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AsSTRACT

A flntte dLfference uodel haa beea developed for the elmulatlon of storn
Itavea propagatlng Ln coastaL wst€rs. These waves usualLy have periode from
5 to 20 secs and lf thelr wave Length ls sttll Large Ln conparl.soo wlth the
water depth, then thelr notton Ls described by the so-caLled Boueslnesg
equatlons. These are baelcally the weLl known shallow lrater ('long wave")
equatlone but wlth addltLonal terns Ln the momentum equatl.on to account for
non-hydrostattc pressure and frequency dlep€ral,on. For the numerLcal
LntegratLon of these terms, se Lntroduce an Lteratl.ve proeedure of the
predlctor-corrector type.

The nodel ls valldated agalnst simple anaLytl.cal solutLons both Ln one and
two dimenelons and, also against a fen phyeleal uodel data. It ls found to
sinulate euccegsfully all non-Ll.near and dl.spersive terma ln the equatione
and also reflectLon and diffractlon effects, wave absorbing boundaries and
set-down beneath waye groupg. ALI teets have been carrl.ed out for a
constant depth and therefore, wave refractLon effecte have been excluded.
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1 INTRODUCTION

Civi l  engineering praet ice is great ly concerned wlth

the lnportant ef fects of the so-cal led "short  waves"

as they propagate ln shallow coastal rirat,ers. These

are storm waves havlng periods from 5 to 25 secs which

fron the hydrodynarnLc polnt of vlew nay be considered

in certain cases as long lraves, lf their wave length

remai.ns large in comparison with the water depth.

Their  rnul t ip le act ion const l tutes an agitat ing factor

of substant lat  power in the vic lni ty of coastal

harbours in a number of ways:

o Ehey can attack direct ly defensive or other

on-shore  s t . ruc tu res  (e .g .  b reakwaters ,  p ie rs ,

sea wal ls) causlng danage;

. Chey can penetrate through harbour entrances to

dlsturb the waters within and set in not ion by

their  direct or eombined act lon moored ships,

thus result ing in delays in the port

opera t ions ;

o they can br ing sediment lnto suspensLon causing

coas ta l  e ros ion ;

o they induce currents due to theLr

non-l ineari t ies and eventual breaking whlch, in

their  turn, t ransporC suspended sedirnents in

o ther  reg ions  as  l l t to ra l  d r i f t ;  ln  th is  way,

they may affect adversely navigat,Lonal or

possibly dredging operat ions. Therefore there

ls l l t t le doubt.  r i rhy there ls much pract lcal

interest ln this sort  of  waves which has led

over the years to a considerable effort

worldwide for che deveLopment of basic

techniques to predict  their  behaviour ei ther

along the coast or in and around harbours and

engineering works. Even though most of todayts

solving methods rely largely on physical

model l ing, a substant ial  amount of work has
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been devoted, dur ing the last ten years or so,

Lo the devel-opnent of conputatlonal t,echnlques

for the slmulat lon, part lcul-ar ly,  of  their

non-l inear propagat ion over relat ively shal low

lsater depths. From the nathematlcal  point of

view, this ls fundamenEal ly descr lbed by the

wel l-known shal low water (" long wave")

eguations of nearly horlzontal flow which are

obtai.ned by integrating the baslc hydrodynamic

equations of conservatlon of mass and momentum

over the mean depth und cert.ain assumpti.ons:

Conservat ion of mass:

( u . h ) ( v .  h )  =

( 1 )

Conservatlon of momentum:

+v

+v

where

z elevat,ion above datum

urv depth averaged componeats of  ve loc i ty  in  xry

di rect ion respect ive ly

h tota l  depth = d *  z ,  d mean \ i la ter  depth

The fluid Ls taken to be homogenous, isotropic and

incompressibLe,  whi le  a l l  shear s t ress and Cor io l is

ef f ,ects have been peglected.  These equat ions are

extensively  used' in  r iver  and t ida l  hydraul ics

descr lb ing thereby the water  mot ion wi th considerable

accuracy.  Nevertheless,  they are der ived by assunlng

the ver t ica l  accelerat ions to be negl ig ib le (1.e.

nearly horizontal f low) and such an assumption leads

to hydrostat ic  pressure wi th in the f l -uLd,  whi le  the
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waves are not dispersive travel l ing with a speed

dependlng only on the water depth. Thls ls real lst ic

only for very long naves such as tides.

Boussinesq (Ref 16) was the f l rst  to deviate from such

an assumption by lntroducing a linear varlatlon of the

vert ical  velocl ty w from the bottom to the surface and

by doing this he succeeded in lncorporating higher

order terms ln the equat ions represent ing the effect

of snal l ,  but not negl iglble,  vert lcal-  accelerat ions

due to the eurvature of the streamlines. The pressure

is no longer hydrostatlc and the waves retain thelr

dlspersive character i .e.  theLr speed depends on both

their  wavelength and the water depth. For rather

steep, non-linear r{aves this speed depends on \rrave

heighc as wel1.

In recent years, Peregrine (Ref l l )  extended

Boussinesqrs ideas to two spat ial  dlmensLons and he

also considered not a constant but a gent ly varyLng

sea bed. lle presented the equations in the form by

which they are now known, 1.e:

Conserva t ion  o f  mass :

( u .  h ) ( v . h )  =  0  ( 1 . e .  s a m e  a s  b e f o r e )

Conservat ion of  mooentum:
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The incluslon of third order terms ln the equaEions

poses particular problens ln theLr numerl.cal

integration and care must be taken the numerical error

involved ls not comparable with these terms, otherwlse

lt  would contaminate thelr  proper effect.  Approprlate

techniques have been invented first by Abbott et al

(Ref 1),  then by l lauguel (Ref 8) and recent ly by

Rottmann-S'6de, Schaper and Zielke (Ref 13) using

inpl ic i t  f in l te di f ference schemes.

The present report  descr ibes sini lar work, even though

lt  fol lows a sl ight ly di f ferent approach regardlng the

numerLcal nodel l ing of the Boussinesq equat ions. I t

adopts an lterat.ive procedure of the predictor-

corrector kind for the approximation of the higher

order terms. This is done with a view to taking best

advantage of the exlstlng high power computer

capabi l i t ies at HR by means of a DAP (Dlstr ibuted

Array Processor) systen of paral le1 processing. This

ls part icular ly iuportant for the nodel l ing of "short"

rdave propagatLon at 1ow operat lonal costs,  s ince

computational accuracy depends on sma1l Courant

numbers ( =1) and a falr number of grld points per wave

length and time steps per wave period. The report

gives details on the fundamental mathematical problen,

the development of a numerical model for its solution,

the validation of this model against a number of exact

analytical solutions and physical nodel data and the

assumed absorbi-ng boundary condltlons. The nain

assumptions involved and the range of application of

the f in i te di f ference (fp) scheme are elearly stated.

The rnodel Ls also appl ied to study the di f f raet ion

around a single breakwater arm of the so-called

set-down wave. This is the result of non-linear

interact ions between short ,  pr imary waves (Ref 3) and

it  has great pract lcal  s ignl f lcance in a harbour

design: i ts long period (approx 30 secs to a few

nlnutes) I-les wlthin the range of natural periods of

the horlzontal  osci l lat ions of a moored ship and,



BACKGR.OUND

INFORUATION

2.L  Br ie f  descr ip t lon

of wave theories

therefore, its presence in a harbour nay lead to

resonant conditions and, eventually, to hlgh loads on

the mooring 1ines.

