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NOTATION

A* Constant  (E inste in)

At  Constant  o f  area (Bishop,  Simons and Richardson)

A2 constant of vol-ume (Bishop, simons and Richardson)

A3 Time scale proport ionali ty factor (Einstein)

A3'  constant  o f  t ime scale (Bishop,  s imons and Richardson)

b stream breadth, surface width i f  not otherwise stated

B* Constant  (E inste in)

Ct  Coef f ic ient  (Graf )

CZ Coef f ic ient  (Graf )

Cp Drag coef f ic ient  (Egiazarof f )

d Mean depth of f low

dr  Mean depth re la ted to  the gra in

D Sediment diameter

DgS D5O D6S Sediment  d iameters

Do Effective sedj.ment diameter in a mixture

Oi  Par t icu lar  gra in s ize

D* Mean diameter (geometrical) for roughness determination

D*"* Maximum sediment size

Do Threshold diameter within a mixture

on,  Dimensionless gra in s ize

"b 
Bed load transport eff iciency (Bagnold)

F Dimensionless fa l l  ve loc i ty

t "n Sediment  mobiL i ty ,  coarse gra in (Ackers,  Whi te)

trn Sediment mobil i ty, f ine graln (Ackers, White)

F.r, Sediment mobil i tyr g€neral (Ackersr. White)
9 r



g Acceleration due to gravitY

gst  Tota l  t ranspor t ,  dry  weight  per  un i t  width per  un i t  t ime

K Meander  s lope correct ion

k-^  Coef f ic ient  o f  to ta l  roughness,  gra in and form (Str ick ler )
S C

k--  Coef f ic ient  o f  par t ic le  f r ic t j -on,  p lane bed (Str ick ler )
x

k Correct ion factor  for  models

9- ,  Tota l  load t ranspor t  ra te,  submerged weight  per  un i t
'st 

width per unit t ime

O Water discharge

o^ That port ion of Q whose energy is converted into
D eddying close to the bed

R* Part icle Reynolds Number

R* '  Par t ic le  Reynolds Number wi th  respect  to  the gra in

s Specif ic gravity of sediment

T Temperature

tt Exchange t ime of moving part icles

t  Var iab le

v* Shear velocity

v* '  Shear  ve loc i ty  re la ted to  the gra in

V Mean velocity

V-- ,  Veloc i ty  at  a  level  y  = O.63D
yo

w FaIl velocity of sediment

X Concentration by weight

x Parameter for transit j .on (smooth to rough)

Y Dimensionless mobil i ty number

YC Crit ical mobil i ty number

(Y. . )  *  Cr i t ica l  mobi l i ty  number for  par t icu lar  shape,  s ize
v r and grading curve



"a*t* 
Crit ical mobil i ty number for a mixture

Yr Mobi l i ty  number ascr ibed to  the gra in

y* Distance above the bed

yD Distance above the bed (O.63D)

Z Ratio of depth to part icle diameter

cx Percentage of sediment f iner than a specif ic value

0 Coef f ic ient  (Ackers,  Whi te)

ys  Spec i f i c  we igh t  o f  g ra in  i n  f l u id r  g (0 " -O)

p Densi ty  of  f lu id

ps Densi ty  of  so l ids

v Kinemat ic  v iscos i ty

tr Dimensionless average jump length of part icles

0 Intensity of transport

U'  In tens i ty  of  shear  on representat ive par t ic le

to Constant  (E inste in)

rT Circumference,/diameter

E Hiding factor



SEDIMENT TRANSPORT:

AN APPRAISAL OF AVAILABLE METHODS

VOLUME 2 PERFORMANCE OF THEORETICAL METHODS WHEN

APPLIED TO FLUME AND F]ELD DATA

CRITERIA FOR THE COMPARISON OF OBSERVED

AND CALCULATED TRANSPORT RATES

The characterist ics of the numerous sediment transport

theories have been evaluated by several authors in a

variety of ways. Comparisons between predicted and

observed values have usual11z been achieved by ptott i tg, for

a given stream, both observed and calculated sediment

transport rates against water discharge. On such a graph

several theorj-es can be compared directly with each other

and with the observed data. However, a maJor drawback of

this method is that the comparison is in the context of one

very speci f ic  s i tuat ion:  i t  is  re la ted to  a par t j -cu lar

sediment in a part icular f lume or natural channel. Another

way of evaluating a theory is to plot computed against

observed sediment discharge but this method does not

dist inguish between any of the relevant parameters and where

discrepancies ar ise the cause is  not  apparent .  A fur ther

disadvantage is that only one theory can be depicted per

graph. In both the above methods the order of magnitude of

any errors is not immecliately apparent.



The basic  quant i t ies which in f luence the process of

sediment transport in two-dimensional, free surface f low

a re :  -

g r  v ,  gs ,  D ,  d ,  v * ,  g

where P = densi ty  of  f lu id

9s = densi tY of  so l ids

v = ki_nematic viscosity

D = equivalent part icle diameter

d = water depth

v* = shear veloci ty W
g = acceleration due to gravity

Dimensional analysis yield.s the fol lowing grouping of

these basic  quant i t ies

u ,-,,3 L/3 L/3
r \  -  f  's v 

I  = !-g1"p-l  D . . .Dimensionress grain sLze"s'- LFJ L-Ft
, __2  2
0v*  v * -

r = 
Z- 

= 
G=ilgD " 'MobilitY number

s .

, .  _  d  . . .Re la t i ve  g ra in  s i ze  o r- D Dimensionless f low depth

o' s
s  =  -  . . .Re la t i ve  dens i t yp

Hence, i f  we accept these four dimensionless parameters

as a comprehensj-ve set of signif icant varj-ablesr any

mechanicar property related to the movement of bed material

in steady, uniform. two-dimensional f low is a function of

these four  d imensionless groups.  In  par t icu lar ,  the
dimensionless sedlment transport parameter wj- l l  be a function

o f  t hese  g roup i ,  vLzz -



qr  P\

wv= ' Iont' " ' z' =] . . .  ( 1 )

. . . (2 )

where the

and gt =

That is

le f t  hand s ide is  the wel l -known Einste in t ranspor t

func t i on ,  $ .  (See  Re f  7 ,  Vo I  1 )

sedj-ment transport rate as submerged weight per

unit width per unit t i-me.

,  
q tp \

r = 
E'%tn 

= qr

( r - t ,13 /2  v3 /2  p  D3 /2

The data available for evaluating sediment transport

theor ies consis ts  of  measurements in  a ser ies of  f lumes and

natural channels. In terms of the four groups on the right

hand s ide of  equat ion (1) ,  each f lume or  natura l  channel

exhibits constant or near constant values of Dgr and s since

these are primari ly functions of the sediment and water

character is t ics .  On the other  hand,  each set  o f  data f rom

a part icular f lume or r iver exhibits a range of values of Y

and Z since these vary with f low.

In the present report Dn, has been chosen as the principle

variable. The available data covers the range I < D_- < 1450

which for sand in water at 15oc corresponds ;" .  turr l l  or

par t ic le  s izes O.O4 < D(nun)  < 68.  Thus the in f luence of
j-mmersed wei-ght and viscous forces are represented over a

very wide range of  par t tc le  s izes in  the comparat ive p lots .

Each data set .  i .e .  each ser ies of  measurements in  a

part icular f lume or r iverr. covers a range of values of Y and

Z (see Equat ion ( t )  ) .  Thus errors  due to  the inabi l i ty  o f  a

theory to cope with these two parameters correctly show up

as scat ter  on the Dn,  p lo ts .  A deta i led analys is  of  these

two parameters would be virtual ly impossible since they both

vary simultaneously and an attempt to do this has not been

made in  the present  invest igat ion.  The ef fects  of  speci f ic



grav i tyr  s ,  have been ind icated by us ing d i f ferent  symbols

for  sand and " l ightweight"  mater ia ls .

Each theory has been applied to every measurement of

sedj-ment transport rate and the dj-fference between observed

and calcu lated va lues denoted by: -

X ^ t - ^

Discrepancy ra t j -o  = # . . .  (3)^Acr

where x 
:::::::::.1::'; '-::;":"teriar 

expressed as a

CALC denotes calculated

ACT denotes actual.

Each data set  is  p lo t ted accord ing to  i ts  Dgr  va lue,

see Figs 7-24 and 33,  and the mean d iscrepancy rat io  is

indicated together with the minimum and maximum values.

These l imits give an indication of the spread of errors

within a data set. These could be due to deficiencies in

the theories in terms of Y, Z and s or si.mply errors in the

observed values.

The theoretical formulae have been reduced to their

simplest form (see Votr 1) such that they compute concentra-

t ion, X, from the basic measured values of:

Depth (d)

Diameter (D)

Speci f ic  Arav i ty  (s)

Mean velocity (V)

Shear  ve loc i ty  (v*)

Temperature (f)

Breadth (b)  - . .  where appl icable

Grading where applicable.



The sediment concentratj-on, X, can be related to the

sediment transport rate as dry or submerged weight per unit

width per  un i t  t ime as fo l lows:-

9 t=XVdPg

er=xvdpsq.l ]-

Some theoretical methods (nefs 7 and 18, Vol 1) j-nclude

procedures for computing depth/discharge and hence depth/mean

veloc i ty  re la t ionships.  However ,  in  the present  invest igat ion

measured depths and mean velocit ies have been used through-

out. Thj-s el iminates any systematic errors in the above

procedures and makes the comparison between observed and

calcu lated t ranspor t  ra tes more meaningfu l .  In  ut i l is ing

the theor ies in  pract ice,  o f  course.  the engineer  must  e i ther

use these proceilures or measure the basic quantit ies before

he can ca lcu late t ranspor t  ra tes.

Equation (3) gives the discrepancy ratio in terms of

sediment concentrations. However, since the parameters which

relate the concentration to the sediment transport rate and

the dimensionless sediment transport parameters (equations

(2 )  |  ( 4 )  and  (5 )  )  a re  a l l  measured ,  equa t i on  (3 )  g i ves  the

same values as compar isons in  terms of  g ,  e ,  4  and Gnr (see

Re fs  24  and  25 ,  Vo l  1 )  .

Several equations examined in this investigation were

presented originally as bed load equati-ons but they have

been compared with total load data. Our reasons for doing

this were (i) that the definit ion of bed load is not

universally acceptable and one man's bed load is another

man's  suspended load,  ( i i )  some of  the bed load equat ions

have coeff icients based on data which j-s not indisputably

bed load data,  and ( i i i )  there are repor ts  which suggest

that, under certain circumstances, the bed load equations

can be applied to total load data without introducing errors

larger than those obtained from some of the so-called total

load equations.

. , .  ( 4 )

. . .  (s)



ANALYSIS OF DATA CHARACTERISTTCS

The genera l  ph i losophy of  th is  invest igat ion has been

to compare as many theories as possible against as much data

as poss ib le .  This  phj - Iosophy enables one to  ident i fy  the

character is t ics  of  the theor ies and Lhe character is t ics  of

the ' ind. iv idual  data sets .  One cannot  assume that ,  where

discrepancies ar ise,  the data is  r ight  and the theory is

wrong because of  the obvious d i f f icut t ies in  measur ing the

relevant parameters.

At the extremes it  is possible to el iminate bad

theories and bad data sets. For example, Lf a theory

consistently predicts 10 t imes the observed transport rate

for 1OOO measurements, i t  is reasonable to assume that the

theory is  inaccurate.  A lso"  i f  20 theor ies predic t  1OO

times the observed transport rate for a part icular data set,

this casts severe doubts upon the data. In between these

extremes.  the in terpretat ion is  less s t ra ight forward,  o f

course. but this does not reduce the argument for analysing

a large number of theories anci a rarge data "bankt'  covering

a wide range of  condi t j -ons.  The author 's  def in i t ion of  a
good theory is one which can be applied with confidence to

any channel in which non-cohesive solid part icles are being

transported by a f luid. I t  should not matter whether the
channel is a miniature f lume or a large river or whether the
sediment is sand or wood grains.

1.  F lume data

The data used in the present investigation was mainly
acquired from l i terature and. for f lume experiments, amounts
to around looo measurements, (see Table l).  The experiments
were carried out with uniform or near-uniform sediments with

f low depths up to  o.4 m.  For  serect ing the f rume data an
upper l imit for the Froude Number of O.8 was applied. thus



avoid ing the complex i t ies associated wi th  cr i t ica l  and

supercr i t ica l  f low condi t ions.  No a l lowance has been made

for  s ide wal l  e f fects  or  bank f r ic t ion.

2 .  F ie ld  da ta

The f ie ld  data covers 11 s i tes wi th  a to ta l  o f  27O

measurements as fo l lows:-

Niobrara Rj -ver ,  Cody,  Nebraska,  USA (Ref  1)

Midd. le  Loup River ,  Dunningr  Nebraska,  USA (Ref  2)

Paraguay River, Km 385, PARAGUAY (Ref 18)

Atchafa laya River ,  S immerspor t ,  Louis ianna,  USA (Ref  3)

M iss i ss ipp i  R i ve r ,  Ta rbe r t  Land ing ,  M iss , ,  USA (Re f  3 )

M iss i ss ipp i  R i ve r ,  S t  Lou is ,  M iss .  r .  USA (Re f  3 )

Aare River ,  Br ienzwi ler ,  SWITZERLAND (Ref  4)

Elbow River, Bragg Creek, Alberta, CANADA (Ref 5)

Mounta in Creek,  Greenvi l le ,  S.  Caro l ina,  USA (Ref  6)

Goose Creek,  Oxford,  Miss iss ipp i ,  USA (Ref  6)

Skive-Karup River. DENMARK (Ref 7)

The principal characterist ics of the above data are

summarised in Table 2. The transport measurements are based

on different techniques which are described brief ly in the

footnote of the Table. More detai led information i-s given

in the original papers.

