
S|udge Disposal in Goastal
Waters

Liverpool Bay Metal Transport
Modelling Study

A J Gooper PhD
N V M Odd BSc (Eng) FICE

Report SR 215
December 1989





ABSTRACT

The Water Direetorate of the llK Department of the Environment corrnj.ssloned
Hydraulics Reseerch ttd to develop a mathematicar model capable of
sj.mulating and predicting the physical dispersal of dissolved and adsorbed
heavy metals associated with sewage sludge and dredged spoil disposal ln
Liverpool Bay. A matching set of two di:nensional, two layer mathenatical
models were set up to sinulate the tidal flows, suspended nud transport and
heavy rnetal transport on a nelr AUT Distributed Array Processor. The model
has three dynarnically linked grids of size 270&n in the Eastern lrish Sea,
900m in Liverpool Bay and 300n ln the Mersey Estuary. The Mersey Estuary
was modelled in some detail because its nud is heavily contaminated wlth
metals dlscharged from industry in the past. The exchange of water and
suspended mud to and from the Mersey Estuary plays an inportant roLe in the
dispersal of metals in Llverpool Bay. The model was divided into two layers
to help resolve the vertical structure of the density and wlnd drlven
currents and the suspended sollds profile. The model sinulated the dynamic
sallnity - density field which drives the gravitational circuLatlon in the
Mersey Narrows and thereby helps contain suspended nud in the Mersey
Estuary.

The tidal model was callbrated satisfactorily against observations of tidal
levels, tidal velocj.ties and salinity. The mud transport nodel included the
processes of erosion, vertical turbulent exchange, suspension, settling,
deposition and the effect of waves. The distribution of ntrd deposits on the
bed was prescribed from observations. The rate of disposal of contaminated
dredged rnud in Liverpool Bay was estinated from records. Ttre mrd transport
model waE calibrated against observed concentrations of suspended mud. Ttre
much snaller quantlty of slowJ.y decaying organic sewage sludge was assumed
to be wholly nnjxed and transported with the suspended rmrd.

Ttre heavy metal transport model, which can handle one rnetal at a tirne,
separates newly discharged metals from existing netals. It allows for
rnetals to move with the water in solution in the dissol.ved state, and with
the suspended rnud in the adeorbed state. The rate of desorptlon and
adsorption of raetals to and from the mrd is calculated on the divergence
from equilibrium uslng a partition coefficient and a rate constant. The
heavy rnetal model was callbrated by reference to observations in the Mersey
Estuary.

The nodel is considered to be a practical tool for predicting the physical
dispersal of heavy metals disposed in coastal wateri and the rnethodology has
already been applied to other lK coastal sltes.
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1 . IMRODUCTION

In 1982, Odd (Ref 1) suggested that it should be

feasible to model the transport of heavy metals in

Liverpool Bay using a mathematical nodel. By 1985

(Ref 2) a two dimensional two layer numerical model

with three gr ids of di f ferent sizes (see Fig. 1) had

been set up to rnodel the Eastern Irish Sea, Liverpool

Bay and the Mersey Estuary. The nodel sinulated the

tidal flow, influenced by a static imposed salinity

field, the transport of mrd and the transport of

adsorbed new metal, which was input to the model at

the locations of the main loads.

The model generated tidal currents in acceptable

agreement with the observations, but the sense of the

residual vertical circulation in Mersey Narrows was

not as ocpected, being landward at the surface and

seaward at the bed. The rnud model gave suspended

concentrations of the correct order in Liverpool Bay.

Ttre metal model results appear to be reasonable, but

since only new metal was modelled it is not possible

to cornpare the results with observations because the

observations show mueh larger concentrations due to

metal being discharged into tiverpool Bay for many

years. Ttre model showed that it is possible to model

netal transport in Liverpool Bay but more work was

needed to calibrate and validate the model for tidal

flows, suspended solids and especially predicted metal

concentrations.

In 1988, the research prograrrne continued with an

investigation into the physics of the proeess of

desorption of metals from sludge (Ref 3). This work

gave an estirnate of the equilibrium partition

coefficients and rate constants for use in the metal

transport model. It was subsequently reviewed by

Water Research Centre (Ref B).