A11 experiments described in thls rePort have been

carr ied out assuming a constant depth, therefore,

further work wiLl  be needed to include a var iable sea

bottom and, thus, al l  shoal ing and refract ion effects

within the nodel. Slnilarly, the performance of the

rnodel should be further lnvestlgated in case the input

conditions are provided by means of random r{aves

correspondlng to a certain lncident wave energy

spectrum (in terns of frequency or both in frequency

and d i recr ion) .

Deep water rdaves of small hetght have an almost

s inusoidal  prof i le  and thus they are best  descr ibed

mathematically by the l inear Airy theory. Thls theory

assumes the wave height to be small in comparison with

both the water  depth and the wave length ( i .e .  H/d
t{

1, = << 1) but i t  inposes no restr lct ion on the water- L

depth/wave ] -ength rat io  d/L.  The lat ter  can be used

to ident . i fy  three d is t inct  areas as fo l lows:

1/2 shal low watersi .
1
I

m
d ,
L

A
a; * I /2 waters of intermediate depth

L/2 deep warers

In  the last  two regions,  the waves are d ispers ive,

that is their speed depends on their wave lengEh, and

the pressure is  non-hydrostat ic .  Nevertheless,  Ln

shal lower waters,  the waves become non-dispers lve,



since their speed starts to depend only on the water

depth and the pressure ls only hydrostat ic.  As the

depth decreases towards the coast,  their  speed reduces

continuously and the waves are retarded. The result

ls a continuous transformation of their kLnetic to

potential energy and thus, a contlnuous bullding up of

their anplitude. The assumptions of the linear theory

are very soon invalidated. Even though the linear

approach has been found to be reallstic, even when

there is quite a major departure from the sma1l wave

height assunpt ion nevertheless i t  is best to use

Stokes wave theory ln order to descrLbe waves of

f in l te ampl i tude ln shal low waters. Stokes (Ref 14)

introduced a perturbation method in whlch the

variables of the flow are developed as polver series in

terms of a smal1 perturbation parameEer. It is

expected that the var ious ser ies wi l l  converge as the

number of terms considered lncreases. In pract ice,

the 5th order Stokes theory has found wide

appl lcat ion, part lcular ly in wave force calculat ions.

Agaln, l f  we consider a shal lower range of depths,

Stokesr theory becomes lnadequate, s ince in such a

case many coeffLcients of the higher order terms "blow

up" meaning that they become excessive relative to the

lowest order terms. The Stokets wave expansion nethod

ls formal ly val id *te. ,  {  << (kd) 2, for kd (  I  and
u
i  t ' t .

The above condltlons place a severe wave height

restr ic t ion in  shal low rdaters and,  therefore,  a

di f ferent ,  approach is  needed,  In th is  respect ,  the

ear l iesE re levant  theory Ls that  of  Ai ry  (Ref  1,  16)

who makes the assumptLon that, since the wave length

ls much larger than the water depth, the vertical

par t ic le  acceleratLons may be neglected and thus,  the

pressure is  hydrostat ic .  A i ry ts  theory is  noted for

lmplying that waves cannot propagate over a horlzontal



bottom wlthout a change of thelr  prof l le;  thelr  speed

depends on their  height and, therefore, dl f ferent,

parts of the wave travel with dl f ferenc speed.

Consequentl-y, they wilL eventually break. If the wave

heighL ls rather snal l ,  then we can neglect al l

non-linear terms ln the governing equatlons and thls

case is covered by the l - inearised shal low water,  "1ong

wave" theory by Jeffreys & Jeffreys (Ref 1) whlch

agaln assumes hydrostat l -c pressure. Thls theory has

found wide appl icat ion in t ldal  motlon, tsunami

propagat lon, storm surge, f lood waves and the l ike.

Between the theories of Airy and Jeffreys and

Jef f reys ,  there  l les  the  theory  o f  Bouss lnesq (Ref  1 ) .

According to thls theory, the vert ical  part ic le

veloci ty var ies l inearly from zero aE the sea bottom

to a maximum at the free surface and t.herefore the

vert ical  aceelerat lon is st i l l  smal l  but not

negl igible.  The pressure is no longer hydrostat lc but

the vert ical  component of motion can be lntegrated out

of the equations to reduce the three-dimensional

descr ipt lon to a two-dimensional one. The or iginal

Boussinesq equat lons held only for hor izontal  botton

and unl-direcClonal propagat lon (see Eq 6).  Peregrlne

recent ly der ived the ful l  Boussinesq-type equat lons

governlng the propagatlon of arbl"trary, long wave

disturbances of snall t,o moderate anplltude over a

slowly varylng bathynetry (see Eq 2).

Final ly,  Korteweg and de Vries Gef t ,  16) workLng

along paral lel  l ines ruodif ied the method of Boussinesq

and presented a sbcond theory of waves moving in

shal low r ' raters. According to thelr  theory, the wave

charact,er ist ics are expressed ln terns of the Jacobian

el l ipt ic funct ion cn and hence, the ternlnology

"cnoidal wave theory".

A typical  cnoidal wave prof i le ls shown in Fig 1(a).

One liniting case of this, in whlch the wave length

becomes inf inl te,  corresponds to the sol i tary wave,



while another one corresponds to shallow water

s lnuso ida l  wave theory  (see F ig  1 (b) , (c ) ) .  The

dlf ferent behaviour of the waves is best descr ibed by

the Ursel l  parameter:

a l a  a . L 2
U  = _ ; _  =  ( 3 )
t  r9 l  2  a3. L '

where a the wave amplLtude.

The rat io a/d controls the effect of  the non-l inear

terms in the equations while the ratLo (d/L) 2 control-s

that of  the dispersLve terms. For large values of U.

(1 .e .  U"  >> l )  the  non- l inear  e f fec ts  conp le te ly

dominat.e the flow and the wave motion is described by

the Airy equat ions. For smal l  values of U, ( i .e.

U, qa l ) ,  the theory of l inear long waves by Jeffreys

and Je f f reys  is  app l ied .  I f  Ur  =  0 (1) '  then  bo th

non-l inear and dispersive effects are important and

the motion ls descr ibed by the Boussinesq-type

equat lons (see Eq 2, 6).  One special  case of these

equations for waves moving in one directlon fron left

to right, is the KdV (Korteweg de Vries) type equation

g iven be low (see Ref  16) .

t u  3 2 .  A u  I  t .  . t b 3
f r .+/sa G+; f r_) .8+6lga dz-=3=o (4)

z ,  d  a s  b e f o r e .

This equatlon has permanent cnoldal and solitary waves

as solut ions.

In  recent  years,  both the Boussinesq and KdV type

equations have been further exLended:

(a)  Serre (Ref  2,  B)  nodl f ied the Boussinesq

equations by adding hlgher order terms, products

of  der lvatLves whlch Bousslnesq had negleeted.

They take the form:
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where:

h tota l  water  depth

prg x- and y- volume fluxes

Z bed elevation

C f r ic t ion coef f ic ient

ah ^ ah,
N =  -  a =  -*  

d r r '  
'  

d r ,

d  a - + P  3 - + q  awi th f t '= f  h  eK h  ry

l lauguel (Ref 8) and Abbott et al (Ref 2)

presented numerical  solut ions of these

equat ions.

