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ABSIIACT

In 1973 Ackers and tlhite publlshed a sedLment transport theory to
predlct the movenent of non-cohesive sedlments. Ttre theory contains
lour emplrlcal parameters whlch were determlned by flttlng then-to
observEd transport data. These equatLons are wldely used to calculate
eedfunent transport, morphologlcal change Ln charnels, the size of
gtable alluvlal channelg and to deslgn physical raodels. Wtrlle ln
general provldlng rel.lable predlctions, applicatLon of the equations to
ilne an{ coarse sedlnentg has raised uncertalnti.es about the confidence
that can be placed on predlctlons in these ranges. llhen deriving the
erryirl.cal parameter llttle data had been avallable in tbls tange.
Slnce the developnent of thE theory rmrch more gedlment transport data
has becone avaj.lable. Thls report descilbes the re-derivatlon of the
ernpirlcal parameters on an extended data set. The ne-n equatlons glve
lower predlctlons of sedfinent transport for fine sediments and
coarse sedinents.
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I}TTRODUCTION

In 1973 Ackers and White published a theory to

predict the transport of non-cohesive sediments.

These equations are widely used to calculate

sediment transport, morphological change in

channels, the size of stable alluvial channels

and to design physical models. While in general

providing reliable predictions, application of

the equations to fine and coarse sediments has

raised uncertainties about the confidence that

can be placed on predictions in these ranges.

llhen deriving the empirical parameters little

data has been available in these ranges.

A feature of the theory was that it assumed

different modes of transport for coarse and fine

sediments. It was assumed that coarse sediments

are moved predominantly on or adjacent to the bed

and the transport rate depends upon the shear

stress exerted on the bed. Fine sediment was

assurned to be distributed throughout the flow and

the transport rate to be a function of the total

energy loss in the channel. Transition sizes

between fine and coarse were assumed to be

transported by a combination of the two

processes. the theory is thus capable of dealing

with a wi-de range of sediment sizes and has been

successfully applied in a large number of

situations (White, l ' l i l l i, Crabbe 1973) In corrnon

with a1l presently used sediment transport

theories the Ackers and White theory contains a

nrrmber of paraneters which must be determined

enpirically. A notable feature of the original

development of the theory was the use of an

extensive set of Laboratory data on which to

determine the empirical parameters. This
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undoubtedly contributed to the wide applicability

of the theory.

An optimisation procedure was used to select

values of the parameters which ninimised the

difference between the observed and predicted

sediment transport rates. As the parameters are

assumed to be functions of the sediment size the

optimisation procedure is used to determine

values of the parameters for different sediment

sizes. A function then has to be fitted to these

values. The form and precise nature of these

functions depends upon the observed data on which

the optirnisation is carried out.

Since the original derivation of the theory in

1973 more sediment transport data has become

available. Ttre opportunity has, therefore,

developed to use this extra data to improve the

values of the pararmeters determined originally.

There was particular interest in the values of

the parameters for the fine and coarse sediments

as, in the original derivation, they were

obtained on limited data. This report describes

a study to derj-ve new par€uneters for the Ackers

and White sediment transport theory on a vide

range of data.

Ttre original data set collected by Ackers and

l{hite (1972) was supplemented by data from

Brovnlie (fg8l), Wang Shiqiang and Zhang Ren,

(1990),  Jopl ing and Forbes (1979) and Mantz

(1e83) .



3. ACKERS & IIIIITE

SEDIIIE}IT

TRA}ISPORT TIIEORY

Ttris data comprised 2098 sets of observations

which were arranged in 104 data sets, each data

set representing the results for a given

sediment, that is, fixed sediment size. Ttre

average number of observations in a data set was

thus approximately 20. Sediment sizes ranged

from 0.04rrn to 28nrm. See Table 1 for details of

the data sets.

