re  2 .  I t  can  be  seen  tha t  t he  bas i c

shape of  the contours predicted by the Parabol ic  model

i s  t he  same as  those  f rom the  i n teg ra l  equa t i on  mode l .

Tha t  i s ,  bo th  show the  d i s t i nc t i ve  two  r rpeaks "  i n

the i r  con tou rs  wh i ch  can  be  though t  o f  as

corresponding to d i f f racted waves emanat ing f rom the

b reakwa te r  ends .  I n  gene ra l ,  t he  pa rabo l i c  node l

appea rs  t o  s l i gh t l y  unde r  p red i c t  vave  he igh ts  bo th  i n

the  immed ia te  1ee  o f  t he  b reakwa te r  and  ou ts ide  the

s h e l t e r e d  a r e a .

A  s im i l a r  t es t  nas  run  us ing  the  L i ve rpoo l  mode l ,  t he

resu l t s  f r om th i s  a re  shown  i n  F igu re  3 .  I t  can  be

seen  tha t  t he  con tou rs  o f  wave  he igh t  coe f f i c i en t  f r om

the  L i ve rpoo l  mode l  a re  more  con fused  than  e i t he r  o f

t hose  f rom the  i n teg ra l  equa t i on  o r  Pa rabo l i c  mode ls .

The  L i ve rpoo l  mode l  d i sp lays  a  t endancy  to  ove rp red i c t

wave  he igh ts  i n  t he  immed ia te  l ee  o f  t he  b reakwa te r ,



a n d  t o  u n d e r  p r e d i c t  t h e s e  v a l u e s  e l s e w h e r e .  T h e

o the r  no tab le  f ea fu re  L i ve rpoo l  mode l  i s  t ha t  t he

r e s u l t s  w h i c h  i t  p r o d u c e s  f o r  t h i s  c a s e  a r e  n o t

exac t l y  symare t r i c  abou t  t he  l i ne  t h rough  the  cen t re  o f

t he  b reakwa te r ,  as  i s  expec ted  fo r  no rma l l y  i nc iden t

Idaves .

A  compar i son  o f  t he  resu l t s  o f  a l l  t h ree  mode ls  f o r

t h i s  case  i s  g i ven  i n  F igu re  4 .  Th i s  d i sp lays  wave

he igh t  coe f f i c i en t s  a long  the  p ro f i l e  l i nes  A -B  and

A-C  as  shown  i n  F igu re  1 .  I t  can  be  seen  tha t  l ong

l ine A-8,  which goes through lhe centre l ine of  the

b reak rsa te r ,  t he  resu l t s  f r om the  Pa rabo l i c  mode l  a re

fa i r l y  c l ose  to  t hose  f rom the  i n teg ra l  equa t i on

mode l .  A t  mos t  l oca t i ons  a long  th i s  l i ne  t he  wave

he igh t  coe f f i c i en t . s  ca l cu la ted  us ing  the  Pa rabo l i c

mode l  a re  w i t h i r t  IOZ  o f  t hose  f rom the  i n teg ra l

equa t i on  mode l .  The  va lues  ca l cu la ted  a long  the  A -B

l ine by the L iverpool  podel  are between 357" and,  6OZ

larger  than those f rom ei ther  the Parabol ic  or

i n t e g r a l  e q u a t i o n  m o d e l s .

Fo r  wave  he igh ts  a long  the  p ro f i l es  l i ne  A -C  an

assessmen t  o f  t he  pe r fo rmance  o f  t he  mode ls  i s  l ess

stra ight forward.  Where the l ine A-C remains wi th in

the immediate shel ter  of  the breakl rater  (d is tances

a long  A -C  l ess  t han  abou t  1 .4L )  a  s im i l a r  t r end  to

tha t  f o r  a l l  va lues  a long  the  A -B  l i ne  i s  p rese rved .

Tha t  i s ,  nave  he igh ts  ca l cu la ted  us ing  the  Pa rabo l i c

mode l  a re  l ess  t han  those  f rom the  i n teg ra l  equa t i on

mode I ,  whe reas  the  L i ve rpoo l  mode l  va lues  a re  l a rge r .