2. FLOW MODELLING

The present report describes the enhancements that

have been made to the mathematical model since 1985

and presents the model results and comparisons with

observations. The metal transport model in particular

has been further developed, including the use of

physical coefficients taken fron the report on metal

desorption. This model is now a practical tool to

investigate metal transport in Liverpool Bay. The

same methodology can also be applied to other

estuarine and coastal areas and such a study has

already been carr ied out for the Solent.

The original version of the two dimensional, two layer

flow model of the glstern Irish Sea, Liverpool Bay and

the Mersey Estuary has been described in Reference 2.

The layout of the three dynamically linked, model

gr ids, of  gr id sizes 300m, 900m, and 2700n is shown in

Fig 1. The model is orientated at 15o to the west of

north so as to align with Mersey Narrows. It has 5340

rnodel cells in each of two layers and is run with a

tirnestep of about 5 seconds. Variable width ce1ls are

used near the coast. The model datum is Ordinance

Datum Newlyn (ODN).

The formulation of the flow nodel (TIDEFLOW2D-2L) is

described in Appendix 1. Ttre equations are solved

using a finite difference method with orplicit

differences horizontally and inplicit differences in

the vertical. Ttre flow model is written in FORTRAN

PIus and run on an AI'IT DAP 605 parallel processing

cornputer. This allows the conputation at up to 4096

model cells to be carried out simultaneously.



2.L Boundary conditions

for the flow model

2.2 Interface level

The flow nodel is driven by elevations on the two open

boundaries - from Anglesey to the fsle of Man and from

the Isle of Man to Whitehaven (see Fig. 1).  Since

the original work on the Liverpool Bay model was

carried out a two dimensional model of the whole of

the Irish Sea has been set up and run by HR using the

M2 tidal constituent. To provide boundary conditions

for the present model the Irish Sea model was also run

for repeating M2 + 52 and l"l2 - 52 tides to give

representative spring and mean tides. The levels in

the Irish Sea model (which has a uniform l500m grid)

were extracted at the positions corresponding to the

boundary cells of the Liverpool Bay model (which has a

2100n grid in the Eastern Irish Sea) in order to set

up new boundary files. It tras e>lpected that these

bor:ndary conditions would give better representations

of the flow particularly in the Eastern frish Sea

(because the Irish Sea rnodel calibrated extremely well

against observed M2 currents). At the top of the

Mersey a constant river discharge of 50 n3ls is

input.

In the original work (Ref 2) the interface between the

two model layers was set at 6.5n below ODN everyrhere

that the bed was at least 8rn below ODN, elsewhere

there was a single layer.

In the present work the interface has been set to 6m

above the bed. This is useful throughout the two

layer part of the nodel, as the near bed region

usually has higher suspended solids concentrations

than the rest of the water column. Nevertheless rmrch



of the Mersey estuary can st i l1 only be model led with

one layer and this is a disadvantage.

2.3 Model l ing sal ini ty

In the original work an imposed static salinity

distribution was assumed (see Fig. 2, this figure

gives densit ies i .e 0.76 t imes the sal ini ty).  The

purpose of this was to drive gravitational circulation

in Mersey Narrows and elsewhere. Because of storage

limitations in the DAP computer used for that work it

was not possible to model the movement of the salinity

field caused by the tidal currents so a static

distribution was used.

ft was found (Ref 2) that the residual circulation in

the Mersey Narrows was not in the oqpected sense (it

was landward in the upper layer and seaward in the

Iower). A check on the rnodel formulation was carried

out by running the model with no inposed tide. In

this case the orpected two layer flow did result.

Sinee 1985, HR has acquired a new DA? computer from

Active Memory Technology Ltd which has 32 times as

much memory as the old one. Ttre model was therefore

nodified to include the transport of salt by the

eurrent as described in Appendix l. The initial

condition for salinity was the density field shown in

Figure 2. The model also includes a freshwater

discharge of 50 m3ls into the Mersey. Time histories

of salinity from the nodel on a spring tide are shown

in Figures 20-22. Ttrey agree reasonably with

observations (taken from Ref 6). The observed tide

ranges were B.ln on l6th September L982, 7.2m on 2Lst

September 1983 and 9.7n on 8th March 1989 (Admiralty

prediction). This compares to a model range at

Liverpool of 7.7m. Contours of salinity are shorm in

Figures 23 and 24.