Ackers and White e:<pressed the sedirnent transport

rate in terms of a dimensionless sediment

transport rate Grr defined by

"g,= t#, #i
This dirnensionless sediment transport rate was

related to the sediment nobility F*r, defined by

v * r v
F  =  r  - )  ( 2 )
sr .r gDG-1t { 32 loglod/D

The forn of F was selected to ensure that for
gr

fine sediments it depended upon the total energy

degradation or total bed shear stress and for

coarse sediments upon the net grain resistance.

For the transition sizes between these two it

depends upon a combination of the two.

(  1 )



It was assumed that there is a critical value of

Frr, denoted by A, below which no sediment

movernent takes plaee. For Fgr greater than A it

was assumed that

G g . = c ( F g r / A - l ) I t r

Where C, A and m are parameters.

( 3 )

(s)

(6 )

(7 )

(B )

Ttre paraneters n, A, m and C were assurned to vary

with the sediment size. this was oq>ressed in

terms of the dimensionless sedi:nent.diameter of

D defined bvgr

D = !  e (s - l )  (4 )
g r  u '

The form of the functions

n=n  Dgr

A=A  Dgr

m=m DgT

C = C  Dgr

were determined using observed sediment transport

data and an optimisation procedure.



4 DETERMINATION OF

PARA}IETERS

n ,A ,nandc

4.1 Original procedure

In the optimisation procedure adopted the

objective function selected was

I i  I tog'
I t i

(e)
A (1+  ( c$ . / c ) t / ^ )

where F__ and G__ arere conputed from eguations
8t i  I t i

(2) and (1) respectively usi.ng the observed

values of V, d,  s,  D and X.

In the original optimisation a multi-stage rnethod

was adopted using a one-dimensional optimisation

procedure in which each variable was considered

in turn. In the first optimisation all the

parameters were allowed to vary. The values of n

and A determined were then plotted again"a O*

and an appropriate curve fitted. The values of n

and A were then assumed to be given by these

curves and a second optinisation was performed

varying only m and C. Ttre values of m were then

plotted against Dr. and an appropriate curve

fitted. The values of n, A and m were then

assr:rned to be given by these curves and a third

optiruisation was carried out. Ttre values of C

were then plotted against D*, and an appropriate

curve fitted.



The resulting equations a'ere:

for the transitional sediment sizes 1 <

n  =  1 .00  -  0 .56  l oe  D-g r

A=O.23+0 .14

fi-- gr

m=9 .66+1 .34
Dgr

and

D <60gr

(  10)

(  1r)

(  12 )

Iog C = 2.86 log Dgl
t-  ( I o g  D - - ) -  -  3 . 5 3

6 r  
(  1 3 )

For coarse sediments, >60

n=0 .0

A  =  0 .17

m=1 .5

and C = O.O25

gr

(14 )

(1s)
(  16)

(u)

4.2 New procedure

These functions are shown in Figures 3.1.

Ihe conputer software used in the original

optimisation was no longer available and so nelr

software was prepared. It was decided to follow

the same sequence of successive optimisations but

the optimisations using four and two variables

were carried out using a downhill simplex method.

It was considered that this would provi.de a more

robust algorittun for these cases. For the one

variable optfunisations a Newton-Raphson technique

was used.

6



Ttre initial stage of the study was the use of the

original Ackers and White data set to reproduce

the original results, so that one could have

confidence that any changes introduced when

considering a larger data set, were due to the

data set and not to the optfunisation procedure

adopted. Ttre original Ackers and l,lhite results

rrere reproduced to within the tolerances of the

calculations.

4.3 First optimisation

The optimisation procedure was then run on a

combination of the original and new data sets.

The values of n and A derived are shown in

Figures 4.1 and 4.2 respect ively.

4 .3 .1  A  as  a  func t ion  o f  D- --gr

Figure 4.2 shows the values of A derived from the

data together with equation (11). There are

strong theoretical arguments to suggest that for

coarse sediments the initiation of motion should

be independent of viscosity.