On leaving the immediat .e shel ter  of  the breakwater

(d i s tances  a long  A -C  g rea te r  t han  abou t  1 .4L )  bo th  t he

Parabo l i c  and  L i ve rpoo l  mode ls  s i gn i f i can t l y

unde res t ima te  t he  wave  he igh t  coe f f i c i en t  ca l cu la ted

u s i n g  t h e  i n t e g r a l  e q u a t i o n  m o d e l .
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For waves approaching the break$rater  at  45"  inc idence

the  resu l t s  o f  t he  oode l  t es t s  a re  g i ven  i n  F igu res  5

to 7.  I t  can be seen f rou Figure 5 that  the l tave

he igh t  con tou rs  ca l cu la ted  us ing  the  Pa rabo l i c  mode l

fo l l ow  a  f a i r l y  s im i l a r  shape  to  chose  f rom the

integra l  equaEion model  in  the area behind the

breakwater .  In  th is  area the wave heights f rom the

parabol ic  model  are s l ight ly  lower than those f rom the

in teg ra l  equa t i on  mode l .  Ou ts ide  o f  t he  immed ia te

shel ter  of  the breakwater  the Parabol ic  model  again

appea rs  t . o  ca l cu la te  s l i gh t l y  l o rae r  va lues  than  those

from the in tegra l  equat . ion model .  S i rn i lar  conments

can be made for  the resul ts  f roo the L iverpool  model

for  th is  case.  F igure 6 shows that  the contours of

wave  he igh t  coe f f i c i en t  f o r  t he  L i ve rpoo l  mode l  f o l l ow

a s imi lar  pat tern to those f roo the in tegra l  equat ion

model .  The values calculated by the L iverpool  model

appear to be very s imi lar  to  those f rom the in tegra l

equat ion model  both in  the immediate shel ter  of  the

breakwater  and outs ide i t .

A  compar i son  o f  t he  resu l t s  f o r  a l l  t h ree  mode ls  a long

the  p ro f i l e  l i nes  A -8 ,  A -C  and  A -D  ( see  F igu re  1 )  a re

shown in F igure 7.  Along the l ine A-B the resul ts

f rom the  Pa rabo l i c  mode l  f o l l ow  a  s i n i l a r  t r end  to

those f rom the in tegra l  equat ion model ,  but  the wave

he igh t  coe f f i c i en t s  wh i ch  i t  p red i c t s  a re  LOY"  to  272

lower than those calculated us ing the in t .egra l

equa t i on  mode l .  Conve rse l y ,  t he  resu l t s  f r ou  the

L i ve rpoo l  mode l  a long  th i s  l i ne  d i sp lay  a  d i f f e ren t

t rend to those f rom the in tegra l  equat ion model ,  but

t he  wave  he igh t  coe f f i c i en t s  ca l cu la ted  a re  gene ra l l y

wi th in 157" of  the values predicted by the in tegra l

equa t i on  mode1 .

A long  the  p ro f i l e  l i ne  A -D ,  wh i ch  i s  on  the  exposed

s ide  o f  t he  b reakwa te r  f o r  t h i s  i nc iden t  wave

d i rec t i on  i t  can  be  seen  tha t  t he  resu l t s  f r om bo th
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t h e  P a r a b o l i c  a n d  L i v e r p o o l  m o d e l s  f o l l o w  s i m i l a r

t r ends .  Howeve r ,  t he  $ rave  he igh t  coe f f i c i en t s

ca l cu la ted  by  t he  Pa rabo l i c  mode l  a re  nea re r  t o  t hose

f rom the  i n teg ra l  equaE ion  mode l  a t  d i s tances  g rea te r

than  0 .7L  f rom the  b reakwa te r .

F rom the  tes t s  ca r r i ed  ou t  f o r  t he  un i f o rm  dep th  case

fo r  no rma l  and  45 "  i nc iden t  naves  i t  i s  poss ib le  t o

make some general  comments on the per formance of  the

Parabo l i c  and  L i ve rpoo l  mode ls .  F i r s t ,  bo th  mode ls

appea r  t o  g i ve ,  i n  gene ra l ,  a  reasonab le

rep resen ta t i on  o f  d i f f r ac t i on  by  an  i s l and  b reakwa te r .