(b) In so far as the KdV equat lon Ls concerned,

presentatLons of a f i rst  approximation t .o this

theory have been nade by Keulegan and Patterson'

Kel ler and Laitone (Ref 14).  Lai tone and

Chappelear (Ref 14) have developed respect ively

2nd and 3rd older approxlmatlons to cnoidal wave

theory. More recentJ-y, Fenton (Ref 14) has

presented a cnoidal wave theory which is capable

of ext,ension to any deslred order and which ls

readi ly sui ted to engineering appl icat lon. Also,

Fr ledr lchs (Ref 14) fol lowing a di f ferent

( 5 )



2.2  D ispers i .ve

proper t ies

waves

o f

approach proposed a rigorous perturbation nethod

for developlng shallow $ater theorles by means of

the parameter 6= t f> 2 . .  f .  I I ls expanslon of

the varLables as power series of o is based on

the assumpr, ion that I I ld = 0 [( ta) 
2) ( i .e.  that i t

ls of the same order as o) and he obtalned to the

lowest order the linearised long wave theory.

Keller used the sarne met,hod to find Ehe KdV

equatlon as a f i rst  approximation and Laitone

obtained the 2nd order cnoidal solution by the

same method (see Ref 14).

Water waves are d is t inguished in two maln c lasses,

hyperbol lc  and d ispers ive waves.  The f i rs t  c lass

bears l ts  nane because the water  not ion is

mathematically formulated by means of hyperbolic

d i f ferent la l  equat ions.  The second c lass owes the

name to the type of existing solutlon rather than the

type of  equat lon.  I f  th is  so lut ion determines the

frequency o as a def ln l te  real  funct ion of  the wave

number k i ,e .  u{k) ,  then i f  the phase speed dk) /k  fs

not  the same for  a l l  k ,  the modes wi th d l f ferent  k

wi l l  propagate at  d i f ferent  speeds,  that  is ,  they wi l l

"dLsperse".  Nevertheless,  Lt  must  be noted that  the

above-ment ioned c lasses are not  exc lus lve:  there is

some overlap ln that certaLn wave mot,ions exhiblL both

types of behavlour and there are certain exceptions

that  f i t  ne i ther .  Wi th in th is  context . ,  Boussinesq

was the fLrst to formulate equations trylng to combine

bo th  d i spe rs l ve  and  hype rboL i c  e f f ec t s  l n  t he  ( x , t )

domain:

10
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by adding the dispersive 3rd order

basic shal l -ow water equat ions.

+la a% = o'  ke t2

Simllar ly,  the l inearised

equations above leads to

" cTuz
0)- = -_____i_

r  +  *  r2a
J

( 6 )

a"tt o% in the
&(. ot 2

( 8 )

By considerlng an inviscld, lncompresslble and

irrot.at ional f lu id of constant depth, the basic

hydrodynamic equat lons lead, eventual ly,  to the

fornulat lon of the Laplace equat ion 6 = O where 0 ls

the f low potent l-al .  I f  we l inearise the free surface

condit ions, then, i t  is shown that the fol lowing

dispersion relat ion holds true:

,^,2 = gk tanh (kd)

This can be approximated in polynomial form as:

o 2 =  g k .  ( k d -  l / 3  d , 3 t 3 + . . . ) ( 7 )

For shal low wat,ers i .e,  as kd . '  0,  Lhe dispersion

reLat ionship above becomes o2= gk2.d and the phase

speed Co becomes ty '1s = /gd t .e.  independent of k.

version of the Boussinesq

the dispersion relat ion:

which for sma11 (kd) 2 agrees with the expresslon (7 )

above to the f i rst  two terms. Boussinesqts equat ions

lnclude waves moving to both left and right. By

restricting to waves moving to the right only and

elfinlnatLng the velocity u, we ean transform the

Boussinesq equat lons to the equat lon:

1 1
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where  \=  +  Cnd2.  Th is  equat lon  combLnes the' o

non-llnear effects of the basic shallow water

equat ions together wlth disperslve effects presented
?

by che term y d/ 4.3. If the non-l-inear terms are

approximated to the l-st order in a/d (where a is a

typicaL wave amplltude), we obtain the KdV equatlon

(4)  (see R.ef  16) .  The lnterest lng th ing about  th is

equation ls that 1t predicts permanent waves as

solutions by neans of the Jacoblan ell lptic function

cor the so-caLled cnoidal waves which were mentioned

before.  As the wave length tends to in f ln i ty '  a

par t icu lar  so lut lon ls  the sol i tary wave,  f i rs t

d iscovered exper i . rnenta l ly  by Scot t  Russel l  (1844) and

anal-ysed mathemat ica l - ly  by Boussinesq (1871).

The linear version of this equatLon leads to the

dispers ion re lat lon

C o .  k (  1 1 )0 ) =

t+y .k2 /co

whlch for snal l  k agrees with the dispersion relat ion

def ined by the or lginal  set of  Boussinesq equat lons.

Thus, iE becones evident that under the circumstances,

solut ions of the KdV equat lon (such as cnoidal and

sol i tary waves) should be, also, solut lons of the

Bousslnesq equat ions for unidirect ional f low in a

constant,  water depth d. One of the baslc propert ies

of these equat ions is thelr  abi l i ty to transform

themselves to dlfferent forms by means of the third

order term and the linearlsed long wave equations

z  =  - d . u  a n d  u  =  - q . h  .  S o .  t h e  t e r m  A 3 h / A x . 0 t 2  i n
t  x  t  "  x  '  ^ ?

Eq 6 above can be transformed ao ol - a verslon
eK z. 0t

which leads to the same dispersion relation - and,
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1
aE

also '  to  
* '  

wh ich  v ia  the  l lnear ised  vers lon  o f  the

6 * 3
Bousslnesq equat ions leads to the disperslon

re la t lon :

t r 2  =  c o  2 . k 2  ( L  -  
|  t  2 . d \ .  ( r 2 )

According to this,  smalL perturbat lons wlth (kd) 2 > 3

will ln fact arnplify, because o becomes inaginary

whereas disperslon relat ion (8) above retains only

real values of ur In numerical  work, the effects of

f ln i te dl f ferencing and truncat ion errors lntroduce

small oscillations of snall wave length \{hich nay

suffer anpl l f icat ion for the above reasons. This is
^3

why the version of Ah 3/ &(. 0r 2 (or * 
) has been

ar2. &
eventual ly selected, 1.e. the Boussinesq type

equat. ions become:

#.*(uh)=6

#*"**r*-lu, ** 
= e

( 13 )

3 ONE DIMENSIONAL

SOLUTION

3 . 1  L i n e a r

condit ions

We seek a numerical-  solut ion of the di f ferent ial

equatLons (13).  These are fundamental ly the

non-linear shallow. lrater equations whlch have been

found extensive use in t idal  and r iver hydraul les ln

recent years. For this reason, we use as a basls for

their  solut lon the wel l  establ- ished f ini te di f ference

rnodel for tidal flows in the TldaL Engineerlng

Department of I IRL (Ref 17).  This nodel uses a gr id

staggered both in space and time and a leap frog

13



approxiuat lon of the part lal  der ivat ives by f in l te

dl f ferences. I t  can be descrlbed as a Znd order

accurate, condit ional- ]-y ustable scheme of the expl lel t

type. Under l inear condit lons, l t ,  takes the form:

( s e e  a l s o  F l g  2 )

ul+r/z - "!-ttz ( 14 ),Tt ' '  -  d.  ̂ r '

n*l - n-l ^, "iilitr 
- "\!l',1* I a,_d_ i.i,,tL = ti - g. at ---E-- 

, .&.2ar -

n+L/2
z .  4

l-

ydlt 1t+L/2 -
L-2 J

A(

where z Ls the elevation, u the x-velocity and

t ]  stands for a certain FD approxLnat ion of the

term al la*2. Or.  This approximarion can sinply be:

^3
r o l  1
l - - - _ - l =-&r 

2. at 
-

"lil/2 * "lll/2 - z "l*1/2 - "l;l/2 - "Il/2 * z"l-1/2
u2. ar

having considered:

rtuz P-r/z -
I - I

A K z M 2

n- l /2
ti+l r n -L /2

tt- 
1

- 2 ' t^-L/z

and siml lar ly:

n+L/2
t i+l ,  n+I /Z ^  n+I /2

f  u .  .  -  z u .
1- l  l_

6 2

Therefore, we end up with a numerlcal scheme of the

irnpl ic l t  k ind. Considering again the ini t ia l

di f ferent lal  scheme (6) by onlt t lng the non-l inear

terms and assunlng the waves to be of the type
1( rrl t-k. x)a e '  (where a ls a certaln anpl l tude),  then

the solut lon of the equat ions shows the dLsperslon

relat lon to be:

r , r2= k2 e .d( l  -  I  u2  a \ ,  fo r  n? '  . ,
. , J J

T 4

eK



( s e e  R e f  1 6 ) .

Therefore, the effect of  the third order term ln the

equatLons is sinply to give a correction to the

shallow lrat,er phase veloclty luslk = /g.d and

eonsequent ly,  to the wave length as wel- l .  Indeed, due

to dispersion rel-at ionship above, i t  wi l l  be C < /g.d

where C is the new phase velocity and, since, k = 9-c '
w e w i l l h a v e k ) '  

'  6 \  i l 'ko (= 
;A;1. 

Thus, i t  is evident

that the disperslon term in the lnltial set of

di f ferent ial-  equat ions w111 cause a reduct ion in the

wave length. The numerical solutlon of the difference

scheme (14) descr lbed above shows slnl lar behavlour.

For this reason, we choose a channel of  constant depth

h0= 10 .0n  a long wh ich  a  t ra ln  o f  cons tan t  s inusoLda l

waves is travelllng with period T = 10 sec and an

anpl i tude of a = 1.0rn. The wave length corresponding

to shal low water speed y'gd = 9.905n/s is equal to

9 .905 x  T  =  99 .05n and the  Urse l l  parameter  U,  =9 .

The inplicit numerlcal scheme derived earller on ls

implemented for this particular, sirnple case under the

fo l low ing  cond i t ions  (see F ig  3 ) :

o A large number of gr ld polnLs describes the

one-dimensional channel being a dlstance & = 10.0n

apart .

o The f i rst  gr id polnt ls an elevat lon polnt ( t )  where

the wave anplitude a ls provided as a sLnusoidal

func t ion  o f  t ime i .e .  a  s in  t4 .a>  every  l f  =  1 .0

sec. Under the clrcunstances, the Courant number of

the numerical scheme Ls 6 = /g. {. at = 1 and the
r l x

numerLcal error is zero. The third order disperslve
^3
0l

term , therefore, is not contaminated by any
2

eK. 0t
numerical error of the saue order.
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The rnodel is run for a substantial nunber of tine

steps, so that we get a clear picLure of the wave

propagat ion along the channel.  Neverthelessr lse

choose the total length of thls channel so that the

wave fronE never reaches lts end at the conpletion

of the calculatlons. In this li lay, we do not have to

apply numerically any end conditions which could

introduce errors ln the wave profLle.

In the numerical  Lnplementat ion of scheme (14),  we

are sweeping the solut ion fron lef t  to r ight,

therefore, the cont inui ty equat ion remains expl ic i t

but the momentum equaEion takes the impllcif form:

., .ul]l/' * ,, . uy'/'* Br ulll" = o

for each veloclty point i along the axis of the

channel.  The quant i t ies er,  f ,  and g, depend onl.y

on known values of the varLables. Considering the

Lotal  number of polnts,  the above relat ionship leads

to a matr lx equat ion of the form: ! .  l l= B where u

ls the matr ix of the veloci ty values at eaeh.gr ld

point and A is a tr ld lagonal matr lx.  This equat ion

l-s solved by means of a very sLnple numerical

technlque.

The results of runnlng the nodel for this simple case

are presented ln Fig 3 where we can easl ly see that '

indeed, the effect of  Ehe dlspersive term ln the

solution ls the reduction of the wave length. We can

rneasure lt to have the expected value of - 92.0m whlle

the wave amplitude remains the same as before i. e.

1 .  On.

The same test is repeated to test the performance of a

numerLcal scheme of the predictor-corrector tyPe.

Thls is in fact the sort  of  FD scheme which is

eventually chosen to integrate the full forn of the

Boussinesq equat ions in the (x,  y,  t )  dornain (Eq 18).

t 6



In this case, the numerical solution is lnplemented ln

tno  s tages :

o FLrst,  the equat ions are sol-ved by onlt t lng the

third order term. The calculated new values of

the veloci ty u are used to make a f l rst

approxlmation of the dispersive tern (predictor

s t a g e ) .

o Using the calculated value of  the 3rd order ,

^3
dispers ive term 

qr  
in  the equat ions,  we

a<2. or
update the values of z and u (corrector stage).

This can be repeated for as many times as it ls

deemed necessary for convergence. For the

sirnple one-dimenslonal test consideredt i t  was

not found necessary to iEerate more than twice.

The results (Fig 4) are the same as before,

i .e.  the incident wave ls propagated with a

smal ler phase veloci ty,  and therefore, i ts wave

length is reduced. Theoret lcal ly,  as the

number of lnternal iteratlons tends to

inf lni ty,  the solut ion should become ident ical

to the one provided by the inpliclt scheme.

Wlthin the eontext of  l inear dispersive equat ions, a

qualitative t,est, of the performance of our numerical

scheme can be provlded by running a solitary instead

of a sinusoLdal wave aL the model entrance and, then

monitor lng i ts propagat lon along the channel.  As iE

has been mentioned in Sect iorr  2.L, this sort  of  wave

is a permanent solution of the KdV equation (and

consequent ly,  of  the Bousslnesq equat ions for

uni-dLrectional flow) succeeding in retainLng an

undistorted shape durlng i ts travel l ing t ime by

balancing exactly Lhe non-llnear wlth the dispersive

effects. If as ln the case \.fle examlne now, the

non-l inear terms are excluded, the dispersive effects

become absolutely dominant.  As a result ,  di f ferent

parts of thq wave start  to travel with di f ferent

L7



3.2  Non- l lnear

condit ions

speeds and, therefore, the sol- i tary wave breaks lnto a

number of waves of different wave length. Such a

propagat ion has, indeed, an anal-yt ical  solut lon (see

Ref 16) but the purpose of the present experlment does

not justify its practlcal implementat,ion due to the

dif  f  leul t les lnvolved.

Nevertheless, the model results (see Flg 5) bear al l

the basic character ist ics foreseen by analyt ical

considerat ions:

o At the front,  the wave tends to decay

exponentially as time goes on.

o At the back, a tail of short rf,aves is formed

which are obviousl-y left behind, beeause they

are moving wi th s lower speeds.  I t  is  ev ident ,

that  the far ther  the wave l ies f rom the f ront ,

Lhe shor ter  i ts  wavelength ls .  In  F ig 5,  the

instantaneous wave profi le is provlded by the

numerlcal- scheme at different t imes as the

input  so l i tary wave t ravels and unfo lds i tse l f

towards the end of the channel. Thls numerical

solut lon shows c lear ly  a l l  the basic  analyt ica l

features descr ibed above.