2 .4 Flow model

calibration

It was found, hovever, that despite the reasonable

representation of the variation of salinity in both

time and space the sign of the residual flow in the

Narrows was stil l not as expected. In order to give a

gravitational circulation in Mersey Narrows in

agreement with expectation it was decided to use an

ad-hoe multiplication factor to the density driving

force. This eompensates for the poor vertical

resolution in the nodel (only two layers of which one

is a thj.n bed layer) and for the fact that over most

of the area of the Mersey Estuary the model includes

only one layer (because it is so shallow) so the

driving of the two layer residuaL circulation has to

be confined to the Narrows rather than extending over

the whole estuary and is consequently underestimated.

The factor is applied only in the Mersey estuary and

Narrows and is set to one for Liverpool Bay and the

Eastern Irish Sea. By using a factor of four the

expected sign of the tidal residual discharge is found

as shown in Figures 15, 16 and 17. These model

residuals (after 3 tides simrlation) are for a spring

tide, those for a mean or neap tide would be oqrected

to be larger. Comparable residual discharges in

Liverpool Bay for a spring tide with a steady wind of

l0 m/s from the west are shown in Figures 18 and 19

after three tides of simulation.

In the nodel tests presented here the llanchester Ship

Canal has not been included in the simulation because

tidal flap gates have been constructed.

Tidal curents predieted by the two layer flow model

in Liverpool Bay are compared rsith Admiralty Dianond

observations for a mean spring tide in Figures 4 and

5. The upper model layer is that plotted in these



figures as it comprises most of the water column. A

spring tide was chosen because the largest amount of

sediment is in movement on a spring tide. The

observation sites are shown in Figure 3. Ttre results

are shown for the third tide when transients are

negligible. The agreement shown is generally very

good. The rnodel hras run with a horizontal eddy

viscosity coeff ic ient of  2O m2/s and a bed roughness

length of 0.2m corresponding to the generally sandy

bed of Li.verpool Bay. The model was run to simulate a

condit ion without wind.

An exanple of the comparison of model spring tide

currents wi.th observed values at sites in the Mersey

Estuary, including the Narrows is shown in Figures 7,

8, 9,  10, 13 and 14. These si tes include Admiral ty

Dianond currents and aLso some results from the HR

physical model of the Mersey. The location of the

sites is shown in Figure 11. It can be seen that the

300n grid does not resolve the complicated estuary

channels above about Eastham but the tidal currents in

the Narrows are quite well represented. The

difficulty of modelling the Mersey Estuary using a

model with this grid size has been examined in detail

in Reference 5.

Tidal elevations in the Mersey estuary on a spring

tide (taken from Ref 4) are shown in Figure 12. It

can be seen again that the 300m grid of this model

cannot represent successfully the flow in the upper

estuary.

Ihe sirnulated flow field is considered satisfactory

for predicting the movement of sediment and metal

except in the upper part of the Mersey estuary where

the 300m grid is too coarse to resolve the f1ow. This

is unimportant in a model designed to study the lower

Mersey estuary and Liverpool Bay.



3 . SEDIMENT TRA}ISPORT

}IODEtLING

3.1  Ef fec t  o f  waves

and treatment of

the bed

Because much of the metal in Liverpool Bay is in an

adsorbed state on the estuary mud, a model of mud

transport  was constructed (Ref 2).  Detai ls of  the mrd

transport model are given in Appendix 2.

The mud transport model has been modified so as to

aciept the new interface position described above in

sec t ion  2 .2 .

The nodel has been modified so as to represent the mud

bed in two layers. The upper layer is the recently

deposited low density fluffy mud and the lower layer

is the stiffer mrd which has been in place for mrch

longer. At slack water rnud settles from suspension

into the upper bed layer and this nud deposit is

supposed to consolidate into the lower layer only if

it reaches a nass of more than 10 kg per sguare metre.

Over most of the model area this does not happen as

the slack water mud deposit is eroded either by the

tidal current or by the effect of waves. The upper

Iayer is assr:rned to erode at a bed stress of 0.4 N./m2

and the lower bed }ayer is assumed for the purposes of

these tests to be too stiff to erode. Ttre effect of

bioturbation and ripples is incorporated by defining

the thickness of the lower mud layer (100 kglm2) to

equate to the depth of such nixing, which was set to

be 120 mn.