I lowever,  they do d isplay some areas where the r i lave

he igh t  coe f f i c i en t s  ca l cu la ted  a re  ou ts ide  o f  t he

renge  o f  accu racy  wh i ch  wou ld  be  cons ide red  accep tab le

(say  g rea te r  t han  5 . IOZ  e r ro r  i n  wave  he igh t

coe f f i c i en t ) .  Fo r  no rma l t y  i nc iden t  naves  the

Parabo l i c  mode l  g i ves  be t te r  resu l t s  i n  t he  l ee  o f  t he

breakwater ,  whereas outs ide of  th is  area nei ther  model

g i ves  resu l t s  t o  t he  requ i red  l eve1  o f  accu racy .  Fo r

45 "  i nc idence  the  L i ve rpoo l  mode l  g i ves  accepcab le

resul ts  behind the break\{ater ,  and both models appear

to  wo rk  reasonab l y  we l l  i n  t he  more  exposed  a rea .

For  the parabol ic  model  th is  behaviour  can be

expla ined by assr :mpt ions made in der iv ing the

approximat ion.  The consequence of  which is  that  the

rnode l  can  be  expec ted  to  wo rk  we l l  whe re  t he  impor tan t

e f f ec t s  occu r  i n  t he  d i rec t i on  o f  wave  p ropaga t i on ,

ra the r  t han  i n  t he  t r ansve rse  d i rec t i on .  Th i s  was

d i scussed  i n  Chap te r  2 .3 .  I l oweve r ,  f o r  t he  L i ve rpoo l

no  such  assumpt ions  a re  made ,  and  the re fo re  t he

d i sc repanc ies  be tween  i t s  resu l t s  and  those  o f  he

in teg ra l  equa t i on  mode l  a re  l ess  easy  to  exp la in .

These  po in t s  w i l l  need  to  be  reca l l ed  when  rev iew ing

t h e  r e s u l t s  f r o m  t h e  m o d e l  t e s t s  f o r  t h e  v a r y i n g  d e p t h

c a s  e .

L2



4 PERFORI,IAXCE OF

UATIIEMATICAL

UODELS -

VARYING DEPIN

4 . 1  D e s c r i p t i o n  o f

t e s t  c a s e

For the vary ing depth case the same breakwater  layout

and inc ident  wave condi t ions l rere used as those for

the uni foro depth tesEs.  The bathymetry in  the

b reakwa te r  l ee  was  mod i f i ed  t o  have  a  s l ope  o f  1 :30 ,

wi th a depth of  5n at  che breakwater .  The depth

p ro f i l e  i s  shown  i n  F igu re  1 .  The  Pa rabo l i c  and

Liverpool  models were both test .ed us ing normal ly

i nc iden t  \ . r aves ,  and  the  resu l t s  f r om these  tes t s

compared wi th those g iven in F igures 1 to 3.  This

w i l l  a l l ow  a  qua l i t a t i ve  assessaen t  t o  be  made  o f  t he

ab i l i t y  o f  bo th  mode ls  t o  rep resen t  t he  e f f ec t s  o f

re f rac t i on  and  shoa l i ng ,  and  d i f f r ac t i on  by  an  i s l and

breakwater .

4 . 2  D i s c u s s i o n  o f

r e s u l t s

One  o f  t he  d i f f i cu l t i es  i n  assess ing  the  pe r fo rmance

of  the mathemat ica l  models of  wave d i f f ract ion by

is land breakwaters in  vary ing depth is  the lack of

ana l y t i ca l  so lu t i ons  o r  phys i ca l  mode l  da ta  aga ins t

which to compare the resul ts .  At tempts were made at

Hyd rau l i cs  Resea rch  to  ca r r y  ou t  a  se r i es  o f  phys i ca l

model  tests to measure wave heights in  the lee of  an

of fshore breakwater  for  a s inusoidal  wave t ra in.

These  expe r imencs  were  se t  up  to  rep roduce  as  c l ose l y

as possib le the assumpt ions made in formulat ing

numer i ca l  mode ls  o f  wave  d i f f r ac t i on  (eg  an  i dea l i sed

b reakwa te r  wh i ch  was  ve r t i ca l l y  s i ded  and  pe r fec t l y

re f l ec t i ng  rdas  used )  i n  o rde r  t o  p rov ide  accu ra te

ve r i f i ca t i on  da ta  f o r  t he  numer i ca l  mode ls .  I { oweve r ,

t he  resu l t s  f r om these  tes t s  p roved  to  be
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d i s a p p o i n t i n g  a s  d i f f i c u l t i e s  w e r e  e x p e r i e n c e d  i n

g e n e r a t i n g  r e g u l a r  w a v e s  o f  s u f f i c i e n t l y  c o n s i s t e n t

h e i g h t  a E  a l l  p o i n t s  a c r o s s  t h e  w a v e  b a s i n .  A s  a