In this case, there is a real dearth of analyt ical

solutions against whlch we coul-d check the behaviour

of the f in i te dl f ference model.  We can use agaln the

propagat ion of a sol l tary wave as a basic test '  s ince

if the finite difference model slmulates accurately

both the disperslve and non-Linear teros of the

equat ions, then, such a wave should retain i ts form

unchanged as it travels along the axis of the channel.

By ueans of the linear numerical tests of the

prevlous sectLon, we establ ished the abi l iEy of the

nodel to integrate correctly the third order

disperslve" term. I t  is now required to demonstrate
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i ts abi l i ty to integraEe correct ly the non-lLnear

terms as well and thls can be shown by a solltary wave

propagating downstream without any shape defornation.

We keep the same flow, geometrlcal and operational

detai ls for the test as before, that ls:

mean depth = 10.0m, wave ampl" i tude = 1.0n

f t5  =  10 .0n ,  t rE  =  I  sec ,  C,  =  1 .

The incident solitary wave ls provided through the

f i rst  elevat ion gr ld point as a funct lon of t ine.

Thls funecion ls the solution of the KdV equation as

the wave length and period becomes Lnfinite and it

i s ,

z  =  E  s e c h 2 . q

where

/  3e
9=  -Td

Ht=  a

Cr- | .1  (x -c . t )

( 15  )

. 1
Q = / g . d ( 1  * i r )

H = wave anplitude

So far as the dispersive term all o.2. & i" concerned,

we follow the same procedure as before for the ltnear

case i .e.  we lntroduce an lmpl lc i t  FD approximation.

The non-Llnear terns are simulated folLowing Lhe welL

establ ished, convent lonal method adopted at HR for

expl ic i t  schemes descrlblng t idal  f lows: vre

approxlnat,e the part ial  der ivat lves by angled f in l te

di f ferences which leads to the fol lowing di f ference

scheme (the dtspersion term ls temporarl . ly onl t ted):

( ln conjunct lon wlth Flg 2)
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Contlnui ty Equat ion:

n*l n
z .  =  z .

t - 1

n l - L / Z  , , ,  r  ,  \ \  n + L / 2

"'i*|'ti.,u* r"fil)r- ";:i'1i . {a+t * r_, t5") 
)

*

where:

1  n  n*1-J  (z )=  i ( r i * , .  +  
" ' ; ' )xt+t lz z

1 , n * 1  n .J* (z) = 
i  @'i_i  + zi)  (16)

^ r -L /2

l lomentum equatlon:

n+l /2  n- l /2u .  =  u .
l_ t_

. ,  r f ,+t tz -  rnt-Llz -  ^ 
J*t+r lz(u)-J*- t7r(u)

- g . t t r  - - - - - - E - - - - - U o . * . 7

where :

:  I , n - I / Z  i + L / z ,
u o = T  \ t i + r  t t i - l  )

J  , .  1 , n * L / Z  n - L / 2x i+L lz  (u)  =  
i  ( " r ' ' ' l '  *  

" i * i ' - )

r* (u) = l ," l l l  +,,n-r/2)
xt- t /z z

By applying the scheme above and calculatlng the

disperslve hlgher order term as before, we obtain the

results presented in Fig 6. The sol l tary r i lave does,

indeed, retain i ts shape whl le propagat lng along the

lengch of the channel showlng that the numerical model

slmulates successful ly al l  non-l inear and dispersive

ef fec ts .

Sini lar results are obtained, l f  we apply a

predlctor-corrector scheme. In this case, since we

20



introduce an i teratLve procedure, there ls no need to

make recourse to angled approxlmations to derlvatives.

That ls, lve can ful"ly centre our scheme as it ls

suggested below ( ln conjunct ion wlth Fig 2).

Cont inui ty equat ion:

n+I/Z = n+Ll2 ;
n* t  n  ^ .  

u t+ t l z  '  L t+ t l z  -  v t - t / z  '  
" t ' t /Z

' i  =  
" L -  

*

where :

- 1 ' n*l n n*1)zt+t /z= q k ' i * ' i  
-  *  " i * r  *  "L+L'

1  n  -n *1  ,  - n  - -n *1 . ,zr_t lz= t  @|*  " i ' '  
*  " ' i - r *  rL_L,

Momentum equation

t*Llz l--L/z .. "\+t/z- "l-rt,
r i  =  r i  -  g . a E -  

l D (

-  ^  
( 17 )

-  . .  ur* t  lz  
-  v t - t lz

-  uo. 'E'  
ea

where :

;  -  1  , t * L / Z  n - L / Z ,
u o =  

Z  
( t i  *  o i  )

-n  I  ,  n+L lZ  r - l /2  n+ l lZ  r r - l - /Z ,
u r + t / z = 4 ( u ' + 1 . +  t i + r  t t i  T t i  )

- ^  | , n + L l Z  n - L / Z  n + r / 2 ,  n - 1 / 2 ,
u r - t / z = 4 t t t  * t i  t t i - l .  * t i - l  )

Agal-n, lre can see an input solltary wave to retaln its

shape as l t  propagates downstrean (FLg 7).  Also we

find out that the r,rave traveLs with the right speed

i .e .  C  =  /gd  ( f+  
i  A .  The ques t ion  now ar ises  o f

what would be the solut ion, l f ,  lnstead of a sol i tary

wave, we introduced a traLn of uni form sinusoidal

2 l



rdaves at the entrance. There i.s experlmental evidence

(see Ref 7) that when steep, slnusoidal waves with

Urse l l  numbers  o f  a  modera te  o rder  ( i .e .  0 (1) )  a re

generated ln a horizontal channel, then the lnltlal

wave breaks down ln to a number of large and small

waves. The smaller !ilaves travel more slowly than the

larger waves, since the wave speed depends on the

anpl l tude and, therefore, waves perlodic ln t ime do

not remain siinply periodic in space: there is

development of "secondary" crests behlnd the large

r^raves. These large waves are called solltons (waves

resembling sol l tary waves) after an analogous

phenomenon ln plasma physLcs. There is, ln general,

in ieract.Lon bet\reen these sol i tons and i f  fol lowed

enough, Lhe separated waves wi l l  return, per iodical ly

in space, to approximate their  s inusoidal,  ln i t ia l

wave form. These results lndicate that this lnt t ia l

sinusoidal wave form produeed by the rdave generator

can be thought of as the forced superposit ion of a

number of sol i tary waves. Siml lar behaviour is also

exhibited by intttally snall sinusol.dal waves upon

enter lng a shal low shelf .

Madsen, Mel and Salvage (Ref 10) have shown

numerlcally these physlcal phenomena by solving the

appropriate equations and uslng the nethod of

character lst ies. They were able to denonstrate that

some of Lhe waves ereated were resenbl lng, ln fact,

cnoldal lvaves than solitary waves and that, ln

general, the sort of waves produced depends on the

value of the Ursel l  paraneter Ur.  Their  experiments

covered the range 2.5 d ur < 500 and thelr  concluslons

were ln br ief  as fol lows:

(a) For smal l  values of Ur,  the "secondary"

erests take a lot  of  t lme to be developed.