Another important effect that has been introduced is

that in areas of original mud bed (Fig. 25) the bed

roughness is significantly lower than areas of rippled



3.2 Mud model

calibration

sand so that the bed stresses are also 1ow. To

incorporate this in the model the bed stress is

computed as

Tb = pfu2

where f is the friction factor (approxirnately 0.001

for smooth mud)

p is the density of water (kglnr)

u is the current veloci ty (m/s).

fn sandy areas a value of f  = 0.004 was used as has

been found appropriate elsewhere. The resulting peak

bed stresses in Liverpool Bay for a spring tide are

shown in Figure 26. Comparing this with the areas of

original mud bed, Figure 25, it can be seen that much

Iower bed stresses prevail in the nuddy areas.

It is also possible to see from this figure that on a

spring tide, deposition, except briefly at slack

water, is not possible anlrvrhere in the area being

modelled except on some of the mrdbanks in the Mersey

estuary.

The runs of the mud transport model presented here

include the addition of half a million tonnes of mud

per year on the bed at the dredged spoil disposal

ground (fig. 35). It w.as found that on a spring tide

none of the new mud remained on the bed in the

disposal area.

The mud model was run from an initial eondition of

10 ppm suspended solids in the eoarse grid (Eastern

Irish Sea), 20 ppn in Liverpool Bay and 500 ppm in the

Mersey Estuary.



The boundary condition in the Eastern Irish Sea was

10 ppm. The river Mersey rras assumed to give a

Iandward boundary value of 50 ppm. The model timestep

was 45 seconds. The nodel pararneters were, critical

shear stress for deposit ion 0.1 N,/nz, cr i t ical  shear

stress for erosion 0.4 N/m2 and sett l ing veloci ty

(m/s) 0.002 x mud concentrat ion (kglm3).

The suspended solid! concentrations in the two model

layers after running 10 repeating spring tides are

compared with spring tide observations in Figures 27

and 28. These observations are for section 13 of the

Mersey Narrows (Fig. 6). The observations are taken

from Reference 6. It can be seen that the simulated

mud concentrations are approximately repeating.

Considering the variations between observed suspended

concentrations on the two days and the variations

across the width of the estuary the model gives

acceptable agreement.

Plots of suspended sediment concentrations in surface

water as predicted by the nodel are sholrn in

Figures 33 and 34 and P1ate 1. They show a continuous

rise in concentration from below 50 ppm in Liverpool

Bay up to more than 300 ppm in the llersey Estuary.

Comparisons of model suspended solids concentrations

with observations taken from the sewage sludge

disposal ship on various spring tides in 19BB are

shown in Figure 30. Ttre locations are shown in

Figure 29. Ttre trend of rising concentration landward

is similar in model and observations.

Further comparisons with NWWA and WRc observations in

the Mersey Estuary are shown in Figures 3I and 32.

The model predicts the increase in suspended solids

concentrations to Eastham (the observations in

Figure 3l were taken on a larger spring tide than that



4 ,

model led).  Landward of Runcorn the coarse resolut ion

of the model grid and choice of landward boundary

condition give rise to poor representation of the

suspended solids concentration. This, however, is not

important in nodelling Liverpool Bay where the results

are general ly sat isfactory.

METAL TRANSPORT

MODELLING

The metal transport model in particular has been much

developed since the preliminary results reported in

Reference 2. That work only looked at the dispersion

of newly discharged metal and included no

representation of the background rnetal distribution

already present. Neither dissolved netal nor the

desorption process was included.

4 .1  Phys ica l  p rocesses

model led

Ttre model has been changed so that old and new metal

are now computed separately. The distinction between

old and new rnetal is one of convenience as the two

forms are indistinguishable but it does allow us to

predict the fate of the metal now being discharged

into Liverpool Bay. If the total alone were computed,

including the existing level of metal contamination,

it would not be possible to distinguish where the new

metal, whose discharge is computed over just a few

tides, is going as the,level of contamination is much

Iower than the existing level. By computing o1d and

new metal, with present discharges all adding to the

new metal, we can also add them together so as to be

able to compare w-ith observaLions.