3.  Data c lass i f icat ion

The data has been c lass i f ied in  terms of  Dnr ,  Y,  b /d,

X and drlD in order to i l lustrate the coverage of the

available information. to point out gaps where they exj-st

and to compare the relative characterist ics of f lume and

f ie ld  data.
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Dimens ion less  g ra in  s i ze :

The f requency d is t r ibut ions of  the d imensionless gra i_n

s ize,  D_*,  are shown for  both f lume and f ie ld  data in-g r

Fig l .  There is  c lear ly  a def ic iency of  data for  Dgr

ress than about 3, between 15 to 20 and for Dgr greater

than 40.  This  la t ter  range is  very shor t  o f  f ie ld  data

and also f lume data for Dgr greater than 70. There is

a need for further measurements in this range.

Dimensionless mobil i ty number :

The frequency distr ibutions of the dimensj-onless

mobil i ty number are shown in Fig 2 and Table 3. Using

the cr i ter ion of  F Engelund (see la ter  and Ref  8)

approximately 43 per cent of the f lume data and 25 per

cent of the f ield data represent condit ions where the
mater ia l  is  t ranspor ted c lose to  the bed.  This  is  a
systematic tendency for f lume data for D-- greater thangr
about 15 and f i-e1d data for D qreater than about 20
as shown in Table 3. 

gr r

The available f lume and f ield data show a similar range
i

o f  Y  va lues .  see  F ig  Z .

ft is worth noting that a large percentage of the

reported measurements for coarse materiars show values
of the dimensj.onless mobil i ty number less than the
crit ical varue as given by shields when computed with
an effective diameter o = ouo- Flume data in the range
60<D

gr
data for the Elbow and Aare rivers (on, = 697 t 1013 and
1450) .  Many invest igators have repor f ,ed cr i t ica l  va lues
well below the shierds function for coarse material and
this has an important inf luence on several theories which
are based on considerat ions of  "excess shear ' , .



Breadthr/depth ratio:

The breadth/depth rat io  is  d is t inct ry  d i f ferent  for
f ie ld  and f lume data.  HaI f  o f  the to ta l  f lume
measurements have a rat io  be low 5,  see Fig 3 and Table
4-  The f requency d is t r ibut ions of  th is  ra t io  over lap
only in the range between 5 and ZO.

Arthough the breadt.h/depth ratio infruences roughness
problems when less than about 5 and the meandering
of a stream when large, i ts inf luence on sedi-ment
transportation is thought to be minimal.

Sediment concentration :

As with the dimensj-onless mobil i ty number the
concentration shows a simitar range of values
and f ield data. Both range from lo-1 to Io-5
in F ig 4 and Table 5.

Relat j -ve gra in s ize:

i n

as

flume

shown

The f requency d is t r ibut ions of  the re la t ive gra in s ize,
d/D, are shown in Fig 5 and Table 6- The f ield data
shows a wider range of values than the f lume data.
About 25 per

1o4 and Io5.

cent of the f ield data has values between

These high values were recorded in data
Re fs  119?  118 ,  116 ,153 ,  LL7 ,15o  and  15 t  ( see  Tab re  z
fo r  de ta i l s ) .

4 .  Transpor t  ra tes

The i-nterpretation of quoted transporf rates is
d i f f icu l t ,  par t icu lar ly  in  the case of  f ie ld  measurements
where different sampring techniques are used and where there
is often a wash load of very f ine materiar not found in a
bed sample.  A few def in i t ions are usefu l l -

( i )  Bed  l oad

That material which moves in crose contact with
the bed.



( i i )  Suspended bed mater ia l  load

That  par t  o f  the suspended load consis t ing of

par t ic le  s izes present  in  a bed sample.  The

descr ip t j -on has been abbrev iated to  , 'suspended

load"  in  the present  repor t .

( i i f )  Tota l  bed mater ia l  load

That part of the total sedj.ment dj-scharge

consis t ing of  par t ic le  s izes present  in  a bed

samp le ,  i . e .  t he  sum o f  ( i )  and  ( j - i ) .  The

descr ip t ion has been abbrev iated to  " to ta l  load"
j -n  th is  repor t .

( iv) Wash load

That  par t  o f  the to tat  sediment  d ischarge consis t -

ing of  par t ic le  s izes smal ler  than those found in

a bed sample or  less than 0.06 mm.

There is l i t t Ie published data concerning the
characterist ics of the wash load although it  can be of the
same order as, and someti.mes greater than, the total bed

mater ia l  load.  However ,  as a l l  t ,he theor ies used in  th is
study are either Bed Load Theories or Total Bed Materj.al
Load Theories. the data has been scrutinlsed with the view
of el iminating the measured wash load.

Niobrara and Middle Loup Rivers (Refs I and 2) z

sediment concentrations for the Niobrara and Middle Loup
ri-vers were measured in a contracted section and a f lume
respectively. For these situations the total bed
material load was believed to be in suspension and
suspended sedj.ment samplers were used- Thus the quoted
concentrations include the wash load. This was deducted
using the grading curves of the measured material and
the normal r iver bed material to el iminate sediment not
present in the bed sample and also materiar less than
0-06 mm diameter. The wash load amounted to about 10
per cent of the total bed materlal load.

10



Paraguay River  (Ref  18)

The Paraguay data consists of bed load data based on

dune movement and suspended load data. The wash load

was deducted as for the Nj-obrara and Middle Loup Rivers

but the concentrations of f ine sediment were much

higher .  The wash load was,  on average,  3Oo per  cent

of the total bed material load.

Atchafa ldyar  Miss iss ipp i  (Tarber t  Landing)  r ,Miss iss ipp i
(S t  Lou i s )  (Re f  3 ) :

OnIy the suspended l-oad was measured in ttrese rj-vers.

The quoted values in Ref 3 include computed bed load

data. In the present exercise the wash load has been

eliminated as above and amounted to 600 per cent of

the to ta l  bed mater ia l  load.

Aare River  and Elbow River  (nefs  4 and 5) :

References 4 and 5 report that al l  the material in

suspension was f iner than the bed material.  The grain

sizes of the suspended material were not to be found

in a bed sample. Thus the reported bed load as

measured with bed load samplers has been taken as the

total bed material load. The wash load was not

measured-

For gravel r ivers the surface material is much coarser

than the material found in depth. This effect was

reported for both the Aare and the Elbow rj-vers.

It  is not clear which grading curve should be used to

compute sediment discharge or whether material j-n

suspension fal ls into the wash load category or the

suspended bed material load category. Based on a bed

sample in  depth,  which wi l l  inc lude smal ler  s izes,  the

material in suspension wil l  be suspended bed material

load but based on a surface sample the material in

suspension wi l l  o f ten be wash load.  This  la t ter

11



in terpretat ion has been adopted for  the Aare r iver  and

Elbow r iver  data.  Thus the repor ted bed load and the

grading curve of  the sur face layer  are the basic  data

used in  the computat ional  procedures.

Mounta j -n Creek,  Goose Creek and Skive Karup Rlver  ' (Refs 6

and  7 ) :

In  these three r ivers the sediment  d ischarge was

measured wi th  bed load samplers.  However ,  j - t  must  be

accepted that ,  in  cer ta in  cases,  some of  the bed

mater ia l  must  have been t ravel l ing in  suspension.

A common cr i ter ion for  def in ing condi t ions in  which the

sediment  t ranspor t  takes p lace so le ly  as bed load ig

Yr -  <  Y  <  O .4 .  However ,  F  Enge lund  (Re f  8 )  g j - ves  a  more
L

res t r i c t i ve  l im i t  as  fo l l ows :  -

v*
-  <  o .85
w

. , .  ( 5 )

I f  t he  fa l l  ve loc i t y ,  w ,  i s  exp ressed  i n  te rms  o f  t he

Rubey  equa t ion  ( see  Vo l  L ,  Append ix  1 )  v i zz -

FV*
\ A I = T

Y '

Then equat ion (6)  reduces to  the form

Y <  O .7225  F2 . . .  ( 7 )

F  i s  a  func t i on  o f  D_- -  ( see  Vo I  I ,  equa t i on  (A5 )  )  andgr
takes a min imum value when Do.  = O.  This  cr i ter ion for

the in i t ia t ion of  suspended ioad condj - t j -ons is  p lo t ted

in F ig 6 together  wi th  the condi t ions for  the in j . t ia t ion

of  bed load af ter  Shie lds and Ackers,  Whi te.
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Condit ions for the three rivers

fo l l ows :  -

can be summarised as

Goose Skive
Creek Karup

o .28  0 .47

710

o.64

o5o (mm)

Dgr
Yo,-,, exceeded by

--  on ly  I  per
cent  o f  tests

Mountain
Creek

o .  90

23

o .  18 o .36

where YUO is the Mobil i ty Number related to the DUO

sediment  s ize.

Based on these maximum Yro valuesr l ines for the ful}

bed material grading curves for the three rivers are

shown in Fig 6. For the Goose Creek and Skive Karup

rivers this diagram shor^rs that a signif icant amount of

suspended bed load transport is to be expected at the

higher mobil i ty numbers. In round f, igures up to 80 per

cent and 50 per cent of the total transport respectively.

This means that the reported transport rates are smaller

than the actual transport rates. For the Mountain Creek

data the suspended load only amounts to about 1O per

cent of the total load and hence the error is not

serious. Most theories overestimate transport rates

for these data thus adding weight to the above argument.

5. Tenlperature ef fects

The d imensionless gra in s ize is  a  funct ion of  par t ic le

d iameter ,  par t ic le  speci f ic  arav i ty ,  f lu id  v iscos i ty  and the

accelerat ion due to  grav i ty .  V iscos i ty  in  turn is  a

function of temperature; In most sets of observations for a

part icular f lume or r iver these propert ies are constant thus

providing a set of observations with constant onr. Howevert

where the measurements have been extended over a period of

t ime, variat ions in water temperature and sediment size have

been noted. Where this has occurred the data sets have been

broken down into sub-sets, each of which covers only a narrow

13



range in terms ot on,

o f  th i s .

The Middle Loup data is an example

DISCUSSION OF RESULTS

l .  Performance of available methods

A  SHTELDS (1935 ) :

The Shields equation was originatly proposed as a bed

load equation. However. Fig 7 shows that the transport

rates are overestimated over almost the whole range of on,

values for f lume and f ield data. The proposed equation has

an erratic performance for Dgr less than 60 with calculated

concentrations between 5 and 50 t imes the observed values.

For coarse materials the discrepancy ratio is somewhat

smal ler .

For the data sets where the transport is maj-nly bed

load (o-- > 15) there is no signif icant improvement in thegr
predicted values and for many of the coarse data sets (Data

Ref  35,  36.  1O9( 113 and 1141 the computed t ranspor t  ra te
became zero. For these sets together with Data Refs 26 and
49 about 60 per cent of the individual measurements have

values of the mobil i ty number. Y, smaller than the crj-t ical

va lue accord ing to  the fami l iar  Shie lds express ion.  This

casts doubt on the shields threshold cri teri .on for coarse
sediments. both uniform and non-uniform" and is one of the

major reasons why the shield.s bed load equation cannot be

used in this range. This argument applies to many other
theories which are based on ambient shear values relative to
the sh ie lds cr i t ica l  va lues.  The errors  are,  o f  course,
most  s ign i f icant  a t  low t ranspor t  ra tes.
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For most  l ightweight  mater ia ls  the Shie lds equat ion

st i l l  over-est imates t ranspor t  ra tes but  to  a lesser  extent .

Typical discrepancy ratios are between I and 10. Flowever,

other  theor ies g ive bet ter  predic t ions for  these mater ia ls .

The tendency of the Shields equation to over-estimate

sediment  d ischarges has a lso been repor ted in  Ref  9.

A  A  KAL INSKE (L9471 :

In Lg47 Kal inske (Ref  2,  VoI  1)  proposed a theory which

ut i l ised basic  phys ica l  pr inc ip l -es of  f lu id  dynamics.  The

result ing bed load formula was dimensionally homogeneous and

was claimed by the author to f i t  laboratory and f ield data

over  a wide var ie ty  of  condi t ions.  Kal inske was one of  the

first people to look seriously at the problem of graded

sediments.

The results shown in Fig 8 do not support the original

claims. There is a tendency to overestimate transport rates

for f lume data and underestimate transport rates for f ield

and l ightweight sediment data. Superimposed on these

systematic trends is a general scatter of the mean errors

and scatter within each data set as indicated by the large

difference between minimum and maximum d.iscrepancy ratios.

The Kal inske equat ion is  essent ia l ly  the resul t  o f  a

simplif ied determinist ic approach to the movement of bed

material and there seems l i t t le scope for improvement in i ts

present form- The l imitations of the theory (see Vol 1)

meant that 2 per cent of the data could not be analysed.

C  INGL IS  (1947 ) :

The regime equation of C Inglis shows a similar general

behaviour to that of A Shields. In this case, however, the

overestimation of sediment transport rates reaches enormous

proport ions for f lume data with predicted rates up to 2OO

times the observed ratesr see F.ig 9. A similar degree of

scatter is shown when the theory is applied to l ightweight
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sediments.  This  theory was based on observat lons of  natura l

streams f lowing under regime condit ions. It  is not too

surpr is ing,  therefore,  that  i t  does not  seem to apply  to

f lume data at  a l l .

When appl ied to  f ie ld  data there is  l i t t le  overa l l

improvement although a systematic tendency seems to exist.

For  very f ine mater ia l ,  2  .  on,  < 6,  severa l  data sets  show

close agreement between observed and calculated values but

the comparison worsens with increasirg Ogr. I t  seems

therefore that  th is  equat ion is  best  used for  f ie ld

condit ions with f ine sediments-

E MEYER-PETER AND R MULLER (1948) : .

The comparison of predicted and observed transport rates

for  the Meyer-Peter ,  Mul ler  equat ion is  g iven in  F ig 10.