(b) For larger values of Ur,  "secondary" crests

appear sooner and ln greater numbers,

forming cnoidal waves at the front ( the

22



faster rnoving waves of

Ur values and solitarY

> 60) vaLues of Ur.

(c )  For  Ur  >  100,  b reak ing

the 1ot.) for moderate

waves fo r  la rge  ( i .e .

s ta r ts  to  occur .

Sl.nce there is experl.mental and numerical evldence for

such a behaviour as described above, the FD nodel

developed for  the solutLon of  the Bousslnesq type

equatlons should apparentLy be able to demonstrate

these basLc character is t ics of  the non- l lnear  l {ave

propagat lon in  shal low waEers.  To th is  purpose'  we

examined, for an one-dLmensional channel of depth

10.0rn,  the fo l lowing t t i lo  cases of  wave features:

wave ampl l tude = 1'0n, wave perlod = 10 sees.

U  = 1 0
r

wave amplltude * 2.5mt wave perlod * 16 secs.

U  =64
r

RunnLng the scheme (17),  we produced the results

presenEed in Figures 8 and 9. They are ln close

agreement wLth the conclusions of Madsen, Mei and

Salvage presented above: in the f l rst  case'  cnoldal

waves are creaEed at the front,  whl le for the second

case corresponding to large Ursel l  values, there are

clearly solitary rtaves moving at the front of the wave

traLn. Thls ls confirmed also by conparing the

numerical solution with the solitary wave profLle

prov ided by  theory  (Eq 15)  (see F ig  10) .

This close agreement of the nodel results wlth

experimental and theoretical evldence of non-linear

\,tave propagatlon ln shallow watersr shows that the FD

scheme behaves in a sat isfactory way.

Final ly,  the same sort  of  test ls repeated for

different kind of lnput \.{ave: we apply at the

23



boundary point the two f i rsc terms of a Stokets

expansion of a cnoidal wave, 1.e:

z  =  a  cos  (o t - kx )  *3u2 'a2  cos  2 ( t i f - kx )+  . . .
49. t  aa a

A cnoldal wave is a permanent wave solutLon of the KdV

equation and, thus, also of the Boussinesq type

equat lons  (6 r13)  fo r  un i -d i rec t lonaL f low.  I f  we

apply at the boundary an inflnite number of terms

approxinating the arnplitude z of a cnoidal wave as

above, then, the nodeL should be able to retaln the

permanent wave form of this wave all along the channel

in the same r,ray as with a solltary wave. Since we

apply only the two first terms of the approxlmation

and not a proper cnoidal lf,ave, ne cannot obtain

exactly a permanent wave form, because of error waves

orlglnatlng at the entrance of the channel (see Flg

ff) .  Nevertheless, by comparing Fig l f  and Fig B'  the

latter present ing the numerLcal results of applylng at

the boundary only the flrsu t,erm of the cnoidal wave

approximaLion, i .e.  a pure slnusoldal wave, Ide can

note the str ik ing benef ic ial  ef fect of  l -ncluding the

second term towards a permanent wave form propagatlng

downstream. This wave ls a solut ion of the

Bousslnesq-type equat ions and i t  can be reproduced

numerical only if the exact solutlon ls lnitiated at

the entrance point of the channel.

All nurnerical tests so

the verslon of o5u

&( 2. od
version is equivalent

to Ehe same dispersion

condit ions i .  e:

far have been carrled out using

of the dlsperslve term. Thls

. oa,
t.o -: --, 

since they both lead

0t zAK

relatlon under l inear

c r ' ' 12
' t ^

1* i kzdz
l i .2=
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which retaLns always a real t,r The versLo., 
Ofu ,"
&< 2. at

preferred, because l t  ls more tract,able to convenient

f ln i te dl f ferenclng.

^ ?

The other alternative version Ls o-' 
which nay appear

& 3
more appealing, since lt does not involve

dif ferent lat ion lv i th respect to t ime and, thus, Lt  can

lead to straightforward expl lc i t  FD schemes. Such a

scheme has been applied for linear simuLatLon of a

sl.nusoldal wave travelllng along a channel of consEant

depth 10.0n. The wave character lst ics are: \ {ave

arapl i tude equal to 1.0m, perlod equal to 10 secs.

Therefore, the test ls ident ical  to the one used for

the impl lc l t .  and predictor-correcEor type numerical

schemes descr ibed Ln  Sect ion  3 .1 .

The FD approximatlon [  ]  ot  the term &t *3 ls 
"s

fo l lows:  (see  a lso  F lg  2 )

*,'= k'
z r - t lZ  z i+z /2 '  2zL+L /z

g 2

z L+Llz  
+ z  t -3 /2 

-  2z i - r /z \

6t2

zr+3/z  -  z t - l / z '  32 t+ t /z  +  3 ' t - t / z

&r3

RunnLng the linear case as before, the solution is the

same as with the other schenesp 1.e. the effect is the

reduct lon of the wave length (see Ftg 12).

Nevertheless, the si tuat ion is di f ferent 1f the

non-linear terms .are added ln the equations. The

dispersive term & A3 leads under l inear condiEions

l inear condit ions to the disperslon relat ion:

i - 1 ^
a 2 =  C ' 0 .  k 2  ( 1  - ;  d 2 k 2 )
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which can assign both real and ilaaginary values Lo the

frequency ut If ur becomes inagl.nary, then snall

perturbations in the solution will- ampl-lfy and thus,

this relat lonship ls sensit ive to truncat ion errors

and to f in i te di f ference approximatlons. Thls is the

reason why when the non-linear terms are lntroduced ln

the di f ference scheme in the forru of f ln i te di f ference

ang led  approx imat ions  (see Seet ion  3 '2 ,  Eq.  ( f6 ) ) ,  the

scheme eventually "blows up" due to the slow growth of

initially sma1l errors which tend to anplify in tLme'

Therefore, i t  ls not possible to set up an expl lc ic

non-li-near schene wlth thls versLon of the dispersive

term.

On the other hand, sinee we try to take advantage of

the high computlng po!{er of the DAP, an explicit

scheme wlth angled approxlmations to the partial

derivatives cannot be implenenEed in a parallel

processing system. Al-1 non-l inear terms are required

to be ful ly centred and l t  is for al l  these reasons

that the dlspersive tern 
Ofu is eventual ly adopted

ar 2t
ln the Boussinesq-type equat ions. These equat ions are

solved by means of the predictor corrector scheme

descr ibed in  Sec t lon  3 .2  (Eq 17)  and Append ix  I .

4 TSIG.DIMENSIONAL

SOLUTION

In this case, we have to employ the full version of

the Boussinesq equat ions as f l rst  descr ibed by

Peregr ine  (see Eq 2) .  A1 l  the  tes ts  ln  th is  repor t

are carrLed out for channels of constant depth'

therefore, these e.quations take flnally the simpler

form:

*= - ft c".n, - $. (v.h)

D u : o ^ L c O f u A v

i l ;= -8 .  e*Tu * .6 t r (E*E)  
(18)
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+ d'E*EDv- =  -
D t

9*.,c[(
D
br t"

us'E*

the surface elevat ion

t o t a l d e p t h i . e .  h = d * z

toEal der ivat lv" {= $ + , ,

tS+$r

where:

z L s

h i s

#,

4.1  So l i ta ry  wave

These equatLons are numerically integrated by means of

an FD scheme of the predLctor-corrector type - as has

been already nentloned - whlch is descrlbed ln detail

in Appendix I. The problem agaln arises of how best

to validate such a numericaL nodel in view of the

complete lack of any analytical solutlon of Ehe

two-dimensional BoussLnesq equations.