means  o f  ove rcoming  th i s  a  second  se r i es  o f  t es t s  we re

then  ca r r i ed  ou t  us ing  a  random wave  t ra in ,  w i t h

d i f f r a c t i o n  c o e f f i c i e n t s  b e i n g  c a l c u l a t e d  f o r  s p e c i f i c

f reguency components of  the $rave spectrum. However,

t h i s  p rocedu re  was  f raugh t  w i t h  s im i l a r  d i f f i cu l r i es

to  t hose  expe r i enced  when  us ing  s inuso ida l  waves .  To

inves t i ga te  t hese  p rob lems  i t  was  dec ided  to  unde r take

numer i ca l  mode ls  t es t s  p r i o r  t o  any  fu r the r  wo rk  w i t h

phys i ca l  mode ls .  The  numer i ca l  s tud ies  conduc ted  to

inves t i ga te  t he  e f f ec t  o f  d i f f r ac t i on  o f  r andom waves

by  an  i s l and  b reakwa te r  a re  repo r ted  i n  Re f  6 .

One outcome of  th is  is  that  when examining the resul ts

f rom the  ma themat i ca l  mode l  t es t s  f o r  va ry ing  dep th  i n

the  p resen t  s tudy  on l y  a  qua l i t a t i ve  assessmen t  o f  t he

pe r fo rmance  o f  t he  mode ls  can  be  made .  W i th  t h i s  i n

mind i t  is  worth making some general  comments on the

expec ted  behav iou r  o f  t he  ma themat i ca l  mode l  be fo re

d i s c u s s i n g  t h e i r  r e s u l t s .  I n  a d d i t i o n  t o  d i f f r a c t i o n

by  b reakwa te rs  bo th  shoa l i ng  and  re f rac t i on  a l so  oeed

to  be  cons ide red .  B road l y  speak ing  shoa l i ag  can  be

expec ted  to  cause  i nc reases  i n  wave  he igh t  i n  t he  l ee

o f  t he  b reakwa te r .  Whereas  re f rac t i on  w i l l  l ead  to

dec reases  i n  wave  he igh t ,  and  changes  i n  wave

d i recc ion  where  the  wave  c res t s  a re  t r ave l l i ng  a t  an

o b l i q u e  a n g l e  t o  t h e  b e d  c o n t o u r s .  S h o a l i n g  w i l l

e f f ec t  r r aves  t rave l l i ng  a t  bo th  no rma l  and  ob l i que

inc idence  to  t he  con tou rs .

The  resu l t s  f r om the  mode l  t es t s  a re  d i sp layed  as

con tou rs  o f  wave  he igh t  coe f f i c i en t  i n  F igu res  8  and

10 .  I n  bo th  cases  the  con tou rs  o f  wave  he igh t

c o e f f i c i e n t  f r o m  t h e  i n t e g r a l  e q u a t i o n  m o d e l  f o r  t h e

cons tan t  dep th  case  a re  a l so  g i ven  fo r  re fe rence .  On

c o m p a r i n g  t h e  r e s u l t s  o f  t h e  P a r a b o l i c  m o d e l  f o r  b o c h
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c a s e s  i t  c a n  b e  s e e n  t h a t  f o r  v a r y i n g  d e p t h  ( F i g  8 )  a

f i xed  he igh t  con tou r  has  moved  fu r the r  t owards  the

mode l  cen t re  l i ne  when  compared  w i th  t he  cons tan t

dep th  resu l t s  (F ig  2 )1  and  tha t  t he  gene ra l  shape  o f

t he  con tou rs  i s  more  angu la r  f o r  va ry ing  dep th .

Th i s  can  be  seen  more  c lea r l y  i n  F ig  9  wh i ch  shows

wave  he igh t  coe f f i c i en t s  a long  the  p ro f i l e  l i nes  A -B

and  A -C  ( see  F ig  1 )  f o r  bo th  t he  va ry ing  and  cons tan t

d e p t h  c a s e s .  A l o n g  t b e  p r o f i l e  l i n e  A - B  t h e r e  i s  a

s l i gh t  i nc rease  i n  wave  he igh t  f o r  t he  va ry ing  dep th

c a s e .  A l o n g  t h i s  l i n e  w a v e  c r e s t s  w i l l  b e  t r a v e l l i n g