The equation was presented as a bed load equation and should

be judged in this l ight. I{owever. from Fig lO. i t  appears

that the equation gives better agreement for f ine sediments

than for coarse sediments even though the f ine sediments are

more l ike ly  to  t ravel  in  suspension.  This  is  a  surpr is ing

result and the reasons appear to l ie in a combination of

th ree  fac to rs : -

( i )  t he  coe f f i c i en t  O-O47 .  see  equa t ion  (251 ,  Vo l  l ,

( i i )  the rat io  as/Q.  see equat ion (26,  I  VoI  I ,

( i i . i )  t he  ra t i o  k " " / k r l  see  equa t ions  (27 -30 ' ) ,  Vo l  1 .

The latter two ratios are always less than unity and

transport rates diminish as they diminish. see equation (251

Vol  I .  The rat io  9=, /Q is  a correct ion factor  for  wal l

f r ic t ion and the rat io  k"" /k ,  is  a  coef f ic ient  which ar ises

in the separation of form and part icle resj.stance. The

coef f ic ient  O.O47 is ,  in  fact .  the cr i t ica l  mobi l i ty  number

which was taken by Meyer-Peter and Muller as constant.
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The term in  parentheses in  equat ion (25 ' )  ,  Vol  I ,  can

be re-wr i t ten as fo l lows:-

f  a,  (  u""  \ t / t  o.  04 , ) t / '
Ld-\q/ 

-  
Y )

Q- ,  k^^ \3 /2
rhe product 

t '  (t-/ is always tess than unity and the

rat io ry tends to uni ty as Y tends to o .O47. For Y values

less than o.o47 the rat io Y t"  c lear ly greater than uni ty

and equat ion (251, Vol  L,  becomes insoluble.  Also when

fo.oazl , lo='o 
(/21

I  y I  l0 
(t f  /  |  

t r ' "  equation is insoluble '  rhese

condit ions occurred many t imes with the coarse data and it

e^ r  k^^13/2
appears that the o.o47 vatue is roo highr or trr. 

t ' (tf l

composite correction factor is too low or both. This

i l lust rates once more the d i f f icu l t ies surrounding the

cr i - t ica1 shear  condi t ions for  coarse mater ia ls .  For  the

f iner  mater ia ls ,  va lues of  y  tend to  be wel l  j -n  excess of
o.o47 and the d i f f icu l t ies wi th  the excess shear  rat io  are
far less pronounced. This could account, to some extent, for
the improved performance of the theory in this.range.

In his comparative study of the Meyer-peter, uul ier equa-

t ion and the Einstein bed load function Chj_en (Ref lO)

obtained good agreement for both equations with several sets
of medium to coarse sediment. rn part icular the Gilbert and
Murphy data (D^_ = lB.5)  agreed wel l  wi th  both sets  of
predict ions. i l i*. .r"r, crr ien assumed twodimensional f  row
condit ions and a plane bed taking es = e and k"" = kr.

Making these subst i tu t ions in  equat ion (zsy,  vo l  ! ,  leads to
the expression

S = (4Y -  o .18 a l3 /z
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which is  the equat ion successfu l ly  used by Chien.  In  F ig 10

the Gilbert and Murphy data plots well  below the discrepancy

rat io  of  un i ty  and the present  resul ts  us ing the or ig ina l

Meyer-Peter Muller equation are less authentic than the

Chien resul ts .  Thus the or ig ina l  Qs/Q and k"" /k ,  correct ion

factors remain suspect

H  A  E INSTEIN  (Bed  load ,  I 95O) :

H  A  E INSTEIN  ( to ta l  l oad ,  1950) :

The H A Ei-nstein bed and total load theories are two of

the oldest amongst those theories based on probabil i ty

concepts and which attempt to cope with graded sediments. A

wide range of f luid f low condit ions were considered.

The theory as formulated leads to complex and laborious

computational procedures but has the advantage of being based

on sound physical principles. Many other investigators have

looked for support for their .own formulae in the basic

principles and parameters of the Einstein methods. Others

have taken the basic Einstein concept and modif ied the method

claimj-ng improved accuracy in predict ions of transport rates.

Before describing the results of present computations

with the Einstein equations it  is worth repeating (see Vol 1)

that the measured total shear velocity has been uti l ised in

the present study. The Einstein slope separation technique

was uti l ised to determine the proport i-ons of the grain and

form shear  ve loc i t ies wi th in  the observed to ta l .  We consider

that this is the best way of evaluating the theory because

the comparison is a direct one between predicted and observed

quant i t ies.

Fig 1I shows the comparison between observed and

computed transport rates for the bed load function. The

function underestimates transport rates for Dgr values less

than about  8 (about  O.3 mm sand s ize) .  the extent  o f  th is

underestimation increasing with decreasirg Ogr. There is
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better agreement in the range I < D,_- < 40 with a moderate

overestimation of transport rates .3tnrnn"r values of Dgr.

Thusr €rs would be expected with a bed load function, the

theory underestimates transport rates for the f i-ner materials

which tend to travel mainly in suspension.

f ig L2 shows the comparison between observed and computed

transport rates for the total load function. In the total

Ioad function the quantity of bed material travell ing in

suspension between the levels y* = 2D and y* = d is added to

the bed t ranspor t .  Despi te  th is  addi t ional  quant i ty  o f

material there is l i t tre improvement in the accuracy of the

method for  the f iner  par t ic le  s izes.  There is  a  good

correlatj-on between the discrepancy raLio and Dn, which

shows that t,he agreement between measured and computed

transpor t  ra tes deter iorates wi th  decreasi rg onr .

Since the to ta l  load is ,  accord ing to  Einste in,
propor t ional  to  the bed load (see Equat ion (53) ,  VoI  f )  the

reason for the systematic variat ion with Dn, may be found in
the basic  Einste in funct ion (Equat ion (33) ;  Vot  1)  which

determines the bed load.

At  least  two sets  of  invest igators (see Refs 10 and 15,
VoI  f )  have made a cr i t ica l  analys is  of  the basic  pr inc ip les

of the Ei-nstein method and have found that one of the weak
points in the theory is the assumption that the A* and B*
quantit ies are constants. Bishop. simons and Richardson
proposed a modif ication in which A* and B* are expressed as
a funct ion of  par t ic le  s ize.  D.  However ,  th is  is  c lear ly

adding a dimensional quantity to the transport and

entrainment functions which is undesirabre. Later i-n the
present report we have converted these A*, B* relationshi-ps
in terms of  D--  instead of  D as par t  o f  a  proposed modi f ica-

9 !
t ion of the Bishopr simons and Richardson method. These

functional relationships for A* and B* when introduced j.nto

the Einstein methods produce improvements in accuracy at
the f ine part icle end of the size spectrum. (see later for
de ta i l s )  .
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In  der iv ing h is  re la t ionships Einste in assumed that  the

average distance travelled in one movement of a bed part icle

was proport ional to the part icle diameter and equal to 1OO

grain d iameters.  I t  is  d i f f icu l t  to  est imate or  measure the

hop length of only those part icles which move within the bed

layer (o < y* < 2D) but evidence presented by B Kri-shnappen
(see Ref  15)  suggests that  the hop length is  not  on ly  a

funct ion of  par t ic le  s ize but  a lso of  the ambient  f low

condi t ions.  B A Chr is tensen and T Y Chin (Ref  L7 l  have

suggested that the hop length is inversely proport ional to

the par t ic le  d iameter .

F ina l ly  i t  j -s  wor th point ing out  that  in  h is  or ig ina l

formuration of the bed load theory Ej-nstein indicated that

the sediment discharge was formed of those part i-cles that

in a given t ime travelled n t imes the length of the average
jump where n denotes a statist ical ly signif icant number of
hops but he did not impose any restraint j-n terms of the
height  o f  jump.  Thusr .  t r  fact ,  there is  no reason to c la im

that the bed load function is confined to a layer from the
bed to two diameters above the bed and it  is not surprisJ.ng
that the total load theory should overestimate transport
rates for the medium to coarse sediments since some of the
predic ted t ranspor t  wi l l  qonsis t  o f  par t ic les which have been

"counted"  twice

The broad conclusion from the present analysis is that
the Einstein methods should be used with care, part icularly

at low D_.. values where there is a dist inct tendency togr
underestimate transport rates. confidence in the method
r ises above a d imensionless par t ic le  s ize of  about  lo  (o .4 mm
sand  s i ze )  "
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H A EINSTEIN AND C B BROWN (1950) :

The comparison of the observed and computed sediment

transport rates for the Einstein. Brown method is shown in

Fig 13.  There is  a  h igh degree of  scat ter  in  the p lot  and

few systematic trends are apparent. There is a general but

erratic tendency to overestimate transport rates, part icularly

for f lume data with sands. OnIy at high D___ values do the

flume data (sands) show reasonable 
"n.""*.f l [ .  

The l ightweight

resultsr on the other hand, show better agreement.

The presence of  the i l imensionless fa l l  ve loc i ty ,  F '  in

the Q versus r f . r  re la t ionship (see Equat ion (51)  ,  Vol  1)  does

not appear to give any improvement over the original Einstein

function. In fact. the scatter and overal l  errors are much

greater than in the basic Einstein method although the under-

estimation of transport rates of the latter method is not

apparent  in  the Einste in.  Brown resul ts .  2 .7 per  cent  o f  the

d.ata could not be analysed by this method.

A A BISHOPI D B SIMONS AND E V RICTIARDSON (1965) :

Bishop, Simons and Richardson proposed a modif ication

to the bed load equatlon of H A Einstein which represented

a simplif ication of the computational procedures. The

transport rates (tota1 load) are no longer computed for

individual grain sizes. Instead, the shape of the grading

curve of the bed material is taken Lnto account by using the

D35,  D5O . td  D65 s izes as references.  The method a lso

includes functional relationships for the A*r B* parameters

(see  Equa t ion  (621 .  Vo l  1 )  i n  t e rms  o f  pa r t i c l e  s i ze ,  D .

The resuLts for this theory are shown in Fig 14. There

is l i t t le scatter in the mean discrepancy ratios with a

general tendency to underestimate transport rates by up to

a factor of 4 for both f lume and f ield. data. However, there

is scatter within each set as indicated by the difference

between minimum and maximum discrepancy ratj.os. Two sets of

2I



f ie ld  data (Data Refs 111 and LIz)  do not  fo l low th is
pat tern and ca lcu lated t ranspor t  ra tes are wel l  in  excess of

the observed va lues.  However ,  as ind icated ear l ier ,  the

Goose creek data does not include much of the suspended load

in the observed " to ta l "  load.  Data Ref  to6 shows a s imi lar
but  ress pronounced ef fect .  Most  theor ies overest imate

transport rates when applied to the Goose Creek data.

The resul ts  for  coarse sediments are in terest ing because
the Bishop, simons and Richardson modif ications of the basic
Einstein method were largery concerned with the grading of
the sediment  and the sh ierd ing ef fects  of  larger  par t ic les.

The coarse sediment data (glbow River, Dg, = 697) and Aare
River .  D_. .  =  1013 and l45OI shows a wlde range of  par t ic le'  gr  -  - - - r -
s izes at  each s i ter  see Eig 27,  and hence is  rerevant  in
this context.

The Bishop' Simons and Richardson method overestimates,
by a large margin,  t ranspor t  ra tes for  these coarse sedi -
ments. The Einstein methodsr oD the other hand, show reason-
able agreement for the Elbow River data and underestimate
sedjment transport for the Aare

One reason for this di-fference could be found in the
use of  the h id ing factor  by Einste in,  a  correct ion not  used
by Bishop, Simons and Richardson. On the other hand, the
A*, B* versus D rerationships have been extended well beyond
the region investigated by Bishop, simons and Richardson and
th is  courd be a source of  er ror .  The greatest  d iameter  used
by these authors was about I mm (on, = 25) but the resurts
up to D__ = 1OO show that our assumed extrapotation j-s-g r
reasonable,  see F ig L4.

A detai led analysis of indi.vidual test results shows a
major underestimation of transport rates for many tests in
which the 1., '  parameter exceeds about 20, especial ly for f ine
mater iar .  Major  d iscrepancies a lso occur  in  terms of  the
l ightweight  data.  This  is  not  surpr is ingr  however ,  s ince
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the variat ion of A* and B* with D is not logical and D

should be replaced by some dimensj-onless parameter containing

D e .g .  D__ .  Th i s  i dea  i s  expanded  la te r .' g r

The l imitations of the method (see VoI 1) meant that

39.7 per cent of the data could not be analysed

R A  BAGNOLD (Bed  load ,  1956) :

R  A  BAGNOLD (To ta l  l oad ,  1956) :

R A Bagnold has proposed two sediment transport theories,

one for determining the bed load (1956) and one for deter-

mj-n ing the to ta l  load of  bed mater ia l  (1966) .  The author

was fair ly emphatic about the roles of the two theories and

suggested Y = O.4 as a rough boundary between the two zones

of  appl icabi l i ty i  see Equat ion (84) ,  Vol  I  for  the prec ise

definit ion. In view of this the bed load equation has only

been applied to those measurements in which the transport of

material took place close to the bottom of the channel. The

cr i ter ion of  F Engelund (Ref  8)  was used to def ine these

condit ions, the geometric mean being taken as the

representative diameter where graded sediments were

considered.  See Fig 5 for  deta i ls .  This  cr i ter ion meant

that many tests rrrere eliminated from each test series when

applying the bed load equation and sometimes (f ine materials)

whole series were el iminated.

The total bed material load equation has been applied

withln the l imits specif ied by Bagnold wherever these were

specif lc. However, Bagnoldts requirement for "adequate
flow depth" such that "the thickness of the conceptual

moving carpet can be neglected in comparison with the total

depth of f low" has not been met. A more specif ic definit ion

is  needed.

fn hls total load theory Bagnold suggests, quite

arbitrarl ly, that the effective faIl  velocity should be

halved when substitut lng ln the predict ive equations.

23



However, init ial comparisons with the present data suggested

that this halving of the fal l  velocity introduced much

Iarger  er rors  and the fu I I  fa l l  ve loc i ty  was used thereaf ter .