Ihis jmplies that for coarse sedjments the value

of A should be independent of Dgr. For fine

sediments initiation of motion should be

independent of sediment diameter which inplies

that for fine sedjments A should be proportional

to I Within these constraints a number of
{ D gr

options were considered for the function A but

none provided a sufficiently significant

inprovement on the original relation:



A=ftr  +o'14 for l<Drr<60 (18)

[  =  0 .17

to warrant any change.

f o rD  >60gr

n  =  1 . 0  -  0 . 5 6  l o 8 l g  D g ,

4.4 Second Optimisation

( re)

The equations (10) and (11) were used for n and A

respectively and the optimisation procedure was

used to determine m and C.

4.3.2 n as a funct ion of  D__-gr

Figure 4.1 shows the values of n derived from the

data together with equation (10). Ttre

theoretical constraints upon n are that it should

take the value of 0 for large Og, 
".d 

1 for small

D--. Tfie results clearly indicate that thegr
previous assumption that n achieves the value O

for D__ = 60 is substantiated by the new data.gr
Ttre evidence for the value of OU, 

"a 
which n

achieves the value I is more equivocal. A nr:rnber

of relationships were considered for which n

achieved the value I for D*, values greater than

1 but none provided any i:nprovement on the

relationship



4.4 .1  m as  a  func t ion  o f  D

Figure 4.3 shows the calculated values of m and

the original equation for m, eguation (7). ttre

results for fine sediments suggest that the value

of m deterrnined by equation (7) for small values

of D-- is too large. For coarse sediment the
gr

results also suggest that equation (7) gives

values of n which are too low. Equation (7) is

of the form

,o=$*n
gr

.  (20)

Equations of the form m = 
+a 

+ B 10,L)
gr

were fitted to the data. The most satisfactory

fit was achieved by the function

6 .83  1<D  <60
m=b-  +  I . b /  g r

-gr Q2)

m =  1 .78

4.5 Third Optimisation

D  >60gr

Ttre values of n, A and m were determined using

equat ions (10),  (11) and'  (22).  A third

optimisation was carried out to determine the

values of C.

9



, t

Itre values of C are shown in Figure 4.4 together

with equation (13). Equation (13) is of the f,orm

t
log C = A + B log orr* a (Ioe Drr)- (23)

Ttre best fit equations of this form are

Iog C = 2.79 log D-- -  0 .98 ( log D-- )2-  3 .46, (24)g r -g r

f o r l <D  s60gr

andC=0 .025  f o rD  >60gr

5 THE REVISED

ACKERS & WTIITE

SEDIMENT IRAI{SPORT

THEORY

5.1 Revised equations

(2s)

The revised equations for the parameters n, A, m

and C are

n = 1.0 -  0 .56 loe lo Dg,  for  I  <  Drr< 60 
(26)

n = 0.0 for Dgr > 60

[  =  0 .23  +  0 .14  fo r  I  s  Dgr  <  60  
e7 )

fD gr

[  = 0.17 for  Drr> 60

10



= 6.83 + 1.67 for  1  3 Do.  < 60
D

sr  (28)

m =  1 .78  fo r  D

logC=-3 .46+2 .79  1og

for

>60gr

Dr,  -  o .9B 11oB Dr. )  2

I <D <60gr

5 .2 Alteration to

predictions

5.3 Conparison with

observations

C =  0 .025 fo rD  >60  (o9 ,
gr

To indicate the differences between the revised

and the original equations the ratio of the

calculated to the observed Grr, denoted by I, was

determined for a range of values of U* and Drr,

see Figure 5.1. The figure indicates that for

fine sediments the concentrations derived with

the new equations are increased for a range of

mobilities just exceeding the threshold value but

are decreased for larger mobilities. For coarse

sedirnents with large mobilities, the sediment

concentrations are reduced. For intermediate

sizes the change to the predicted sediment

concentration is small.

Ttre effect of the new and old expressions for the

parameters on the predictions of the theory were

tested on two data sets : one set was field data

from the Lorger Yellow River and the other was

from the North Saskatchewan and Elbow Rivers.