As a start lng point,  we think agaln of the sol i taiy

wave and its main characteristlc Eo balance exactly

al l  non-l inear terms \r i th the dispersive terms and,

thus i ts abi l i ty Eo retains i ts in i t ia l  shape when

propagat,ing over a channel of constant depth. If we

assume a long-crested sol lLary wave Lravel l lng ln the

horizontal  plane (xry),  then thls wave should be a

solution of the two-dimensional Boussinesq-type

equat lons  (18) .

Let us assume a rectangular basln descr ibed by the

basic DAP unlt  i .e.  by a matr ix of 64 x 64 gr id polnts

having all its boundaries open. We consider a

long-erested sol i tary wave enter ing the basin at 45o

through the bottom eorner polnt A (see Fig 13) at the

left hand side. The depth of the basin ls taken to be

10.0n and the wave hel-ght equal to 1.0m. The t ine

increment At ls chosen to be L eec and the spaclng of

the gr ld equal to l4n according to the stabl l i ty

cr i ter ion (see Appendix I) .  I f  the numerical  scherne

simulates pecurately both the non-linear and

dlspersive terms of equat lons (18),  then l t  should be
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able to retaln unchanged the shape of the solltary

rrave as it propagates along the dlagonal AAr. Such a

propagat ion, therefore, could be consldered as a means

of testing the performance of the FD numerlcal nodel.

Since the flow ls two-dlmensional Ln plan' two oPen

boundary lines are required to lnltlate the wave

motlon inslde the rnodel area. In reference to Flg L3 '

we choose these open boundary lLnes to be llne Al and

l ine A2. Line A1 is in fact a l ine of rveloci ty

points,  whereas l lne A2 is a l lne of u-veloci ty

points.  At each of these points,  the veloci ty (v or u

respectlvely) is provided as a function of tirne by

means of the analyt ical  solut ion, i .e:

u  =  C 0 .  € sechfo .  cos 45o

v =

where

co  .  € .  sech fo  .  s l n  45o

1  l ,

C o =  ( g . d ) " ' ,  e =
H
Z 'o

wave height

a=ff1r

C  =  C 9  ( 1  +

t
8

I
z

e )  ( x  -  C . t )

e)

( le  )

( s e e  a l s o  S e c t i o n  3 . 2 ,  E q  1 5 ) .

The rnodel is run for a certain number of lterations

but we always make sure that the wave does not reaeh

the end l in i ts of Ehe basln area'  so Ehat we do not

have to apply special  boundary condit ions. We monltor

numerically the propagatlon of the wave inside the

basln and we present the results in the forno of

surface elevatLons' ln a cross-sect ion along the

diagonal-  at  var ious t ime levels (Fig 13).  By

comparing the shape of the wave at these levels

auongst thenselves and also with the theoretical

proflle, we conclude that this shape remaLns unchanged

durlng the wave propagation. This provides evidence

that the FD nodel does, Lndeed, simulate accurat,ely
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the non-linear and dl-spersive terrs of the equatlons

and therefore can be considered as a rellable means

for the numerical  integraLlon of the Boussinesq

equat lons ln two spat ial  dimensions. The sane test is

repeated for a di f ferent angLe of lncidence i .  e.  for O

= 30o. The cross-sectLons at var ious t ine levels are

now taken not along the diagonal but along a llne at

30o to the horizontal  x-axls.  The results (Flgs 14

and 15) ver i fy that the numerical  nodel retalns not

only the shape of the solltary wave but, also its

angle of propagat.ion in the lnterior of the basln

area. trle examine no\.r the case where the wave does

reach the end linlts of the nodelled area. In this

case, appropriate boundary condlt ions should be

applied there to allow the wave to go through the

boundarles wlthout any deformatlon whlch could cause

ref lect ions at these boundarles and therefore

contamination of the proper solutlon Ln the inLerlor

with numerical  errors. We start  by consldering the

simpler case of a sol i tary wave enter ing the basln at

r ight angles to the boundary l - ine A2 (see Fig 13).  l ' le

need t,o apply the required boundary conditions along

the opposite end of the basin i .e.  along l ine Ar2

which is chosen to be a ll-ne of u-velocity grid

poinLs. The veloci ty u at these points cannot,  be

calculated ln the normal- way described by the basic FD

nuuerlcal scheme, since no wave lnfornation ls

aval lable at the outslde of the boundary area.

Nevertheless, i f  the Courant number ls exact ly one,

then the character lst ic l1ne {}  = /g,d orLginated at
d t

polnt i at, tlme level n. lE passes exactly through the

boundary polnt i*l at tlme level (n+1). At under llnear

condLt ions. In such a case, the boundary

specif icat ion ls slnply that:

n*l
ti+l = n

u .
L

(20 )

Applying such a condit ion at the end boundary Ar2, we

succeed ln letting the solitary wave through the

model area without any deformation whatsoever (see Flg

29



! ,., 
1O). llowever, for the two-dLnensi.onal cases the

stabllity conditlons are such that the Courant number
/ed. At

is no longer 1 but U2. The character ist ic

line through a boundary point at time (n+f). AE

intersects the tlme level n. l[ at a polnt 1 between i

and t* l .  The necessary boundary condit lon is then:

n*1
ti+l =

where x,  = 'y 'g.d.Ac and the value of ul  ls found by

l lnear interpolacion between value" 
" l* l  

and ul .  B;

applying this sort of approxlnation of the boundary

condit , ions along l ine Ar2, ve obtaLn the results

presented tn Ftg 17. I ,Je note again that the sol i tary

wave does pass through the boundary almosL tocaLly

unhampered and that the numerl"cal error lnvolved ls,

indeed small. Finally, if we wish the boundary to be

part lal ly ref lect ing, then the boundary condlt ion is

formuLated as:

n
t l

(2r)

where ir  ls Lhe ref lect lon coeff ic ient.  For f ,  = 0, we

have total  ref lect ion and for f ,= 1, total  absorpt ion.

Going back to our or iginal  test of  a sol i tary wave

entering the basln at. a 45o angLe t,o the x-axis, we

must take lnto account in Lhe boundary conditions the

fact that the wave hlcs end boundaries at the same

angle of 45o. The poslt ion of polnt 1 ln the plane

(xry) is def ined by the character lsLic l ines
d x  ,  .  , ? 6  d v  r  .

# =  
/ g . d  c o s  4 5 " ,  * J  =  / g . d  s i n  4 5 o  a n d  e v e n t u a l l y ,

we flnd the boundapy condltlon in this case to be:

nt1
or+l =

n*1tr.+r =

rul

g
7s.d.

n+L/Z  ,  F  o
. 

"7+L 
. cos +f (22)

for a Courant number of t/2/2.
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4 . 2  R e f l e c t i o n  t e s t

The sollcary \dave leaves the nodel area without any

deforuat l .on or "secondary" refLect lons and after a

whl le,  the surface inslde the basin ls conpleteLy f lat

(see Fig 18).  The formulat lon of the boundary

conditlons above assumes a prlor knowledge of the

angle of lncLdence of a wave at an end boundary. Thls

ls not in general the case and therefore we have to

assess the effect of uslng in the absorbing boundary

conditlons an angle whLch is different from the actual

angle of incidence.