See  Equa t j -on  (771  ,  Vo1  L ,  f o r  de ta i l s .

The specif ied l imitations of the total load theory mean

that many tests and sets of tests are el iminated from the

compar ison.  This  is  par t icu lar ly  not iceable for  coarse and

Iightweight sediments where the mobil i ty is general ly low

and condit ions are within the zone close to threshold

condi t j .ons.  Some 68.5 per  cent  o f  the data was e l iminated.

Fig 15 shows the results for the bed load theory. There

is much scatter j-n this plot both in the mean values and in

the differences between minimum and maximum discrepancy

ratios. Computed transport rates vary from several t imes

greater than the observed rates to several t imes less than

the observed rates.  36.8 per  cent  o f  the data was outs ide

the range of applicabil i ty of the bed load theory.

Fig 16 shows the results for the total load theory.

There is good agreement in the range I . On,

marginal tendency to overestimate f lume transport rates and

underestimate f ield transport rates. Th-e theory tends to

overestimate transport rates for Dgr > 20 and there is an

increasing number of results which are el iminated because of

the minimum mobil i ty cri terion. The l ightweights are

eliminated because of mobil i ty considerations. not because

the theory does not apply to l ightweights. I t  is worth

noting, however, that the eO relationships are given for

sand in  water .  see Vol  1-

The good results for f lume data for the range O < On,

< 20 support t tre argument for using the ful l  fal l  velocity

as the ef fect ive quant i ty .  I f  the ef fect ive fa l l  ve loc i ty

had been halved the predicted transport rates would have

gone up by a factor  approaching two,  (see Equat ion (8O),

Vol 1). On the other hand there would have been a marginal
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improvement in the f ield data i f  the fal l  velocity had been

halved.

The results for the total load theory show far less

scatter than for the bed load theory both in terms of the

means of the sets and the maximum and minimum errors for

each set. I t  seems remarkable that with the total load

theory Lhe Wi l l is  f lume data (Data Refs 56 te  58,  Ogr  = 2.6 ' )

f i ts into the general pattern for f lume data. This-is the
only theory where this happens.

For  D_-^ va lues less than about  20 (O.8 mm sand s ize)gr
the total load theory can be used with confidence so long as

the mot ion is  wel l  establ ished,  i .e .  there is  a  s ign i f icant
suspended load.  r t  is  poss ib le  that  the D_--  *  zo l imi ta t ion

gr
represents the scope of experimental verif icatj-on rather than

a fundamental l imitation. Experlments with coarse sediments
usually cover only the early stages of sediment transport.

E  M  LAURSEN (1958 ) :

Fig L7 compares predicted and observed sediment transport
rates for the method proposed by E M Laursen. rn spite of
the scattet in some areasr. part icularly Dn, I 6 t Fig L7 shows
some correration between the cl iscrepancy ratio and the
dimensionless par t ic le  s i ,ze,  Dgr .  At  low Dgr  va lues the
theory underestimates transport rates, around og, = 20 there
is reasonable agreement and for high Dn, varues-the theory
overestimates transport rates. The Goose creek and Mountain
creek data do not f i t  this pattern but they are suspect for
reasons stated earl ier

The E M Laursen equat ion (Equat ion (93) ,  Vol  l )  can be

transformed into the form:-

Y\  (v

;LreL%
I  -  r l

ssz l /3  
-  

J
'(F)(hI(h)0 = o .o l
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The dimensionless grain size parameter On, occurs

in the term t (#) and probabty in other terms as

fa l I  ve loc i t y r  w r  can  be  exp ressed  as  fo l l ows : -

v *
t  =  

7  
f l (Dg r )

(See  Equa t ions  (A5 )  and  (A6 ) ,  Vo l  1 ) .

Hence ,  f rom (9 )

'(F) ='(db)

impl ic i t ly

we l l .  The

. . .  (e)

.  . .  (1o1

. . . ( 11 )

. . . ( 12 )

The above manipulations suggest that f(v*/w) is not

unique as suggested by Laursen but  is ,  in  fact ,  a  fami ly  of

curves with the dimensionless part icle size as one parameter.

A schematic drawing showing one possible form for these

curves is shown in Fig 25. The average curve presented by

Laursen probabry represents . onr value of around 2ot this

being the point in Fig 17 where-predicted and observed

transport rates show reasonable agreement. The curves for

higher values of onr wil l  be below this average curver s€€

Equation (1O1 , and wil l  yield a lower value of f  k*/wl .
Conversely curves for D --- < 20 wil l  plot above the average

r ine .  
9 r

The incipient stage of movement wiLl correspond with

the  va lue : -

where

/  t * \  
" " t\-/" = EF;J

yc = f2 (Dgr)

as shown in Fig 25. The straight l i .nes "A', represent bed

load transport and wirl  tend to the horizontar 
"" 

og, fal ls
to  abou t  3  ( see  F ig  6 ) .
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I t  is  in terest ing to  note that  J  L Bogard i ,  us ing the

Laursen method, suggested a family of curves defined by

. . . (13 )

although the form of the curves differed from the Laursen

curve.  See Ref  l l  for  deta i ls .  In  fact  the quant i ty

t (v* /w)  cannot  be a funct ion of  the d imensional  gra in sLze,

D, but is probably a function of some dimensionless parameter

involving D as suggested above-

The above d iscuss ion suggests how the f (v* /w)  funct ion

might be modif ied to improve the overal l  accuracy of the

method. However, the grronounced scatter in Fig L7 for

D-- < 6 and D--- > 40 indicates some fundamental deficiencygr gE
in the predict ive equation when applied over a wj.de range of

condi t ions.  I t  is  not  poss ib le  to  p inpoint  th is  def ic iency

on the available evidence.

J  ROTTNER (1959 ) :

The results for J Rottnerr s bed load theory are shown

in Fig 18 and the comparison between observed and predicted

transport rates is good. Except for the Wil l is, Franco and

Gi lber t  and Murphy f lume data (pata Refs 55-58,  53 and 54,

18 and 19) a large percentage of the sets have mean

discrepancy rat ios c lose to  uni ty  wi th  l i t t le  in ternal

scatter. One or two sets show high maximum discrepancy

ratios but these are exceptions to the rule".

The l ightweight sediments data f i ts in well  with the

general pattern and the f ield data show no systematic errors.

Data Ref 1I1 (Mountain Creek) is again an anomaly but this

is a characteri.st ic of the data rather than the theory.

The theory was originally proposed as a bed load theory

but the present evidence suggests that i t  can be used with

confidence as a total load theory.

t  (F) = 13 (Y,D)
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M S  YAL IN  (1963 ) :

Fig 19 indicates the performance of the bed load theory

of  M S Yal in .  The resul ts  are poor  wi th  much scat ter  o f

the mean d,iscrepancy ratios and also within each data set-

The erratic behaviour is similar to that obtained with the

Einste in-Brown method,  see Fig 13.

The theory is based on a theoretical analysis of the

mot ion of  sa l ta t ing par t ic les.  Assumpt ions inc lude ( i )  p lane

bed condi t ions.  ( i i )  fu l ly  developed turbulent  f low and ( i i i )

large depth/diameter ratios. Some of the data did not comply

with these criteria and this may account for some of the

scatter in the comparative pIot.

The f lume data used in this report in which the sediment

t ranspor t  is  a  bed process (o--  9  15)  r  shows low values of-g r

the depth/diameter ratio.

Fo rDn r>30  ;Z  <2oo -

For lo < on, < 30 i 2oo < Z < looo-

Similarly, the f ield data for bed load transport exhibits

low depth/diameter ratios

Goose Creek i 1,5O < Z < 17OO

Sk i ve -Ka rup  i 7  =17OO

Moun ta inCreek  i  Z :  lOO

E lbowR ive r  i Z :  30

Aa reR ive r  7Z  =  30

Only the Mississippi Riyer at St Louis shows high values

of the depthr/diameter ratio with a value Z - 30 OOO. However,

only about 50 per cent of the individual measurements have

values of  Y less than O.4 i .e .  50 per  cent  o f  the data

constitutes bed load t.ransport,.  Nevertheless the St Louis

data (D_-  = 16 and L7l  p lo ts  wel l  on F ig 19.-g r

In practice i t  is doubtful whether the two restr ict ions

of plane bed and Z + o can occur simultaneously except in
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the transit ion range from dunes to antidunes. This

observation was also made by C F Nordin and J P Beverage
(Ref J-2) who evaluated the Yalin method against f ield and

flume data. Their evaluation was more favourable than the

p resen t  f i nd ings .

Normally the value of Z is greater for f ield

measurements than for f lume measurements except at the

coarse sediment end of the range. This couLd explain the

slightly better agreement for f ield data up to a part icle

size of about I mm. However, i t  is not clear why the bed

Ioad theory should overestimate transport rates for a large
proport ion of both f lume and f ield data.

T  BLENCH (1964 ) :

In proposing his regime equations Blench laid down many

restrict ions concerned with the range of application of the

theory.  In  fact  these condi t ions are so rest r ic t ive that

practical ly aIl  the f lume data and a large proport ion of the

prototype data should be excluded. Furthermore, some of the

condj.t ions are not defined in a preclse way.

Equat ion (1o9)  (Vol  1)  is  va l id  on ly  for  f ine sand and

concentrations by weight less than 1O-4. However, in the

present  analys is ,  a  much less rest r ic t ive l imi t  on concentra-

t ions has been employed. OnIy tests with X values greater

than 5 x 1O'2 haye been el iminated. This is the highest

value for X given in Blench's graphical solution to equation
(114)  (Vol  1) .  The theory has been appl ied to  the fu l l  range

of  sediment  s izes.

The minimum breadthr/depth ratio of 4, suggested by

Blench. has been adhereil to but the minimum flow depth of

O.4 m has been ignored.  The "zero bed factor"  has been

assumed to be universally applicable whereas Blench suggests

that i t  should be used. with f ine sands only, see equations
( I 1o )  t o  ( 1 r3 )  ( vo l  1 ) .
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Although it  seems unjust to ignore some of the

rest r ic t ions suggested by Blench there seems no a l ternat ive.

There would be very l i t t le data left for a comparative study.

In the event only 3L.2 per cent of the data was el iminated

and the resul ts  ind icate,  see la ter .  that  some of  the

or ig ina l  rest r ic t ions.  are unnecessar i ly  severe,  par t icu lar ly

those which apply to f lume data, and that Blench is being

over-caut i -ous in  h is  v iews.

The evaluation of the meander slope correction term is

a matter of judgement rather than a scientif ic procedure.

The values adopted in the present study are as fol lows:-

River

Atchafalayar Simmersport

Miss iss ipp i ,  Tarber t  Landing

Paraguay,  km 385

Niobrara, Cody

Goose Creek, Oxford

Middle Loup, Dunning

Skive; Karup

Miss i ss ipp i ,  S t  Lou is

Mountain Creek, Greenvil le

Elbow Riverf Bragg Creek

Aare River .  Br ienzwi ler

Flume data

Data Ref

118 ,119

115 r116 r117

l s3
1O7,  lO8

LT2

lOl to 1O5

106

I5Or  151

111

109

113 ,  114

A l l

Meander slope
correct lon,  K

2 .OO

2 .OO

2 .OO

L .25

1 .OO

L .25

2 .OO

2 .OO

L .25

L .25

r .25

l .oo

The sedj-ment transport equation presented by Blench is
g iven in  Vol  L ,  equat j .on (114) .  I t  is  wor th not ing that  a t
the threshold condit ions (x + o) the reft hand side of the
equation tends to unity. Thus the denominator and numerator

on the right hand side of the equation must be numerical ly

equal at the point of incipient motion.
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The comparison of observed and predicted transport

rates us ing the Blench equat ion is  g iven in  F ig 20.  The

f lume data deemed inappl icable was e l iminated as a resul t

of the depth/breadth rul ing.

Surpr is ing ly ,  there is  good agreement  for  many sets  of

f lume data and in spite of the fact that the theory was

developed from field observations the agreement with f lume

data is  genera l ly  bet ter  than the agreement  wi th  f ie ld  data.

The theory underestimates transport rates for f ield data at

the f iner end of the size range and many sets indicated zero

transport using the B1ench approach. There are three similar

resul ts  in  the range 10 .  On,  < 20.

Looking at the theory in terms of the prototype data the

results appear to be good for some sets of data and very bad

for  o thers,  see F ig 20.  I t  is  wor th compar ing these good

and bad sets  to  determine the i r  d is t inguish ing features and

hence to def ine more def in i te ly  the range of  appl icat ion of

the theory. Good results were obtained when the theory was

app l i ed  t o  da ta  se t s  1O8 ,  IO7 ,  I L2 ,1O l ,  LO2 ,  IO3 ,  LOA,  lO5 ,

111 .  113  and  114 .  On  the  o the r  hand  da ta  se ts  119 ,  118 ,  LL6 ,

115 ,  I I 7 ,  153 ,  106 ,  151 ,  t 5O gave  poo r  ag reemen t .  The

character is t ics  of  these data sets  are shown in  Tables 2 Eo 6

and a deta i led analys is  suggests that  the s ign i f icant

difference betwe'en the "good" and "bad" sets is the average

value of the depth/diameter ratio as shown in Table 6. The

"bad"  resul ts  are re la ted to  those sets  which have

par t icu lar ly  h igh va lues of  Z i .e .  the theory ser ious ly

underestimates transport rates where the depth,/diameter

ratio is greater than about 1O4. This seems to be an

important l imitation of the regime theory of T Blench.

Although according to Blench his equation includes both

bed and suspended load the evLdence of the f ine prototype

sediments does not support this view.

31



The l ightweight data does not plot well  on Fig 20 but

this is to be expected sj.nce the theory is, str ict ly

speaking, l imited to quartz sediments.

F ENGELUND AND E HANSEN (1967) :

Results using the Engelund and Hansen method' see Fig

2L, are consistently good over the ful l  range of sediment

s izes and sediment  speci f ic  Arav i t ies.