The range of parameters for the data fron the

Lower Yellow River was:

11



0 .10  x  10 -3  t o  0 .19  x  10 -s

9,000 to 92,000ppm

With the original forrmrlation the mean

discrepancy ratio, the ratio of predicted to

observed concentration, was with no predictions

within a factor of 2 of the observations 5.97.

The new oq>ression for mean discrepancy ratio vas

3.22 \rith 7O% of the predictions being within a

factor of 2 of the observations.

The data from the gravel rivers in Canada had the

following range of parameters:

Sedirnent size

Depth

Slope

Concentration

Sediment diameter

Depth

Slope

Concentration

0.049 to 0.067nn

1.44 to  5.02rrn

10.51 to  40.8mn

0 .73  to  2 .7hwn

1 .58  x  10 -3  t o  7 .45  x  10 - r

4 to 524ppm

The mean discrepancy ratio with the original

formulation is 3.84, with 33% of the predictions

within a factor of 2. With the new values of the

pararneters the mean discrepancy ratio is 2.94

with 33% of the predictions within a factor of

2 .

The comparison of predictions with observations

on both these data sets is rather disappointing

and they do not approach the agreement obtained

by White, Milli and Crabbe. The new oq)ressions

for the pararneters do provide, however, a

significant improvement i-n the predictions.

L2



6 CONCTUSTONS

I An optimisation procedure was developed that

reproduced the original results obtained by

Ackers and l{hite on their original data set

to the tolerances of nurnerical accutacy.

2 An increased data set nas obtained

including, in particular, more data for fine

and coarse sediments that had been used

originally.

3 the derivation of the parameters n, A, m and

C was repeated on this extended data set.

4 It was not possible to find a significant

imprornnent in the relationships for n and

A .

5 A revised function for m was derived :

6 .  8 3
r  = ; :  +  I . 6 7  f o r  I  .  O r . 3  6 0 ,

g t

m =  1 .78 fo rD  >60gr

6 A revised firnction for C was derived

log  C  =  2 .79  to t  o r r  -  0 .98  ( Ioe  Dr . ) z  -  3 .46

fo r  1<D  <60gr

C-  0 .025 fo rD  >60gr

13



Ttre alterations to these parameters change

the predictions provided by the theory. For

fine sediments the concentrations derived

with the new equations are increased for a

range of nobilities just exceeding the

threshold value but are decreased for larger

nobilities. For coarse sediments, with large

nobilities, the sedirnent concentrations are

reduced. For intermediate sizes the change

to the sediment concentrations predictions is

smal l .

l 4
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TABTE I : Sr.rmnary of data sets

Sedfunent No of data
in set

No of set Investigators Date specific :ir9 Dg,
gravity (srn)

13
24
10
14

L2
14
6

L2
16
6

2B
10
11
26
4 l
23
19
32
19
32
25

I
2
3
4
5
6
7

8
1B
16
27
15
33
33
30
IO
10
8

14
6

39
40
11
B

19
23

8
9

10
l l
L2
l3
l4
15
16
L7
1B
L9

29
1B
L4
11
7

27
45

20
2L
22
23
24
25
26
27
28
29
30

7L
81
00
56
30
30
60
BO
BO
90
90
19
10
50
,24
,30
,70

65
65
57
65
65
65
65
65
65

Laurson
Mantz
Jepling
Wang Shiqiang
Laurson
Wil l is et aI
Wil l is et al
Willis et al
Brooks
Abdel-Aal
Kennedy and Brooks
Vanoni and Brooks
Straub
Davies
Davies
Nomics
Brooks
E Pakistan
Guy, Simons &
Richardson
Barton and Lin
Straub
USWES
Hill River
Vanomi and Hwang
Kennedy
Nordin
Guy et al
Guy et aI
E Pakistan
Onishi Jain &
Kennedy
Taylor
E Pakistan
Gilbert & Murphy
Foley
Guy et aI
Guy et aI
Gilbert et al
Guy et aI
USWES
USWES
O I Brien
Soni
Guy et aI
Stein
USWES
Guy et al
Gilbert et aI