a lmos t  pa ra l l e l  t o  t he  bed  con tou rs  and  shoa l i ng  can

be  expec ted  to  domina te .  I t  can  be  shown  tha t  i f

shoa l i ng  on l y  i s  cons ide red  on  i nc reases  abou t  42  and

112  can  be  expec ted  i n  wave  he igh t  i n  dep ths  o f  3m and

2m respec t i ve l y .  These  dep ths  a re  a t  d i s tances  o f  2L

and  3L  a long  the  l i ne  A -8 .  A t  t hese  po in t s  t he

pa rabo l i c  mode l  p red i c t s  32  and  112  i nc rease  i n  wave

he igh t .  These  a re  i n  good  ag reemen t  w i t h  t he  expec ted

behav iou r  o f  t he  so lu t i on .  A long  the  A -C  p ro f i l e  l i ne

a  comb ina t i on  o f  r e f rac t i on  and  shoa l i ng  can  be

expec ted  to  e f f ec t  t he  t r ave  he igh ts  ca l cu la ted  i n

vary ing depth.  l lowever,  the values predicted by the

parabol ic  model  for  vary ing depth do appear to be

unexpec ted l y  l a rge  compared  w i th  t he  coos tan t  dep th

resu l t s .  I l oweve r ,  i t  shou ld  be  no ted  tha t  t he

cons tan t  dep th  va lues  o f  wave  he igh t  coe f f i c i en t  f r om

the  Pa rabo l i c  mode l  a long  th i s  l i ne  we re  s ign i f i can t l y

l ower  t han  t . hose  f rom the  i n teg ra l  equa t i on  mode l .  I t

i s  t he re fo re  poss ib le  t ha t  t he  Pa rabo l i c  mode l  i s

g i v i ng  a  reasonab le  es t ima te  o f  wave  he igh t

coe f f i c i en t s  a long  th i s  l i ne  f o r  t he  va ry ing  dep th

c  a s e .

Fo r  t he  L i ve rpoo l  mode l  compar i son  o f  F igu res  10  and  3

aga in  shows  cha t  f o r  va ry ing  dep th  t he  wave  he igh t

con tou r  w i t h  a  g i ven  va lue  i s  nea re r  t he  mode l  cen t re

l i n e  t h a n  f o r  t h e  c o n s t a n t  d e p t h  c a s e .  A  b e t t e r

t 5



5 CONCLUSIONS AXD

RECOUUBNDATIOTIS

imp ress ion  o f  t he  behav iou r  o f  t he  L i ve rpoo l  mode l  f o r

Ehe  va ry ing  and  cons tanL  depCh  cases  i s  g i ven  i n

F i g u r e  1 1 .  A l o n g  t h e  A - B  l i n e  t h e r e  i s  a n  i n c r e a s e  i n

wave  he ighc  fo r  t he  va ry ing  dep th  case  wh ich  i s  o f  t he

o rde r  o f  102  a t  a  d i s tance  2L  f rom the  b reak rda te r .

Th i s  i s  l a rge r  t han  the  va lue  expec ted  f rom shoa l i ng

behav iou r  a lone .  A long  the  A -C  l i ne  wave  he igh ts

remain the same unt i l  a  d is tance 2L f rom the

b reakwa te r  whe re  the  va ry ing  dep th  case  p red i c t s  a

l a r g e r  v a l u e s .  A t  a  d i s t a n c e  o f  2 . 5 L  a l o n g  t h i s  l i n e

the wave height  for  the vary ing depth case is  about

97 " ;  t h i s  i s  s l i gh t l y  l a rge r  t han  wou ld  be  expec ted  by

cons ide r i ng  shoa l i ng  on l y ,  and  wou ld  appea r  t o

i nd i ca te  t ha t  re f rac t i oa  i s  hav ing  ve ry  1 i t t l e

e f  f  e c t .