Comparisons with f lume data are good with the exception

of  the three sets  repor ted by Wi l l is  (Data Refs 56,  57 and

58) r two sets report by Franco (Data Refs 53 and 54) and

one of the sets reported by Gilbert and Murphy (Data Ref 19).

Many theories predict low transport rates for these data

and the discrepancies are probably errors in the data rather

than the theory. There is a tendency, however, for the

maximum discrepancy ratios in the plots to be much further

from the mean than the minimum discrepancy ratios.

Examination of the individual data sets where this occurs

has shown that the theory tends to oyerestimate transport

rates at low shear values. This appears to be a weakness in

the Engelund and Hansen method. The predictl-ve equation

(Equat ion (117) ,  Vol  1)  was der ived wi thout  consider ing the

effects of viscous forces and nowhere does the kinematic

viscosity of the f luid appear. Thus it  is not surprising

that the theory works best ln'the later stages of sediment

transport where the inf luence of yiscosity is less important.

Table 3 shows the range of mobility numbers for the

individual data sets.

Corre lat ion wi th  fLe ld data is  a lso good,  the only

exceptions being Mountaln Creek (Data Ref 111), Elbow River

(Data Ref 1O9l and the second set of Aare River data (Data

Ref  114) .  The pecul iar i t ies of  these data sets  have been

mentioned previously-

The Engelund and Hansen method was establlshed

exclus iye ly  f rom exper lments wi th  sand (s  = 2.651.  However ,
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the l ightweight data shows up well on Fig 2L and the effects

of  speci f ic  arav i ty  are c lear ly  taken in to account  in  the

proposed method.

The great advantage of the Engelund and Hansen method

is  i t s  s imp l i c i t y .  Equa t ion  ( I17 ) ,  Vo l  I ,  i s  p robab ly  the

s implest  o f  a I I  predic t ive equat ions yet ' ,  in  genera l ,  i t  is

one of  the most  accurate.  I ts  one shor tcoming is  the errors

which are j-ntroduced at low transport rates.

rv  H GRAF (1965)  :

W H Graf  proposed a re la t ionship to  descr ibe the to ta l

sediment  load in  both open and c losed condui ts .  The resul ts
for this theory are shown in Fig 22. There is a general

tendency to overestimate transport rates and signif icant

scatter between and within the data sets. There is no

systematic variat ion of the performance of this theory in

terms of  the d imensionless par t ic le  F ize.  The largest  over-

est imat ion of  t ranspor t  ra tes is ,  in  genera l ,  associated wi th

the f lume data and the discrepancy is less for the prototype

and l ightweight sediments.

The results for the Graf equation bear a strong resem-
blance to  the resul ts  for  the Einste in,  Brown approach (c . f .

F igs 13 and 22) .  Both theor ies show a s imi lar  pat tern of
results with the same dist inction between the results for
the f lume data (quartz materials) and the result i  for the
prototype and l ightweight  mater ia ls .  This  s imi lar i ty  is ,

of course, due to the nature of the two predict ive equations

which resolve approximately to the forms:-

o=crY3

o = c2 Y2'52

Einste in,  Brown.

Gra f .

The coef f ic ient  C,  in  the Einste in,  Brown express ion is ,
however ,  re la ted to  the par t ic le  s ize (see Equat ion (64) ,

Vol 1) and only becomes near constant at values of Do,
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greater than about 7. Also, the above form of the Einstein-

Brown equat ion is  on ly  t rue for  Y > O.1 but  th is  is  not  o f

pract ica l  s ign i f icance.  The coef f ic ient  C,  j .n  the Graf

express ion depend.s on the f r ic t ion factor ,  1 , .  In  sp i te  of

the different exponent there is l i t t1e to choose between the

performances of the two approaches.

F  TOFFALETI  (1968) :

The comparison of predicted and observed transport rates

for the Toffaleti  method is shown in Fig 23. Below . On,

value of about 30 the method gives consistently good results

with most of the mean discrepancy ratios between L/4 and 4.

In the r.t tge Dgr > 30 there is an increasing tendency to

overestimate transport rates.

For two sets of f lume data (Data Refs 25 and f9) and

three sets  of  f ie ld  data (Data Refs LA9,  113 and 114)  the

measured parameters were outside the range to which the

theory is applicable. The comSruter output indicated that

the "FAc"  -coef f ic ient  exceeded a va lue of  2  Ln these sets ,

see  Egua t j . on  (157 ) ,  Vo I  1 .  Da ta  Re fs  1O9 ,  113  and  114  a re

gravel riyers and one would not expect this theory to be

applicable in this range.

For f lume data (quartz materlals) the theory works well

in  the range ,  .  onr ,  25 but  there is  an increasing

systematic overestirnation of transport rates at higher og,
yalues. It  seems that the suggested correction factor
k = f (FAC) or the condit ion Ak Z L6 (see Vol 1) are in sorne

way introducing this systematic error but the computational

procedures are so complex that  i t  is  d i f f icu l t  to  be speci f ic .

For th-e f ield data the theory works equally well  in the

range L 1 D-- -  < 25.  Unfor tunate ly  there is  no f ie ld  data in' g t
the range 30 1 D^_ < lOO so it  ts not possible to say whether

the systematf. oi lr"st imation would develop in the case of

f ield data as i t  did for f lume data. The two sets of f ield
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data which have a mean discrepancy ratio between 6 and 8 are

f rom Goose Creek and Mounta in Creek ( f i rs t  set ) .  Many

theo r ies  ove r -p red i c t  f o r  t hese  da ta ,  see  F igs  14 ,  17 ,  18

and 2L,  ind. icat ing systemat ic  er rors  in  the f ie ld  measure-

men ts .

The theory underestimates transport rates for t ightweight

materials and the errors are large in many cages. However,

the theory was derived using data for quartz materials and

Toffaleti  did not expect the theory to be applicable for

ma te r ia l s  w i th  spec i f i c  a rav i t i es  o the r  t han  2 .65 .

The Tof fa le t i  theory is  one of  the best  theor ies for

quartz materials in the range 1 . on, < 25. However. the

computational procedures are extremely cumbersome and the

theory cannot be applied to l ightweight materials. The

l imi ta t ions of  usage suggested by Tof fa le t i  e l iminated 7.9

per  cent  o f  the data.

P ACKERS AND W R WHITE (19721 t

The results for the general function proposed by Ackers

and White are shown in Fig 24. These are consistently good

and about 70 per cent of the mean discrepancy ratios are

between ! and 2.

With_ the exception of the Wil l is, Franco and some of

the Gilbert and Murphy data al l  the mean discrepancy ratios

for f lume data are between L/4 and 5- The only f ield data

set fal l ing outside this range is the Aare River (Data Ref

1f4)  which shows a d iscrepancy rat io  of  zeyo i .e .  XCaIC = O.

The theory overestimates transport rates for the Goose creek

and Mountain Creek (f irst set) by a factor of about 4 and
jo ins the long l is t  o f  theor ies w.h ich do l ikewise.  There

was undoubtedly some suspended load in these rivers which

was not measured.

The theory works well for coarse materials even though
the var ious coef f ic ients  were based or ig inar ly  on an analys is

35



of f lume data. The theory overestimated the Elbovr r iver

t ranspor t  ra tes by a factor  o f  three but  wi th in  th is  set

there are a few very low observed transport rates which

distort the mean error. This is apparent from t,he high
maximum discrepancy rat io  for  th is  set .  The second set  o f
data f rom the Aare Rj -ver  (oata Ref  Lr4,  og,  = r45o,  D5o = 68

mm) represents a very coarse gravel r iver for which almost

a l l  the theor ies underest imate the t ranspor t  ra tes.  The

observed shears were,  in  genera l ,  we1l  be low the Shie lds

threshold condi t ion.

From Fig 24 i t  is  poss ib le  to  detect  a  very s l ight

overestimation of transport rates for f lume data (quartz and

l ightweights)  and a modest  underest imat ion for  f ie ld  data.

I t  should be noted,  however ,  that  in  the i r  or ig ina l  papers

(Refs 24 and 25, VoI I) Ackers and White reconmended the use

of  DgS as a representat ive d iameter  for  f ie ld  condi t ions

whereas the DUO s ize has been used in  the present  compar ison.

This  would expla in the s l ight  underest imat ion of  f ie ld

t ranspor t  ra tes.

In  de r i v i ng  the i r -genera l  f unc t i on  (Equa t ion  (158 ) ,  Vo I

1) ,  Ackers and Whi te assumed that  for  coarse mater j .a ls  bed

features would be small and that the mean velocity of f low

would be given by the expression

f f i ,  tos.^ /  S\  . . . ( rayv *  J l o  
\D  /

where v* '  is  the shear  ve loc i ty  ascr ibed to  the gra ins (equaI

to the to t ,a l  shear  ve l -oc i ty  i f  the bed is  p lane)

and d is  the mean depth.

The convent ional  mobi l i ty  number is  then g iven,  for

coa rse  ma te r ia l ,  by : -

t"n =L
,1ffi)

(v* ' )21L

,Dir=TiJ
1;r;reT
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and for f ine mater ial  where the grain shear becomes negl igible

re la t i ve  to  the  to ta l  shear : -

,) .
f  v*- Itrn = LgoTFiTJ " '(16)

Equat ions (15)  and (16)  are then combined to express the

mobi l i ty  number in  the t rans i t ion range of  sediment  s izes as: -

F =Fl  r ( l -n )  . . . ( r7)- g r  - f g  '  - cg

where n is a transit ion exponent which depends on the

dimensionless par t ic le  s ize,  ogr .  Ackers and Whi te then

analysed a large quantity of f lume data and concluded that

f ine mater ia ls  (n=1)  correspond to on,  = I  and coarse

mater ia ls  (n=O) are those in  the range Dns > 60 ( i .e .  O.O4 mm

and > 2.5 mm sand s izes respect ive ly) .  S ince publ icat ion of

the i r  or ig ina l  repor ts  (Refs 24 and 25,  Vo1 1)  more data,

both f lume and f ield" have been obtained in the coarse range

of  sediment  s izes and these have"  for  pract ica l  purposes.

confirmed this upper l imit. The predict ions for coarse

mater ia ls  are,  by sediment  t ranspor t  s tandards,  accurate in

the coarse range (on,  > 60) ,  see F ig 24.  However ,  the coarse

grain data includes references to minor bed features and

irregularit ies and the theory could possibly be further

refined by an asymptotic approach to the plane bed situation

rather than the somewhat abrupt l imit of Do, = 60.

2. The inf luence of qraded sedimsrngs

Of the theori.es analysed only Einsteinr lraursen,

Toffaleti  and Bishop, Simons and Richardson seek to take the

grading of a sediment into account. The other theories use

an "eguiva lent"  d lameter  which may be the DaU, D5O, Dm or

other sj-ze taken from an analysis of a bed sample. This is

clearly a simplif ication since grading curves with a

different shape wil l  almost certainly have a different

ef fect ive d iameter .  Fur thermore,  the ef fect ive sediment  s ize
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wil l  probably vary wit.h the transport rate, part icularly in

gravel r ivers where there is a wide spectrum of sizes and

where the sor t ing of  mater ia l  is  most  pronounced.

It is useful to consider t,his problem in two separate

sect ions;  f i rs t ly  the Eenera l  problem of  graded sediments

in motion and secondly problems with armouring and the

associated threshol ,d  condi t ions-

Graded sediments in motion:

The idea of an effective diameter related to the grading

curve and the ambient f low condi,t ions is i l lustrated

diagrammatical ly in Fig 25. Assuming that the graded sediment

can be def ined by the range of  s izes between DU and DrUr sdyr

then sediment transport wil l  occur within the zone defined

by the l imi t 's  Y > Ya and Dgr(S)  
"  

onr  < Dgr(95)  i f  the arnour

p lat i -ng ef fect  is  not  s l ,gn i f icant .

Each size fraction has a value of Y" which is a f,unction

of i ts size. On the other hand the value of Y associated

with each fraction wil l  depend on the size of the fraction

and the ambient flow conditions

yc = f1 (Dgr)

)
v* -

r =sff ir

and substitut ing

i .  e .

for a particular

value of v* from

,s, = t*F |",
)

/  t  Y /3 .v* -
\e(s-1)v /  on,

=  f  , ( v * r ,  Dna )

f luid and sediment density.

zero the values of Y for al- l

. . . (20 )

. . . ( 2L )

Increasing the

the s ize
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f ract ions wi l l  increase unt i l  y5 = yC5.  At  th is  po int  the

5 per  cent  f ract ion wi l l  s tar t  to  move and the s ign i f icant

d iameter ,  Do,  wi l l  be DU. At  a  somewhat  h igher  va lue of  v* .

the condi t ions could be as shown in  the 1 ine AB in  F ig 26.

severa l  s ize f ract ions wi l l  be in  mot ion and the s ign i f icant

diameter wil l  be somewhere betweer D5 and Duo and increasj-ng
w i t h  v * .

a .e . Do  =  f  (Y ) . . .  (22 )

As v*  increases the condi t ion y95 = yCgS wi l l  be reached
and a l1 the s ize f ract ions wi l l  then be in  mot ion.  This
condi t ion is  i l lus t rated by the l ine ArBr  in  F ig 26 wi th  a
s ign i f icant  d iameter ,  Do' ,  somewhat  larger  than Do.  At
h igher  shear  ve loc i t ies,  and cer ta i -n ly  as y  *  - r  there is
l ikely to be l i t t le change in the magnitude of Do

i .  e . Do = constant  (Y + -1 .  . .  (231

The above philosophy, whi.ch assumes that the individual sj.ze
fractions have no inf luence on each other, thus leads to the
broad conclus ion that  the s ign i f icant  or  e f fect ive par t i -c le

s ize in  a graded mater ia l  decreases wi th  decreasing t ranspor t
rates since the fractions moving are smaller than the bed
mater ia l  as a whole.

on the other hand the armouring effect where smaller
part icles hide behind, between or underneath the rarger
par t ic les works in  the opposi te  d i rect ion.  r t  could be
argued that i f  the bed is covered with material of the D5
size (assuming a sample in  depth)  the s ign i f icant  par t ic le
s j -ze is  in i t ia l ly  the Dru s ize not  the Du s ize and the Do
fa l1s f rom DrU to i ts  f inat  in termediate va lue as Y increases.