1957
1983
t979
1990
1957
L972
L972
L972
1955
1969
1965
1957
1958
L97 L
197 I
1956
1955
1967
1966

1955
1954
1935
1959
1965
196 I
r976
1966
1966
1968
L972

197 I
1968
19 14
1975
1966
1966
19 14
1966
1935
1935
1936
r980
1966
1965
1935
1966
19 14

2 ,65
2 ,65
2 .65
2 .65
2 ,65'2 .65

2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .66
2 .65

2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65
2 .64
2 .65

2 .65
2 .64
2 .65
2 .65
2 .65
2 .65
2 .65
2 .65

0 .040  1 .10
o .o42  1 .  10
0 .045  1 .31
0 .076  1 .93
0 .  100  2 .50
0 .  100  2 .67
0 .  100  2 .67
0 .100  2 .67
0 .090  2 .70
0 .105  2 .77
0 .140  3 .70
0 .140  3 .70
0 .  163  3  .77
0 .150  3 .82
0 .150  3 .82
0 .150  4 .10
0 .160  4 .30
0 .  150  4  . 32
0 .190  4 .60

0 .  180  4 .70
0 .191  4 .72
0 .210  5 .  l 0
0 .210  5 .28
o .230  5  .98
o .233  6 .39
0 .250  6 .40
o .27A  6 .  50
0 .280  6 .50
0 .250  6 .53
o .25  6 .61

0.228 6,
o .25  6 ,
0 .30  7 ,
o .29  7
o .32  8
0 .33  B
0 .37  B
0 .33  B
0 .31  B
0 .35  B
0 .36  B
o .32  9
0 .45  10
0 .40  10
0 .  48  11
0 .47  11
0 .51  11

31
32
33
34
35
36
37
3B
39
40
41
42
43
44
45
46
47

2 ,
2 ,
2
2
2
2
2
2
2



TABLE I (Cont'd)

Sedirnent No of data
in set

No of set Investigators Date specific !ir9 Dg.
gravity (mn)

0 .51
0 .49
o .52
0 .50
0 .54
0 .49
0 .54
0 .62
0 .62
0 .62
0 .62
2.4s
2 .30
3  . 41
4 .08
4 .58

5 .20

5 ,2L

28.65

0 .90
1 .  10
0 .91
1 .48
1  .07
1 .33
3  . 55
3 .20
3 .30

11 .90
L2.40
12 .60
13 .  10
13 .70
13  .90
14 .30
14.57
L4.57
L4.57
L4.57
58 .33
66.28
98 .52

100 .35
126 .95

132 .  l 0

I 32 .30

r24 .44

6 .60
14.  40
20 .10
2L .94
23.50.
26 .10
27  .60
48 .00
53 .  B0

L4
16
22
23
L7
18
31
30
30
30
30
28
23
15
10
2B

9

15

25

15
L7
28
1B
25
27
14
15
14

48
49
50
51
52
53
54
55
56
57
58
BB
B9
90
91
92

93

94

95

96
97
98
99

r00
101
to2
103
104

1935
1970
1935
1935
1966
1970
L979
1960
1960
1960
1960
1935
1937
L937
1935
1958

1948

1948

1936

1936
1936
1936
1936
1936
1936
1936
1936
1936

2 .65
2.6s
2 .65
2 .65
2 ,65
2 .65
2 .65
2 .64
2 .64
2 .64
2 .64
2 .70
2 .65
2 .65
2 .65
2 .65

L .25

2 .68

2 .68

1 .07
1 .35
1 .  85
L .32
1 .85
r ,7  4
1 . 0 7
r .32
1 .35

uswEs
Pratt
USWES
USWES
Guy et al
Pratt
Wil l is
Singh
Singh
Singh
Singh
Casey
Liu
Liu
USWES
Sato Kikkawa
Ashida
Meyer-peter
MuLler
lleyer-peter
MuIIer
Meyer-peter
MuIler
USWES
USWES
USWES
USWES
USWES
USWES
USWES
USWES
USWES
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