The process of the desorption of metal from the

adsorbed state on mud or sewage sludge into the

l 0



dissolved state (described in Ref 3) is also included

in the rnodel formulation. For a particular leve1 of

contamination of the suspended mud by rnetal there is

an equilibrium }evel of dissolved metal. If the two

are not in equilibriun then desorption or adsorption

occurs at a rate proportional to the discrepancy to

bring the adsorbed and dissolved metal towards

equilibrium.

The transport processes modelled include advection by

t idal  and residual currents, sett l ing of adsorbed

metal on to the bed and its subsequent re-erosion and

vertical turbulent mixing. The new and old metal

undergo the same physical processes, the new metal

just rnakes it possible to identify the metal in the

model prediction that has been input during the time

for which the model is run.

Bed mixing is represented by the choice of thickness

of the original rmrd layer (100 kglm2). Metal that

gets into this lower bed layer is assumed to be mixed

thoroughly.

The metal model has been set up so as to simulate the

transport of one metal independent of the others. For

the present work zinc has been chosen as the rnetal to

be studied. Zinc was chosen because of its high

concentration and because information was available on

its rate of desorption. No details of metal conplexes

are modelled just the total arnount of zinc.

4.2 Cal ibrat ion of the

metal transport nodel

The sources of zinc rnodelled are shown in Figure 36.

They were nodelled as locations where adsorbed zinc

was added to the bed material.

1 l



The loads were modelled as point loads (although the

selrage sludge is discharged over a large area) and the

discharges were model led as cont inuous sources.

The initial condition on the old adsorbed zinc was set

to 400/600/800 ppm of metal on mud both i.n suspension

and on the bed in the three model grids. Initially

there is no dissolved metal but desorption causes the

dissolved leve1 to rise and the adsorbed concentration

to faIl until an equilibriun is reached. The

equilibrir:rn between dissolved and particulate zinc and

the rate of desorption were taken from Reference 3.

The part i t ion coeff ic ient for z inc was taken as 10-a,

ie 100 rng of adsorbed metal on 1 kg of nud is in

equilibrir:m with f0 Ugll of dissolved netal, and the

desorpt ion rate as 0.2/day. These values are

appropriate for serirage sludge in sea water. The model

boundary condition on all variables associated with

metal concentrations \{as zero.

Total adsorbed zinc, in suspension in the surface water

is shown in Figure 44 and Plate 2. The contour levels

refer to the number of mg of zinc adsorbed on I kg of

suspended mud. The results are shown after 10

repeating spring tides. It is clear that the

concentration decreases away from the estuary. As

only 10 tides are si-mulated the true value at the

dumping ground will be underestimated.

The total adsorbed zinc on the bed at high water is

shown in P1ate 3. The.contour levels are again mg of

zinc per kg of mud. These values are temporary as mud

forms a thin slack water deposit before being

re-eroded on the ebb tide. the values reflect the

adsorbed concentrati-ons in suspension as shown in

Plate l. Ttre areas with low values near the coast

result from there being no mud on the bed in these

T2



shalLow areas where vaves are assumed to prevent mud

deposit ion from taking place.

ff these values are compared with those observed on

the bed of Liverpool Bay (Ref 7) the general order j-s

correct. but larger values are observed in certain

parts of Liverpool Bay which the model underestirnates

because i t  was run for only 10 t ides.

The total dissolved zinc is shown in Figure 45 and

Plate 3. The values (given in parts per bi l l ion of

water ie pg per kg of water) are approximately in

equilibriun with the adsorbed values as shown in

P1ate  1 .

Comparisons of the inodel spring tide predictions for

total particulate zine and for total dissolved zinc

with observations nade by WRC in the Mersey Narrows on

a tide of range 6.2m are shown in Figures 37 and 38.

It can be seen that the metal concentrations are

approxinately repeating. These results can only be

regarded as indicative because of the large difference

between the ranges of the observed and modelled tides.

It appears from Figure 38 that an equilibrir:m

partition coefficient about 20% less than that

obtained in Reference 3 would give excellent agreement

with these data. Such a value of the partition

coefficient would be within the suggested error bars

given in Reference 3.