Both views Eive the same answer when al l  the size
fractions are in motion but there is plenty of scope for
errors  near  the threshord condi t ions,  see Eig 2G. This
presents enormous problems for the engineer part icularly
where the sediment is very coarse. Not onry is there a wide
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range of  sediment  s izes in  these r ivers but ,  because of  the

Iarge sediment  s j -zes,  the t ranspor t  condj - t ions are usual ly

c lose to  the threshold of  movement .  In  fact ,  the larger

the maximum sediment  s ize the wider  is  the range of  s izes.

This is i l lustrated in Fig 27 where the cumulative percentage

by weight  is  p lo t ted agai -nst  the gra in s ize rat io  Dr /DUO for

var ious r ivers.  Clear ly ,  as DUO r ises so does the rat io

D gs/D s '
To sum up,  therefore,  those theor ies which assume an

ef fect ive gra in s ize which is  a  constant  va lue re la ted only

to the grading curve are l ikery to introduce errors close

to the threshold condit ions. one improvement would be. to
re late the ef fect ive gra in s ize to  the mobi l i ty  as wer l  as
the grading curve of the bed materj-al. AIso, the ratios
DgS/DS or onO/DrO would be relevant parameters.

A few theories attempt to take size grading into account.
Laursen,  Tof faret i  and Einste in base the i r  computat ions on

indiv idual  s ize f ract ions.  E inste in a lso in t roduces a

"h id ing factor" .  B ishop,  s imons and Richardson base the i r
computat ions on three d iameter"  O35,  D5O and DUU.

Armourj-ng and the associated threshold condit ions:

Although the above mentioned theories attempt to take
size grad.ing into account they do so only in terms of
establ ished mot ion.  Not  one of  the theor ies considers the
init ial movement of an armoured bed.

I V Egiazaroff made an interesting evaluation of this
probrem in deriving his own sediment transport theory. His
theory has not been included in this review but his ideas on
crit ical shear condit j-ons are worth repeating here.

Egiazaroff derived the fol lowing expression for incipient
mot ion of  un i form sedimentsr=
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where Co = drag coef f ic ient

Vyd = ve loc i ty  at  level  y  = o.63D

and c denotes cr i t ica l  condi t ions,

The ratio v*,/Vyd was evaluated using the equatj.on given by

E ins te in :  -

2
. ( ' * \
\G/

- F

(k) = s-.s '"n(ff'0-6'",
c

v  -4  1 --c3co . .  .  (24 )

. .  .  Qs l

. . .  (26)

. . . (29 )

=  O-4  g ives : -

. .  .  (2e)

where x  =  f  ( ks , /6 )

See  equa t ions  (48 )  and  (49 ' ) ,  Vo l  I  f o r  de ta i l s .

For  an arb i t rary  ind iv idual  gra in s ize,  Di ,  in  a mixture

under rough turbulent condit ions and with k" equal to D*r the

geometrical average diameter for roughness based on the

average f igure for the material in motion and the total

mater ia l  (see F ig 291 is

D* = (D*, materj-al in motion f D*2 total material),/2

"  '  Q7 ' )

c

Substitut ing this

and equat ion (25)  becomes:- .

C) 
= s.7s los(  Le  D i \

\-;/

value into (241 and taking Co

4 .1  .  I
36:Aff i

Is- t5 los ( f  r t
L -  \  '^A

(Yc)  .
I
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For the case of uniform material D. = D* and equati-on
(291 g ives a va lue YC = 0.06.  F ig 28 shows the curve

represented by equation lZOy together with the results from

severa l  exper imenta l  invest igat ions.

Equation (291 gives the threshold condit ions for an
indiv idual  s ize f ract ion wi th in  a graded sediment .  For  the

ent i re  mixture,  Egiazarof f  suggested the use of  Di  = DUO and
thus

.r'mi-x -^c
oso\

As the geometr ic  mean s ize,  Dm, is  usual ly  larger  than DUO

.,mi* , n,uniform-c  -c

According to Egiazaroff the DUO value must be determined
from the grading curve of the material in motion and equation
(3O1  i s  on l y  va l i d  when  the re  a re  mo t ion less  pa r t i c l es ,  i . e .

2v *

o.1 . .  .  (30 )

(log
I9

D
m

Dmax >D o o .069  (s - r ) . - . (3r1

accumulation of large bed material can take

where Do is the equivalent threshold

WhenD <D  nomax o
p lace  and  D .  =  P-Lo
diameter for the mixture.

However, in a later work, C R Nei11 (Ref LAl raised two
fundamental objections to the Egiazaroff phi losophy.

( i )  rn  h is  analy t ica l  der ivat ion Egj -azarof f  appl ied

the theoretical velocity profi le at an elevation

below the peaks of  some of  the larger  par t ic les.

Neil l  argued that the physical picture in this area

must be confused and the interaction between the

flow and the smaller grain sizes must be dependent

to a large extent on the disposit ion of the larger

pa r t i c l es .
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( i i )  Egiazarof f rs  method of  determin ing D* demands a

knowledge of the sedi-ment, travell ing in suspension

which cannot be deduced from a grading curve of the

or ig ina l  bed mixture.

The importance of obtai-ning a satisfactory method of

determining crit ical mobil i ty cri teria for mixtures cannot

be overemphasised. Many theoiies base their computations of

sediment  t ranspor t  on the concept  of  "excess shear"  i .e .
(Yn -  

"a*)  
and th is  term becomes cruc ia l  as (Yn -  

" " t )  
+  Q.

A large proport ion of the available data in the range Dgr > 10

consti-tutes bed load data and minor deviations in the value

of Y" can cause very large errors in computed sediment

t ranspor t  ra tes.  The theor ies of  Shie lds,  Meyer-Peter  and

Ir tu l ler ,  Bagnold (1956) ,  Laursen and Yal in  are par t icu lar ly

suscept ib le  to  th is  ef fect .

I t  is interesting to note that the general function of

Ackers and White incorporates a threshold condit ion which

was derived from the analysis of established movernent data

rather than observations of the detachment of individual

grains. The curve suggested by these authors is shown in

Fig 6 together  wi th  the c lass ica l  Shie ldts  curve.  For  rough

turbulent  condi t ions (O__ > 60) ,  there is  a  considerable

difference betwe"r tfr" 3io curves. Ackers and White suggest

YC = O.O28 whi le  Shie lds suggests a va lue YC = 0.060.  Both

figures werer of course. derived from uniform sediment data

but the lower value quoted by Ackers and White improves the

accuracy of their predict ions for the gravel r iver data from

the Aare and Elbow Rivers.

It  is clear that ttrere is a need for further work to

def ine,  in  a more prec ise wal r  the in i t ia l  mot ion of  a  graded

sediment and to investigate the established motion of a

graded sediment at low transport rates.
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3.  A proposed modi f icat ion of  the Bishop,  Simons and

Ri-chardson method

The proposed method of Bishop, Simons and Richardson is

a modi f icat j -on of  the basic  Einste in approach in  which the

coef f ic ients  A* and B*,  assumed constant  by Einste j -n ,  are

re lated to  the par t ic le  s ize,  D.  They a lso assumed that  the

same parameters determj-ned the total transport rate regard-

Iess of whether the transport was in suspension or as bed

load.  The funct ional  re la t ionships between A*r  B*  and D

were derived from five sets of f lume experiments.

Accord ing to  Einste in (Ref  7,  Vo1 l ) ,  the va lue of  A*

is  def ined as

A* =++
where Al = constant of area

. . .  (32 )

. . .  (33 )

. . . (34 )

A2 = constant of volume

| = L/D, the dimensi-onless average junrp length

for  a  par t ic le

A3 = constant of t ime scale

I f  Aa t  represents the rat io  of  the Einste in "exchange
J

t ime" to  the t ime taken for  a  par t ic le  to  fa l t  a  d is tance

equal to i ts diametern then

But

where  p  =  f  (Dn r ) ,

Hence  f rom (33 )

This  express ion

Vol  1 ,  Equat ion

t r  =  A ^ '  .  P
J . J W

w =r,/lFLr

see  Equa t ion  (A5 ) ,  Vo l  1 .

. . . (3s).  A3' l ; -
"r = ffilJr/;64;

i s  s imi lar  to  that

(37 )  )  bu t  now
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M S Yal in  (Ref  15)  made a s imi lar  analys is  and a lso
reported some measurements carried out by B Krischnappen

which suggested that the dimensionless average jump length,

t r ,  was rerated to  the mobi l i ty ,  Y,  and the d imensionless f low

dep th  Zz -

r  = Y r ,  ( ; )

A  =  
o 3 t

- -3  
f  (Dgr  )

A "  A . '
Therefore, A* = E;;f(fr

with Arr  a  constant .

A*o I
- = 1 - -

r  +  A*0 G

Yalin also shows that the value of B* gj-ven by Bishop,

Simons and Richardson in  terms of  the d iameter ,  D,  must ,  in
fac t ,  be  re la ted  to  the  pa r t i c l e  Reyno lds  number  R* '=  v * rD /v .

Thus we can conclude that the Einstein approach could be

improved ( i )  by re la t ing A* to  D__ (at  least )  and ( i i )  bygx
re la t i ng  Bn  to  R* '  .

The expression used by Bishop, Simons and Richardson
(Equa t ion  (69 l  r  Vo t  1 )  i s :  -

. .  .  (36 )

. .  ,  (37 )

. . .  (38 )

. . . (3e)

B* { '

t
I
-B*V '

"l=" dt
-  t /no

However, the lower l imit of the integral is not rogicalr Ers
Yal in  points  out  (Ref  15)  s ince i t  predic ts  detachments of
grains for high downward components of the pressure

f ruc tua t i ons .  see  Re f  19 ,  p  131  fo r  de ta i r s ,  Thus  i n  t he
present modif icat, ion of the Bishop, simons and Richardson
method the fo l lowing predic t ive equat ion j -s  used:-
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A*0
TE6=1

'/ nz*,
e -  d t

6B*U'
r i

I
' 6J

. . . ( 40 )

No te :  -

( i )  The in tens i ty  of  t ranspor t ,  Q,  is  re la ted to  the

DUO s ize as in  the Bishop,  Simons and Richardson

method.

( i i )  The in tens i ty  of  shear  on a representat ive

pa r t i c l e ,  ! '  ,  i s  re la ted  to  the  DrU  s i ze  as  i n

the Bishop, Simons and Richardson method.

( i i i )  n^  i s  t aken  as  O .5  as  sugges ted  by  E ins te in  and'o

EI  Sammi,  Ref  15.

(iv) The relationships between A* and Dgr, B* and R* |

were derived from an analysis of the f lume data

and are shown in Fig 30.

(v)  A h id ing factor ,  based on the Elbow River  data,

is introduced to take into account some of the

ef fects  of  mixtures,  par t icu lar ly  the ef fects  of

large accumulations of coarser material on or

near the surface of the bed at and just above

threshold condi t ions.  The hLding factor ,  t ,  is

retated to  the rat io  D3U/DUO es shown in  F ig 31.

Analytical ly this curve is given by the fol lowing

exp ress ions :  -

I f D
max

I f D
max

u*2 /  (o.  ts  (s- r )  )

u*2/(o. rg(s-r ) )

3 .27  (1oS  (D ru  /D5 , , )  12
iE=10

i E = 1

The curves shown in Fig 30 for A* and B* show strong

similari t ies in shape with the plots provid.ed by Bishop,

simons and Richardson and the comparison j-s an interesting

one .
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In  us ing th is  new sediment  t ranspor t  equat ion cer ta in

l imitations of the method became apparent.

( i) Computed transport rates were found to be

excessive ly  h igh when EQi ,  was less than 1.  A

lower l imi t  EViS = I  is  suggested at  the present

time

( i i )  Trandpor t  ra tes are underest imated i f  gUiS .  B*

exceeds about  3.  EViS .  B*  < 3 is  the suggested

work ing range.  When 6UiS .  B*  exceeds 3 condi t ions

are very close to the incipient motion state and

the d i f f icu l t ies are probabty associated wi th

threshold condi t ions for  sediment  mixtures.

Assumj-ng qo to be genuinely constant, equation (4O)

represents a functional relationship between A*QUO and

6e*V jS .  A  g raph ica l  so lu t i on  i s  g i ven  i n  F ig  32 .

Fig 33 compares observed and predicted transport rates
for the new method. The results are encouraging and lend
strong support to the argument,s for relating A* and B* to
on ,  and  R* '  respec t i ve l y .  c . f .  F ig  L4 .  I t  i s  poss ib le  tha t
further improvements could be made by relating A* to Dorr y

and Z rather than simpty to D__, Further analysis is
Er

desi rab le;  par t icurar ly  as the method"  in  i ts  present .  form,
was only  appl icable to  67 -6 Srer  cent  o f  the to ta l  data
avai lab le.

Detai ls of the computational procedure for this new
method are as fo l lows:*

1- From the grading curye of a sample of the bed
mate r ia l  no te  the  DrU ,  DsO and  DUU s i zes .

2-  Compute the va lue of  T* '  us ing Equat ions (45)  to
(48) .  Vol  1(  or  obta in the resul t  f rom the graphs

presented in  Ref  23,  Vol  1 .

3 .  Ca lcu la te  the  shear  i n tens i t y  f ac to r ,  { ' ,  us ing  the
express ion V is  =  gDgs (s=11 /  f t * ,12 -

47



4 .  Eva lua te  D_- -  and  R* '  us ing : -gr

D  =  p -  -  f  q  ( s : 1 )  \ L /3  v *  'D " ' '

-sr = Dso 
L-?-J 

and R*'

5 .  ob ta in  va lues  o f  A* ,  B*  and  {  f rom F igs  30  and  31 .