In  summary i t  would appear that  both the parabol i .c  and

L i ve rpoo l  mode l  g i ve  a  reasonab le  rep resen ta t i on  o f

wave  e f f ec t s  i n  t he  v i c i n i t y  o f  an  i s l and  b reakwa te r

i n  va ry ing  wa te r  dep th .  The  p rec i se  l eve l  o f  accu racy

o f  t he  mode ls  i s  d i f f i cu l c  t o  de te rm ine  as  t he re  i s  a

lack  o f  ana l y t i ca l  so lu t i ons  o r  phys i ca l  mode l  da ta

aga ins t  wh i ch  to  compare  the  mode l  resu l t s .  One  f i na l

po in t  wh i ch  shou ld  be  made  conce rns  the  re la t i ve  coscs

of  running che var ious models.  The integra l  equat ion

model  is  the least  expensive of  ehe three to use,  but

the d i f ference in cost  betseen i t  and the parabol ic

model  is  marginal  when compared wi th the large running

t ime  and  cos t  o f  t he  L i ve rpoo l  mode l .  I t  i s  hoped

that  some opt imisat ion of  the computer  code for  the

Liverpool  model  can be made in the near future to make

i t  more  economica l  t o  use  than  a t  p resen t .

l .  The  pe r fo rmaoce  o f  two  f i n i t e  d i f f e rence  mode ls

w h i c h  r e p r e s e n t  t h e  e f f e c t s  o f  w a v e  d i f f r a c t i o n

by  an  i s l and  b reakwa te r  i n  va ry ing  dep th  have

L 6



b e e n  e v a l u a t e d .  T h i s  w a s  d o n e  b y  f i r s t

compar ing  the i r  r esu l t s  w i ch  t hose  f rom an

in teg ra l  equa t i on  mode l  i n  cons tan t  dep th  I n

o rde r  t o  de te rm ine  how we l l  t he  f i n i t e  d i f f e rence

mode ls  rep resen ted  d i f f r ac t i on  by  b reakwa te rs .  A

qua l i t ac i ve  assessmen t  r i r as  t hen  made  o f  t he i r

pe r fo rmance  fo r  a  s im i l a r  b reak rda te r  l ayou t  i n

va ry ing  dep th .

2 .  I t  was  found  tha t  f o r  cons tan t  dep th  t he

Parabo l i c  mode l  gave  a  be t te r  rep resen ta t i on  o f

d i f f r a c t i o n  e f f e c t s  i n  t h e  s h e l t e r  o f  t h e

b reakwa te r ,  ou t s i de  o f  t he  she l t e r  t he  L i ve rpoo l

node l  was  more  accu ra te .

3.  In  vary ing depth the per formance of  the models

v a s  m o r e  d i f f i c u l t  t o  a s s e s s .  I t  a p p e a r s  t h a t

the  Pa rabo l i c  mode l  aga in  pe r fo rms  we l l  i n  t he

she l t e r  o f  t he  b reakwa te r ,  bu t  t ends  to

ove res t i aa te  wave  he igh ts  ou ts ide  th i s  a rea .  The

L i ve rpoo l  mode l  seens  to  g i ve  re l i ab le  resu l t s  i n

t h e  l e s s  s h e l t e r e d  a r e a s ,  b u t  t e n d s  t o  s l i g h t l y

unde res t ima te  wave  he igh ts  i n  t he  she l t e red

a r e a s .

4.  The Parabol ic  model  was found to be considerably

fas te r  and  l ess  expens i ve  t o  run  than  the

L i ve rpoo l  mode1 .

5 .  One  o f  t he  d i f f i cu l t i es  i n  mak ing  th i s  assessmen t

o f  pe r fo rmance  was  the  l ack  o f  phys i ca l  mode l

da ta  aga ins t  wh i ch  Eo  compared  the  the  f i n i t e

d i f f e r e n c e  m o d e l  r e s u l c s .  U s i n g  e x p e r i e n c e

ga ined  f rom a  p rev ious  phys i ca l  mode l  t es t s ,

wh i ch  t re re  uosuccess fu l ,  i t  i s  r ecommended  tha t

ano the r  se r i es  o f  t es t s  a re  ca r r i ed  ou t  t o

i n v e s t i g a E e  d i f f r a c t i o n  b y  a n  i s l a n d  b r e a k w a t e r

l l



i n  va ry ing  dep th .

f u 1 1  v e r i f i c a t i o n

6 .  Me thods  shou ld  be

runn ing  t ime ,  and

L i ve rpoo l  mode l .

T h i s  w i l l  p r o v i d e  d a t a  f o r  a

o f  t h e  m o d e l s  C e s c r i b e d  h e r e .

i nves  t i ga ted

thus  reduc ing

fo r  improv ing  the

the  cos t ,  o f  che

7 . I t  is  recommended that  both the parabol ic  and

L i ve rpoo l  mode ls  a re  deve loped  fu r the r  t o  i nc lude

such  e f f ec t s  as  seabed  f r i c t i on  and  wave

b reak ing .
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