Model concent,rations of adsorbed zinc on mud and

dissolved zinc along an estuary centreline are plotted

in Figures 39 to 41 as a function of salinity.

Observational data from WRc and NWWA (Refs 9 and 10)

are superposed. Again the dissolved coneentrations

tend to be rather larger than those observed. The

cornparison is generally good confirming the nodel

caLibrat ion.

13



l ! ? The fate of newly

discharged metal

5 . CONCLUSIONS

Model predictions of the fate of newly discharged

adsorbed zinc in suspension and on the bed after l0

spring tides are shown in Figure 42 and Plates 5 and

6 .

The model results show that in Liverpool Bay the areas

of main contamination by new zinc after 10 tides are

close to the sludge and spoil dumping grounds. At

slack water an ephemeral layer of inud deposits forms

on the bed of Liverpool Bay and this is contaminated

by new zinc only near the dumping grounds (Plate 6).

Subsequently at peak flood currents the slack water

mud deposit is all eroded carrying the adsorbed metal

back into suspension. For this reason Liverpool Bay

is a dispersive area in which to carry out dumping.

After more tides, larger concentrations wilI be

created in Liverpool Bay and the model could be used

to study their influence.

A mathematieal model has been developed which is

capable of simulating and predieting the physical

dispersal of dissolved and adsorbed heavy metals

associated with sewage sludge and dredged spoil

disposal in Liverpool Bay. A matching set of two

dimensional, two layer,mathematical models were set up

to simulate the tidal flows, suspended mud transport

and heavy metal transport on a new AMT Distributed

Array Processor. The model has three dynarnically

linked grids of size 27OOm in the Eastern frish Sea,

90Om in Liverpool Bay and 300m in the Mersey Estuary.

The Mersey Estuary was modeLled in some detail because

its mud i.s heavily contaminated with heavy metals

14



discharged from industry in the past. The exchange of

water and suspended mud to and from the Mersey Estuary

plays an important role in the dispersal of metals in

Liverpool Bay. Ttre model was divided into two layers

to help resolve the vertical structure of the density

and wind driven currents and the suspended solids

profile. Ttre model simulated the dynamie salinity -

density field which drives the gravitational

circulation in the Mersey Narrows and thereby helps

contain suspended mud in the Mersey Estuary.

The tidal model was calibrated satisfactorily against

observat ions of t idal  levels,  t idal  veloci t ies and

salinity. The rmrd transport model included the

processes of erosion, vertical turbulent exchange,

suspension, settling, deposition and the effect of

\raves. Ttre distribution of mud deposits on the bed

was prescribed frorn observations. ltre rate of

disposal of contaminated dredged rnud in Liverpool Bay

was estimated frorn records. Ttre mud transport model

was calibrated against observed concentrations of

suspended nud. The much smaller quantity of slowly

decaying organic sewage sludge was assumed to be

wholly nixed and transported with the suspended rmrd.

The heavy metal transport model, which can handle one

metal at a tirne, separates newly discharged metals

from existing metals. It allows for metals to move

with the water in solution in the dissolved state, and

with the suspended mrd in the adsorbed state. Ttre

rate of desorption and,adsorption of metals to and

from the nud is calculated on the divergence from

equilibrium using a partiti.on coefficient and a rate

constant. The heavy metal rnodel was calibrated by

referenee to observations in the Mersey Estuary.

The model is considered to be a practical tool for

predicting the physical dispersal of heavy metals
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Fig 15 Residual discharges in Liverpoor Bay
upper layer
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APPENDICES





APPENDIX l: Formulation of 2D two layer flow model

The model, TIDEFLOW-2D2L, is based upon the differential equations

describing conservation of mass, momentum and salt averaged over the depth

of each layer or over the total depth in areas too shallow for a two-layer

representation. In the shallow areas, the lower layer vanishes and the

surface layer only is used, as in a depth-averaged model.

In order to simulate the complex interaction between the variation in water

density (created by differences in salinity) and the tidal flows, the

simulation of salt movement was included in the overall model using a

version of SALTFLOW-2D2L. The simulation of tidal flows and salt movement

is then carried out interactively in order to simulate the dynamic effects

of the changing salinity and, therefore, density distribution over the tidal

cyc les .