6 .  Ob ta in  the  va lue  o f  QUO e i the r  by  us ing  F ig  32  to

f ind 0SO A* and hence $UO or  t ry  so lv ing Equat ion (4O)

d i rec t l y .

7 .  Conver t  QUO to the sediment  t ranspor t  ra te us ing

equa t ion  (2 )  w i th  D  =  D5O.

4.  A br ie f  compar ison of  the overa l l  per formance of  the

predict ive methods

The theories have been evaluated by plott ing the

discrepancy ratio XCX,C/XaCI against the dimensionless grain

s ize,  D_-^.  The mean,  maximum and min imum discrepancy rat ios' g t

for  each set  o f  data have been ind icated on the p lots .  Hence

the spread of errors within each data set could be due to

def ic iences in  the theor ies in  terms of  Y,  Z or  s  or  s imply

errors in  the observat ions.

As a guide to the overal l  performance of each theory i t

is  usefu l  to  consider  the amount  of  data fa l l ing wi th in

d i f ferent  ranges of  er rors-  An analys is  of  ind iv idual

measurements for each theory is shown in the form of

histograms in Fig 34. The theories have been placed in order

according to the proport j-on of the total amount of data for

which the predict ions are between t and 2 t imes the observed

values. The dotted histograms indicated the performance of

each theory when applied only to the data within i ts stated

range of applicabil i ty. The better theories have up to 64

per cent of the data within this error band while several

theories haye less than 10 per cent and are not included in

the diagram. The Ackers and White theory and the Engelund

and Hansen method show up very well on this plot. The

modif ied Bishop, Simons and Richardson approach is an

48



improvement on the original theory and is very rel iable

wi th in  the s tated range of  appl icat ion,  see dot ted h is togram.

However  these l imi ta t ions are such that  33 per  cent  o f  the

tota l  data pack was e l iminated.  S imi lar ly ,  the Bagnold to ta l

Ioad theory g ives good resul ts  wi th in  i ts  s tated range of

appl icabi l i ty  but  th is  range is  very rest r ic t ive.  Some 69

per  cent  o f  the data could not  be analysed.

CONCLUSIONS

1. Nineteen sediment transport t ,heories have been examined

wi th reference to  f lume and f ie ld  data.  The compar ison has

been based on almost 1OOO flume experiments (quartz and l ight-

weight  mater ia ls)  and 270 f ie ld  measurements.  Froude numbers

in excess of  o .8 have been exc luded and no a l lowance has been

made for  wal l  e f fects  and bank f r ic t ion.

2.  The avai lab le data has been c lass i f ied in  terms of  the

dimensionless parameters X,  Dgr ,  Y,  Z and b/d.  See Tables 3

to 6 and Figs I  to  5.

3.  The character is t ics  of  the f lume and f ie ld  data vary

consiCerably in terms of the breadth,/depth ratio. See Table

4 and Fig 3-

4. Depth/diameter ratios for the f lume data are general ly

much less than for  the f ie ld  data for  s imi lar  d imensionless

pa r t i c l e  s i zes .  See  Tab le  6  and  F ig  5 .

5.  There is  a  s ign i f icant  lack of  f ie ld  data in  the range

40  <  D_- -  <  5OO.  See  F ig  1 .gr

6. Using the criterion proposed by F. Engelund most of the

avai lab le data in  the range Dgr  > 15 consls t  o f  bed load

measurements. This applies to both f lume and f ield measure-

ments.
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7.  Six  sets  of  data produce computed concentrat ions wel l

below the measured varues when using many of the theoretj-ca1
methods. This group of measurements must be regarded as
suspect  and compr ises the data of  wi l l is ,  co leman and El l is
(Da ta  Re fs  56 ,57  and  58 ) ,  F ranco  (Da ta  Re fs  53  and  54 )  and
Gi lber t  and Murphy (Data Ref  19) .

8. The Goose Creek and Skive-Karup f ield data has been shown
to rack a certain quantity of unmeasured suspended load and
this view has been substantiated by several of the more
re l iab le theor ies which predic t  t ranspor t  ra tes in  excess of
the measured va lues.

9 - Three individual measurements in the f irst set of f ield
data from Mountain creek (Data Ref 111) and two individual
measurements in the Elbow River data (Data Ref 1O9) show
very low measured concentrations which do not f i t  in with.
the general pattern. These have distorted the results for
several predict ive methods, principally in terms of the
maximum discrepancy ratio.

10.  A modi f icat ion of  the Bishop,  s imons and Richardson
method is proposed which expresses A* and B* in terms of on,
and R* '  respect ivery.  r t  a tso inc ludes a h id ing factor  ba led
on the ogs/oso rat io  and a modi f icat ion to  the r imi ts  of  the
Einstein entrainment integral. The range of applicabil i ty
of  th is  new approach is ,  however ,  rest r ic ted to  qUiS > 1 and

V isB*E  .  3 .  see  F ig  32  fo r  de ta i l s .  These  res t r i c t i ons  a re
not too prohibit ive j-n practice and the method can be applied
to f lume and f ield data so rong as the transport rate is
neither very Low nor very high and so long as an" onr value
i s  g rea te r  t han  abou t  2 ,  i . e .  >  O .Og  mm sand  s i zes .

11.  For  the bet ter  theor ies the predic ted t ranspor t  ra tes
were between t and 2 t imes the observed rates for about 60
per cent of the data and between * and 4 t imes the observed
rates for  about  80 per  cent  o f  the data.
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L2.  The theor ies can be d iv ided in to groups accord ing to

thei r  genera l  per formance as fo l lows:-

Group A:

Equations with t,he highest percentage of data with mean

discrepancy ratios in the range \ to Zt say about 50 per cent

and wi th  l i t t le  scat ter  wi th in  the sets .

Group B:

Equations with 35 to 50 per cent of the mean discrepancy

ratios in the range t to 2 with l i t t le scatter within the

se t s .

Group C:

Equations with a simj-lar percentage of data in the range

\ to 2 as for Group B but with signif icant scatter within

the data sets ( indicating some deficiency in the form of the

equation ) -

Group D:

A11 other methods.

13.  The theor ies fa l l  in to  the above groupS"ngs as fo l lows:-

Group A:

ACKERS and WHITE (L97ZL

ENGELUND and HANSEN (19671

ROTTNER (1959)

Group B:

EINSTEIN (Tota l  load,  l95O)

MODIFIED BISHOP, SIMONS and RICHARDSON (1973)

TOFFALETI (1968)

EINSTEIN (Bed load"  1950)

Group C:

LAURSEN (1958)

GRAF (1968)
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Group D:

ALL OTHER THEORIES INCLUDED IN THIS REVIEW

L4. Two theories which have a l imited range of application

but  which are re l iab le wi th in  these l imi ts  are: -

MODIFIED BISHOP, SIMONS and RICHARDSON (1973) on, > 2

E0is > I

F r h I - 8 .  <  3\ 2 Y 3 5 - *

BAGNOLD (To ta l  l oad ,  L966)  Y  >  O .4

2<D <20
gt

Fu1l  fa l l  ve loc i ty

The modif ied Bishop. Simons and Richardson approach

eliminated 33 per cent of the data. The Bagnold method

could not  be appl ied to  69 per  cent  o f  the data.

15.  The most  re l iab le equat ion,  appl icable over  a wide

range of  f low condi t ions and par t ic le  character is t ics ,  is

the genera l  funct ion of  Ackers and Whi te,  see F ig 24.  Some

64 per cent of the data was in the error band t , xCXt C/XaCf

the narrower l imits 2/3 . XCAfrc/XACf . 3/2, see Fig 35. The

Engelund and Hansen method,  F ig 2L,  was a lso very re l iab le

but errors were marginally higher. The Rottner bed load

equation can be used with confidence as a total load theory,

see  F ig  18 .

16. The behaviour of seyeral of the theories which are based

on excess shear velocit ies or excess mobil i ty numbers

together with numerous observations of sediment movement for

coarse sediments apparently below the threshold condit ions

defined by Shields shows a clear need for further work in

this area. Threshold condit ions for coarse uniform and non-

uni-form sediments should be studied.
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L7.  I t  would a lso be usefu l  to  examine the poss ib i l i ty  o f

oef in ing a s ign i f icant  d iameter  wi th in  a mixture in  terms

of  the f low and sediment  character is t ics .

18. A summary of the theories which have been examined in

this review and a l ist of those theori.es which were left out

are presented in  Vol  l_ .
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TABLE I

Surnmary of flume experiments
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Guy, Simons
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Guy. Simons
Guy, Simons
Gilbert and
Guy, Simons
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Guy. Simons
Ste in
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Guy, Simons
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Guy, Simons
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Guy, Simons
Wi l l iams

Quar tz  mater ia ls

Laursen
Laursen
Wi l l i s ,  Co leman,  S1 l i s
W i l l i s ,  C o l e m a n ,  E 1 l i s
Brooks
W i l l i s ,  C o l e m a n .  E 1 1 i s
Kennedy and Brooks
Vanoni and Brooks
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Brooks
Guy. Sj-mons and Richardson
Barton and Lin
U .  S . W . E .  S .
H .  R .  S .

and Richardson
and Richardson
Murphy
and Richardson
and Richardson
Murphy
and Richardson

and Richardson

and Richardson
Murphy

and Richardson

Murphy
and Richardson

WilI iams
Wi l l iams
Wi l l iams
Wi l l iams
L iu
Gilbert and
Casey
L iu
Liu
u .  s .w .  E .  s .
Gilbert and

Murphy

Murphy

L iqh twe iqh t  mater ia ls

u .  s .w .  E .  s .
u .  s .w .E .  s .
u .  s .w .  E .  s .
U .  S . W .  E .  S .
u .  s .w .E .  s .
Franco
U .  D .  W . 8 . 5 .

u .  s .w .E .  s -
Franco
u .s .w .E . s .
u . s .w .E . s .

L957
]-957
L972
L972
19  s5
L972
1 9 6  5
L957
1 9  5 6
1 9 5 s
1966
1 9  5 5
I 9  3 5
]-972
1 9 5 6
L966
1 9  l 4
L966
L966
1 9  1 4
L966
I 9  3 5
1 9  3 5
196  5
1 9 6  5
1 9 3 5
L965
r9  14
I 9  3 5
1970
1 9  3 5
1 9 6 6
19  70
l 9  1 4
1 9 6  6
1970
19  70
1 9 7 0
1970
1970
L937
19  r4
1 9  3 5
1 9 3 7
1937
1 9 3 5
1 9  1 4

3 4
3 3
5 6
5 7
2 4
5 8
20
2 I
2 2
2 3

1
f

2 5
2 7
5 5

2
2

L4
6
7

I 5
x

z d

2 9
4

l1
30

9
1 6
3 1
3 8
3 2
IO
3 9
L 7

5
L2 t
L22
L23
L24
L25

3 7
t 8
4 9
3 6
3 5
2 6
l 9

1 9 3 6  4 8
1 9 3 6  4 5
1 9 3 5  4 3
1936  4 "1
1 9 3 5  4 0
1 9 6 8  5 3
1 9 3 6  4 4
1 9 3 6  4 2
1 9 6 8  5 4
1 9 3 5  4 5
1 9 3 5  4 L

Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sanil
Sand
Sanil
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sancl
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Sancl
Sanil
Sand
Sand

Gi lson i te
Coa l

Haydite
Coa l

Haydite
Coa l

Haydite
Gl lson i te

Coa l
Coa l
Coal

2 . 5 5
2 . 5 7
2 . 6 5
z .  t v
2 . 7 5
3  . 7 0
3 . 7  4
4  . 1 0
4 . 2 9
4 . 6 3
4 . 7 0
5  . 1 0
6  . 3 0
6  . 5 0
6 . 5 0
6 . 9 s
I  . 3 0
8  . 3 0
8  . 6 0
8 . 8 0
8 . 8 0
8  . 9 5

1 0 . 1 0
1 o . 5 4
LL .25
1 1 . 3 0
1 1 . 7 0
1 1 . 9 5
1 2 . 4 0
L 2 . 5 5
1 3 . 7 0
1 3  . 9 0
1 8  . 5 0
2 2 . 9 4
3 1 . 8 0
3 3 . 7 0
3 5  . 4 0
3 7 . O O
3 8  . 1 0
3 8  . 5 0
3 9 . 5 0
5 6 .  J 5

6 6 . 2 8
9 8 . 5 2

100 .  35
LL3 .27

o - 0 4
o . 1 0
o .  1 0
o .  l o
a) no

o . 1 0
o . 1 4
o -  1 4
o .  1 5
o .  t 5
n  l o

o .  t 8
o . 2 I
o - 2 5
v . 4 ,  t

o . 2 8
o .  3 0
o . 3 2
o . 3 3
o . 3 7
o . 3 3
o . 3 1
o -  3 5
o . 4 5
o . 4 0
o . 4 8
o . 4 7
o .5 r
o -  5 1
o . 4 9
o . 5 2
o . 5 4
o . 4 9
o - 7 9
a )  o ?

t .  3 5
1 .  3 5
1 . 3 5
1 .  3 5
1 .  3 5
1 . 4 0
1 -  7 1
2  . 4 5
2 . 3 0
3 . 4 L
4 . 0 8
4 . 9 4

o . 9 0
1 . 1 0
o . 9 1
1 . 4 8

2 -20
I . J J

J . 5 5

2-20
3 . 2 0
3  . 3 0

2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 s
2 . 6 5
2 . 6 5
2 . 5 5
2 . 6 5
2 . 6 5
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2 . 0 )

2 . 6 5
2  -65
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2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
z . o 3
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5
2 . 5 5
2 -65
2 . 7 0
2 . 6 5
2 . 6 5
2 . 6 5
2 . 6 5

t .  0 7
t .  3 5
t .  8 5
r . 3 2
1 . 8 5
1 .  3 0
L . ' t  4
1 .  0 7
1 -  30
L . 3 2
1 . 3 5