The first part of this appendix describes the hydrodynamic part of the model

and the second part describes the salt model.

I The Hvdrodvnamic Equations

The hydrodynamic equations solved in the model, apart from the interaction

between the layers, are sirnilar to, and are derived in a similar way to, the

depth averaged equations. The layer averaged equations are as follows:

Conservat.ion of water mass

ouz r+avzB+r+=o

0x 6y

ah . Oud 8vd= - - -+  -+  - -  w  =  0at  0x 0y

( i )

Q )



Conservation of momentum

Bed laver
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fo  
-  u  t1 -z  6y t

1 2  U' m  
0  ( u  2  + v 2  ) ' n  0 u

" B d z ' 3 2

1 2  U-m 
3  (uz  +Yz ; ' "  3v

" B d z ' E z

( 3 )

# . s* +* e$* ev. r"fi::t%- D (#. #i) + ,,u =

( 4 )

where:

p = Ed tp. * 
E'" 

-Ap- x p 0 x 2 p 0 x

p  = B d  9 p * 8 ' B  - q p' y  p  0 y '  2 p  s y

Surface laver
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where

(u,v) = depth averaged horizontal  veloci ty (ei ther layer) (m/s)

r'r = vertical velocity component between layers (m/s)

h = surface level relat ive to datum (m)

z, = bed layer depth (m)

d = surface layer depth (m)

d, = tot,al depth (m)

P_-, P__ = density component of pressure gradient (m/s2)
x ' y

f = friction parameter

D = coeff ic ient of  hor izontal  eddy viscosity (mz,/s)

O = Coriol is parameter (1/s)
T T-xw, yw = surface wind stress component,s (N/rn2)

1_ = momentwn mixing length (n)
m

p = density (kglm3)

The eguations incorporate the assumpt,ions that the flow is incompressible

and weII mixed, that vertical accelerations are negligible (the hydrostatic

pressure assr:mption) and that a quadratic friction law is valid.

The water density is prescribed as a function of the salinity which is given

by:

p = 1 0 0 0 + 0 . 7 6 s

where s = sal t  concenLrat ion (kglm3)

fnterfacial Mixing

Ttre turbulent exchange of momentum between the two layers rras represented in

terms of a momentum rni:<ing length (lr) in equations (3) to (6). The mixing

length at the interface is a function of the total depth and the bed layer

thickness and the degree of stratification between the layers represented in

terms of a bulk Richardson number defined as:

,BE ap
R i =

p [ ( u r - u z ) 2  +  ( v r - v z ) z f ( 7 )



subscripts I  and 2 refet to the upper and lower layers respect ively.

z^h
1*  =  0 .+zut r {

Frict ional Resistance

The friction factor f is defined in terms of a roughness length (k") where

k" is relat ,ed to the size of the protuberances on the bed, ei ther direct ly

in the form of part ic le sizes (especial ly in the case of shingle and stones

etc) or indirect ly in the form of r ipple lengths ( in the case of f ine

part ic les, r ippre rengths are about 10oo t imes median grain size) (see, for

exarnple, Ref A2).

Eddv Viscositv

The formula for the eddy viscosity coefficient, D, is not weII determined:

Fischer (Ref A3) discusses various formulae. As a first approximation D=

O(Ud). Fortunately the solutions to the equations are not in general

critically dependent on D. Horsever, the size of D does have an effect on

the size of tidal eddies and so by comparing model eddy sizes with

observations, the value of D used could be roughly confirmed as being

reasonable.

2 Salt Conservation Equations

The two-dimensional two-Iayer model of salt movement solves the set of

equations describing the conservation of salt. These equations are similar

to those employed in the two-layer mud transport nodel (ref A4) and can be

wr i t ten  as :
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where

s = salt concentration (kg./n3) (in upper or lower layer)

l_ = momentum mixing length (m)
m

l_ = solute nixing length (n)
s

D = coeff ic ient of  dispersion (m2ls)

In use, the model solves the flow equations each timestep to calculate.\tater

surface levels and water velocity components in each model grid cell. Ttre

nodel then solves the equations describing conservation of salt using these

calculated values, so updating the salt concentration in each grid cell and

therefore the water density. Ttris new density distribution is then used in

the flow equations at the next timestep.

The results from the rnodel, consisting of lrater surface levels, salinity and

the two cornponents of the water velocity in each model cell are stored at

freguent intervals. The results are then available for analysis or use by,

for exarq>le, the two-layer rmrd transport model or other water quality rnodels

which form part, of the overall suite of models.
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APPENDIX 2: Formulation of 2D two layer mud transport model

The sediment movement model uses the stored results from the two-layer flow

model and is based on the eguations describing conservation of mass. These

equations are similar to those used in the HR I{UDFIOW two-dimensional depth

averaged models and can be written as follows:

Surface laver
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ff= o-  a  (D. ' . . ,d  oc)  *  . ,  . ,  |  , ( r r ,  * , r r )X
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where

d

,B

o r V

surface layer depth (m)

bed layer depth (m)

horizontal velocity components referred to the

cartesian coordinates x and y (in upper or

Iower layer) (m/s)

the vertical velocity cornponent at the layer

interface referred to the cartesian coordinate

z  (n /s )

|  = t ime (sec)

S,D = intr insic coordinates, paral lel  v i th and normal

to the local flow direction respectively (rn)



D, = longitudinal (shear f low) dispersion

coef f i c ien t  (m2 ls )

D_ = Iateral  ( turbulent) di f fusion coeff ic ientn
( m 2  /  s )

c = suspended mud concentration (kg/m3) (in upper

or lower layer)

1_ = momentum mixing length (m)
m

I^ = solute mixing length (m)
c

*" = sett l ing veloci ty (m/s)

&n/dt = bed exchange (kg/nz/s) (erosion or deposition)

L*,rd = loading (kg/n2/s) (can be included in either

upper or lower layer)

c = suspended solids concentration in upper layer

i f ( w - w " ) < 0 ( k g l m 3 )

A = suspended solids concentration in lower layer

i f  ( v - w " )  > 0  ( k g l n 3 )

Similar eguations define the movement of biodegradable suspended solids

discharged from sea outfalls, except for the addition of extra terms (- fdc
and - yzrc in the upper and lower layers respectively, where f is a

specifi.ed decay rate (1/s) ) representing the oxidation (decay) of the

biodegradable matter.

The turbulent exchange of suspended solids between the tvo layers is

represented by a mixing length technique, where the solute mixing length
(1c) and the momentum mixing length (Ir) are given by:

I
l = o-m 

I + 16Ri

I
f = .---+.. if Ri < a.l-c  

I  +  33Ri

or

0 . 0 3 5  I
I _

- 
{Ri

9  i . f  R i  >  0 . 7



where the momentum rnixing length for neutral conditions (1o) and the

Richardson number (Ri) are defined by:

t -r -

0 . 4  ( 2 ,  +  d )  ( l  -  z r /  ( z u  +  d ) ) 3 ' 2

o  1 o g .  ( ( z u  +  d ) / z ' )

R i =
( z r+d )gAp

p  t (Au )z  +  (Av )21

where:

g = accelerat ion due to gravi ty (mz/s)

p = density of the surface layer (kg/m3)

Ap = density difference between the layers (kg,/m3)

Au, Av = velocity (u,v) difference between the layers

(m/s)

As can be seen from the above equations, turbulent mixing between the layers

is determined by the relative depth of the bed layer, the horizontal

velocity differences between the layers and the salinity difference between

the layers, which determines the density difference.

The erosion or deposition of mud at the bed is prescribed by relationships

which can be sunrnarised as follows:

Depos i t i on  S=  rnsc  (1 -  
{  

*n " "  -b3  rd

Eros ion  f f=  u  ( -b  -  t " )  when  .b  )  . .

where

rO = bed stress (N/n2)

tU = cr i t ical  sLress for deposit ion (N/m,)

r = cr i t ical  stress for erosion (N/n. )e
w, = sett l ing veloci ty (m/s)

M = erosion constant (kgls/N)



The settling velocity is assumed to depend on the suspended mud
concentrat ion through the relat ionship:

w  = B c

where p is an empir ical  constant.  . . ,  the cr i t ical  stress for erosion is
related to the dry density of the exposed mud bed (CU) through the
equat ion:

t .  =  0 .0013  pU