I
l 5
z 6

2 2
10
z 6

I
L 4
1 1

tt

z 5

2 9
L 4

7
1 3
2 4

5
1 6

6
2 8
lo
1 1
2 6
1 9
3 2
l 9
J Z

2 5
L 4
l 6
2 2
L7
1 8
l_5
2 5
2 5
20
2 2
L 2
1 9
z 3
15
z 6
2 3
15
10

5

6 . 6 0  1 5
14  .40  ) , 7
2 0 . 1 0  2 8
2 t . 9 0  1 8
2 3 . 5 0  2 5
2 3 . 6 3  4
2 6 . L O  2 7
2 7 . 6 0  1 4
3 1 . 5 0  4
4 8 . O O  t 5
5 3 . 8 0  1 4

Inves t iga tor  (s )
No o f

i n  s e t
Mater ia l S i z e  S p e c i f i c
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TABLE 3

FREQUENCY DISTRIBUTION OF MOBILITY NUMBER (Y)

0.4 0.5

MOBILITY NUMBER FREQUENCY DISTRIBUTION IN (7O)

t 2  1 2  1 2  s 0  1 2
7 3 ' t 0 0 0
4 6 2 1 0 4 0
4 5  l 8  9  0  s
8 0 0 0 0 0
5 7  l l  4  0  4
1 2 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1 3  0  0  0  0
t 7 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2 3 0 0 0 0
0 0 0 0 0
0 0 0 0 0
6 0 0 0 0
0 0 0 0 0
4 0 0 0 0

1 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

5 6 3 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2 9 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0 0
0 2 Q
4 2 5
Q 2 3
0 2 0
0 2 5

t2 '15
14 79
0 100
0 100

t7  57
l0 66
t4 64
29 43
l5 54
t7  67
0 0

19 50
0 5 0

3 2 4
20 l0
9 0
4 0

16  2 l
0 3 7
0 0
6 s 9

24 32
0 0

1 2 0
0 0

1 2  5 3
6 2 2
6 0
4 3 2
4 8
5 5
5 5
0 8
5 1 6
0 0
0 0
0 0
0 0
0 0
0 0
0 0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
n
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
9
0
0
0
0
0
0
0
0
0

l 7
0
0
0
0
0
0

0
0
0
0
0
0
0

0
0

l 3

2l
29
8

t 7
00
25
50
6 1
50
9 l
96
58

J

00
34
44
86
87
9 l
0

6 1
94
36
52
45
64
50
4't
0

I 5

0
0
0
0

60

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

l 0
0
0
5
0
0
0
0

t4
0
9
6

1 1
0

28
36
45
27
42
32
96
2'l
68
39
0

50
40

4.29
4.63

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
4
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

Y

DGR

Flume data, quartz material
1.05 0
2.55 0
2.5'l 0
2.6s 0
2.70 0
2.76 0
3.'t0 0
3.74 0
4 .10  0

32
6 l

100
50
0

4.'.t0
5 .10
6.30
6.s0
6.s0
6.9s
8.30
8.30
8.60
8.80
8.80
8.95

10 .10
I 0.54
I  1.25
1  1 .30
l  1 .70
I1 .95
12.40
12 .55
13.'10
13.90
18.s0
22.90
31 .80
33.70
3s.40
37.00
38.10
38.50
39.s0
s8.33
66.28
98.s2

100.35
113.27

2.7 5
3.s0
3.91
4.71
6 .10
s.58
5.81
6.63
7.01
7 . 1 8
7.62
8.00
8.54
8.72
9.99

14.83
16.37
22.97
24.25
24.60

687.  l  9
1 0 1 3 . 1 7
1450.44

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

I
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

80
65
64
50
60
0

J J

2 l
25
5 5

29

0  1 3
0 3 5
0 3 6
0 s 0
0 4 0
0 100
0 6 7

t4 64
0 7 5
0 6 7
0 7 1

Flume data, lightweight material
6.60

14.40
20.r0
2 t .90
23.s0
23.63
26.10
27.57
31 .s0
48.02
53.84

Field data, quartz material
0 0
7 2 0

75  12
33 67
0 0

6 0 0
45 4s

100 0
5 0
0 0
0 0
0 0

75  0
0 0
0 0

l l  l l
8 0
0 0
0 0
0 0
0 0
0 0
0 0

0
7

t 2
0

75
40
0
0

2 l
63

100
86
25

100
0

44
8
0
0
0
0
0
0

0 100
5 3  1 3
0 0
0 0
0 2 5
0 0
0 0
0 0

6 3  l 1
0 3 7
0 0
0 1 4
0 0
0 0

r00 0
l l  22
42 25
5 2 0
6 2 0
7 0 0
0 0
0 0
0 0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

48
38
30
7 l
l 3
0

0
0

29
87

100



TABLE 4

FREQUENCY DISTRIBUTION RATIO BREADTH/DEPTH

B/Y

DGR

Flume data, quartz material
1.0s 25
2.s5 47
2.5't 54
2.65 55
2.70 r00
2.76 7s
3.',10 0
3.74 0

40 60 80 100 r20

RATIO BREADTH/DEPTH FREQUENCY DISTRIBUTION IN (%)

1 6 0140

4 .10
4.29
4.63
4.70
5 .10
6.30
6.50
6.50
6.9s

100
100

0
1 0
36
0
0
0

l 7

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

l6
0
0
0
0
0
0
0
0
0
0
0
0
0
0
8
0
4
0
0
0
0
0
0

/ )

46
45
0

25
100
100

0
0

100
90
64

100
100
100
83
0
0

36
0

100
92
84
28
79

100
36

100
94
86
0

L 7
6

100
8
0

1 8
42
1 l
9 t
0

2l
100
100
100

0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
4
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

t4
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
U
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

8.30 100
8.30 100
8.60
8.80
8.80
8.95

10.10
10.54

64
100

0
8
0

7 2
rr.2s 2l
11 .30  0
11 .70  64
11 .95  0
12.40 6
12.55 14
t3.70 100
13.90 83
18.50 94
22.90 0
31.80 92
33.70 100
3s.40 82
37.00 s0
38.10 89
38.s0 0
39.s0 100
58.33 '.r9
66.28 0
98.s2 0

100.3s 0
113.27 100

Flume data, lightweight material
6.60

r4.40
20.10
21.90
23.50
23.63
26.r0

40
35
1 8
39
t 2

100
26
2l

100

60
65
82
6 l
88
0

74

0
0
0
0
0
0
0
0
0
0
0

0
27
0
0

25
0
9
0

l l
0
0
0
0
0
0

l l
25
48
29
65
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

27.57 79
31.50 0
48.02 100 0

0s3.84 100

Field data, quartz material
2.75 0
3.50 0
3.91 0
4 .71  0
6 .10  0
5.68 0
s.8 l  0
6.63 0
7.01 0
7 .18  0
7.62 0
8.00 0
8.54 0
8.72 0
9.99 0

14.83 0
16.37 0
22.97 0
24.25 0
24.60 0

687.19 0
t0 t3 . l 7  0
1450.44 0

0
0
0
0
.0
0
0
0
0
0
0
0
0
0

00
0
0
0
0
0
0

00
00

100
7 3
0
0

2S
0

9 t
r00
2 l
0
0
0

100
0
0

78
50
48
67
35
7 l
0
0

0 0 0 0
0 0 0 0

8 7 0 0 0
6 7 0 0 0
0 0 0 0
0 6 0 4 0 0
0 0 0 0
0 0 0 0

2 6 5 0 0
0 1 2 6 3 2 5
0 3 3 3 3 3 3
0 0 s 7 2 9
0 0 0 0
0 0 8 0 2 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 5
5 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0
0

l 2
33
50
0
0
0

3',t
0
0
0
0
0
0

l l
25
0
0
0

29
0
0
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TABLE 5

FREQUENCY DISTRIBUTION OF CONCENTRATION BY WEIGHT

l0- l to-2 l0-3 104 l0-s

CONCENTRATION FREQUENCY DTSTRTBUTION IN (%)

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
4
0
0

0
0
0
0
0
0
0'l
0
0
9
0
0
0
0
4
0
0

t 7
0

l0
0
0

16
0
0
9
0
0

t 2
0
0

t 7
0
4
0
0
0
0

1 l
0
0

t4
0
0
0
0

0
0
0
0
0
0
0
0
0
I

t4

N
20
0
0

50
0
0
0
0
0
0
0
0
0
0
0
0

l4
0
0
4
0

l0

0
0
0
0
0
4

t 2
l4
0
0

22
l4
36
J /

23
l 7
0

t9
t 7
0

20
82
85
?',

) d

16
4

29
J I

36
6

44
0

28
32
65
50
33
2l
26

I

36
48
8?
30
0

0
l 2
2 l
6

32
0

37
U
0

40
2l

60

l 2
l 7
50
40
0
0
0
0
0
0
0
0

100
56
75.
19
48
0

29
83
90

0
33
25
9

l0
25
25
2 l
27
25
26
4S
64
43
62
54
50
56
50
64
20
1 8
1 5
42
16
42
63
44
7 L
50
64
29
39
50
40
60

4 1
58
58
74
60
50
52
l 3
70
40

0

87
83
0

60
1 8
00
74
25
67
57
00
80
0

44
25
67
52
00
63
l7
0

87  t2
0 6 7
4 7 1
0 9 1
0 9 0
0 7 1
0 6 3
0 5 7
0 7 3
0 7 5
0 4 3
0 4 1
0 0
0 0
0 1 5
0 2 s
0 5 0
0 2 5
0  1 7
0 3 6
0 5 0
0 0
0 0
0  1 l
0 8 1
0 0
0 1 2
os2
0 0
0 0
0 0
0 6 s
0 0
0 s 0
0 2 8
0 8
0 0
0 9
0 8
0  l l
0 0
0 3 3
0 0
0 0
0 0
0 0
0 6 0

X

DGR

Flume data, quartz material
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
U
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

1.05
2.5s
2.s7
2.65
2.70
2.76
3.70
3.74
4 .10
4.29
4.63
4.70
s . t0
6.30
6.50
6.50
6.9s
8.30
8.30
8.60
8.80
8.80
8.95

10 .10
10.54
tt.25
l  1.30
I  1 .70
11 .9s
12.40
I 2.55
t3.'10
13.90
I 8.s0
22.90
31.80
33.70
35.40
37.00
38.10
38.50
39.s0
58.33
66.28
98.52

100.35
t13.2'l

6.50
t4.40
20.r0
21.90
23.s0
23.63
26.t0
27.57
31 .50
48.02
53.84

2;15
3.s0
3.91
4.71
6.10
s.58
5.81
6.63
7.Ol
7 .1  8
7.62
8.00
8.54
8.72
9.99

14.83
16.37
22.97
24.25
24.60

687 .19
l0 l3 . l 7
t450.44

Flume data, lightweight material
0 3 3 6 7
0 0 8 8
0 0 7 9
0 0 9 4
0 0 6 8
0 7 5 2 5
0 0 6 3
0 5 0 5 0
0 75 25
0 0 5 3
0 0 6 4

0
0
0
0
0
0
0
0
0
0
0

Field data, quartz material
0
0
0
0
0
0

82
0

26
75
33
43
0

20
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0



TABLE 6

FREQUENCY DISTRIBUTION OF Z

lo+2 tof3 l0+4 10+5

RATIO DEPTH/GRAIN SIZE FREQUENCY DISTRIBUTION IN (%)

l0+610+1

DGR

Flume data, quartz material
l .Os  0
2.ss 0
2.s7 0
2.6s 0
2.70 0
2.',16 0
3.70 0
3.74 0
4 .10  0
4.29 0
4.63 0
4.70 0
s .10  0
6.30 0
6.50 0
5.50 0
6.9s 0
8.30 0
8.30 0
8.60 0
8.80 0
8.80 0
8.9s 0

10 .10  0
10.54 0
11.25 0
r  1 .30  0
1 1 . 7 0  0
11 .9s  0
t2.40 0
12.55 0
13.70 0
13.90 0
18.s0 0
22.90 0
31.80 0
33.70 0
3s.40 0
37.00 0
38.10 0
38.s0 0
39.s0 0
s8.33 0
66.28 0
98.s2 0

100.3s 0
113.27 0

Flume data, lightweight material
6.60 0

t4.40 0
20.10 0
2r .90 0
23.s0 0
23.63 0
26.10 0
27.57 0
31 .50  0
48.02 0
s3.84 0

Field data,- quartz material
2.75 0
3.s0 0
3.91 0
4.71 0
s.68 0
5.81 0
6 .10  0
6.63 0
7.01 0
7 .18  0
7.62 0
8.00 0
8.54 0
8.72 0
9.99

14.83
0
0

16.3'.1 0
22.97 0
24.2s 0
24.60

687.19
101  3 .1  7
1450.44

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

28
0
U

t 8
0
0

37
0

s2
30
23
25
47

100
93

100
100
100
100
100

0
l 3
0
0

100
0

87
57

100
100
43
4 l
93
86
38
63

100
100
100
100
100
100
100
100
100
100
100
72

100
100
82

100
100
63

100
48
70
77
75
s3
0
7
0
0
0
0
0

33
1 8

0
48
0

22
0
0
0
0

0
0
0
0
0
0
0
0

00

67
86
0

20
0
0
0

8 l
7 l
00
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

U
0
0
0
0
0
n
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
U
0
U
0
0
0
U
0
0
0
0
0
U
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

r00
100
100
100
100

0
100

0
0
0
0
0
0
0
0

100
100

0
0
0
0
0
0

100
87

100
100

0
100
t 2
43
0
0

57
59

I

l4
62
J '

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0

100
0

100
0

25
33
l4

100
80

100
0
0
0
0
0
0
0
0

67
82
43

r00
s2

100
78
93

100
100
100

0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

l 9
29
0

100
100
100
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