We consider solitary r,raves eneerlng the rectangular

basin at 60" to the x-axls,  whi le we retain the form

of boundary condlEions described above i .e.  for an

angle of 45o. We present the results as contour l ines

of surface elevat ion ( f fg 19).  There is a certain

deformatlon of the wave at i ts crest c lose to the end

boundary and in general, the contours do not remain

absolutely stralght.  Numerical  errors start  to

propagate from the absorbing boundary in to the area

inside the nodel.  Under the circumstances, l t  ls

important that care is exerclsed ln Lhe formulatlon of

the absorbing conditlons and the matter should be

further lnvestLgated' The only way to avold numerLcal

errors entlrely is to know ln advance the angle of

lncidence of the wave at the boundary but, this ls

hardly the case in reaL si tuatLons.

In a numertcal  model based on f lni te di f ferences, any

straight coast l ine is represented ln a stepwise

manner. The quest lon, therefore, ar lses whether under

these condit lons the ref lect lve propert ies of such

boundaries are accuratety simulated. To thls purpose,

lre -assume a solitary \dave travelling frorn lef t to

right along the x-axls and irnpinglng on a reflector

ly lng at 45" to the x-axls.  I f  the ref lect lon of the

wave ls total ,  then, i ts direct ion afterwards should
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4 . 3  D i f f r a c t i o n

tes t

change by 90' .  The propagat ion of the wave is glven

in Figs 20 and 21 in an isometric pLoc and we can

observe the fol lowing:

(a) Despite l ts stepwlse representat ion in the

nodel,  the straight wal l  sLmulates in the

proper way the ref lect ion of the sol i tary

lrave. Looking at the veloci ty plot  of  Fig

21, we can see clearly that the wave is

moving parallel to the y-axLs after l-ts

ref lect ion.

(b) At the polnt of  ref lect ion l tseJ-f ,  the wave

height is doubled as expected.

(c) The portion of Lhe wave which has not been

ref lected yet cont lnues to ProPagate

undlsturbed.

As a further test,  the or ientat ion of Lhe wal l  ls

aLtered fron 45o to 60o. The dlrect ion of propagat ion

after the ref lect ion is again found to be correct (Fig

22).

The obvLous conclusion is that a st.epwlse

representatlon of boundary lines ln a FD model has no

adverse effects on the l tave motion.

Final ly,  for the same test we introduce a ref lect ion

coeff ic ienc l"  at  the walL. In Fig 23, this

coeff ic ient is taken equaL to L/2 whereas La ELg 24,

it is taken sfunply as 1 l. e. the boundary ls fully

absorbing. For both cases, \ . {e apply the boundary

conditlons which correspond to an angle of lncidence

o f  0 o  ( s e e  S e c t i o n  4 . 1 ,  E q  2 1 ) .

I,le proceed t,o test the abllity of the flnite

dl f ference'model to produce di f f ract ion effects around
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for example a breakwater tlp. We choose a harbour

area consisting of a narrow entrance L m wide (L ls

the wave length) which leads to a large expansion in

the breakwater lee (see Figs 25 and 26). The southern

boundary is taken to be totally reflectlng and

therefore the di f f raetLon of the waves w111 be

equivalent to the diffractlon through a breakwater gap

twice the width of the assumed entrance channel, slnce

the solut lon is symnetr ical  around this boundary.

Consequently, for llnear waves we could- -use for

comparison the theoret ical  solut lon provided by

S'dnmerfeld (R.ef 15) for this particular case of a

breakwater gap.

Unfortunately,  there is no theoret ical  solut lon for

the di f f ract ion of non-l inear !{aves. Nevertheless, t f

the ratio of wave height to mean r,rater depth Ls small,

then we should expect the non-llnear solution to be

close to the llnear one. l,le choose the mean depth to

be 10.0nn and Lhe wave height equal to 1.0n. The t ine

increment ls 1 sec and the space increnent is found by

the  s tab i l i t y  c r i te r lon  to  be  =  14 '0n .  S inuso lda l

waves of per iod 10 secs are lni t lated along the

open-boundary llne by speclfying thelr u-velocity as a

funct ion of t ime. First . ,  we run the rnodel wlth the

llnear version of the equations and wlthout the

dispersive terms trying to establ lsh, in pr lnciple,

the abl l i ty of  a f in l te di f ference scheme to produce

dlf f ractton effects around a corner polnt.  The

agreement betrileen the numerical results and the

theoret ical ,  l lnear S'6murerfeld solut lon for a

breakwater gap of width 2L Is shown ln Fig 26. The

diffraction coeffi."f.rrt contours for the tl^to cases are

very close and therefore rre can safely assume that the

nodel ls able, lndeed, to slnulate rdave dl f f ract ion

successful ly .

At a second stage, the model is run under the same

condit lons but with i ts ful l  non-l inear and dlsperslve

version. The results are given in Fig 27 artd we can
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SET-DOI{N I{AVE

TESTS

see that the dl f f ractLon coeff lc ient curves are

sl lght ly dl f ferenL to those corresponding to the

l inear case. For both the cases, l t  was found best to

apply at the poLnts of exit of the model those

boundary condLtions whlch correspond to an angle of

lncidence of 0o. Final lYr w€ test the dl f f ract ion of

a sol i tary wave. For Lhis part ieular case, there ls

no analytlcaL solutlon but some experlments have been

carried out in the laboratory whlch have demonstrated

the main features of this physlcal  process (Ref 12).

IL has been establ ished that once the di f f ract lon of

the solltary vrave has taken place a trough is created

behind i t ,  fo l lowed by "secondary" crests.  Figure 28

shows that the numerlcal model produces something

slnl lar.

Thls di f f ract ion process ls also conbined with a

completely closed basln i .e.  wlth a ref lect ing

boundary opposite to the entrance (Fig 2B). The

results show the formation of a trough behind the

wave ref lected at the end boundary. This is also

found experlmental ly (Ref f2).  The combined

dif f ract ion/ref lectLon process ln a closed basin

presented numerical ly here shows the sane baslc

features as other nuuerical  solut ions of sol i tary wave

movement,  (see Refs 8 and 13).

A11 t,ests so far have considered only one single wave

traln of a certain frequency. We are lnEerested now

to know what happens lf waves of dlfferent frequencl-es

are propagated within the modelled area. The waves

propagate with speeds that depend on their perLods and

therefore, they will continually move through one

another. At certaln tLmes a number of then will come

together to produce a group of large rsaves whlle at

other Eimes they w111 be out of phase glving r lse to

relatlvely snall waves. When a group of large waves

is formed, there is a corresponding increase ln the
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kinet ic energy of orbi tal  water part ic le movement.

This l-eads to a reduction in the water pressure and lf

the air  pressure is taken to be consLant,  the result

ls that a depression in the mean water level oceurs

between groups of high { taves. A compensat lng r lse Ln

the mean level occurs between groups of hlgh waves.

Thls surface perturbation is enhanced by a wave-like

flow that develops beneath the surface. This

disturbance ls known as set-down beneath wave grouPs

and was f l rst  descr ibed by Longuet-I l iggins (Ref 9).

I t  has a periodici ty associated with the groups but l t

d i f fers fron a free long wave, because l t  is t led, ln

fact,  to the l lave groups. Therefore i t  propagates at

the group velocity, whlch is Less than the phase

velocity of a free Long wave of the same period as the

set-down. This disturbance wLth perlod of the order

of mlnutes is extremely importanE for large moored

vessels,  sLnce the natural  per lods of hor izontaL

osci l lat ion of such vessels on their  moorings are

typleal ly wlthln the range of 30 sec to 2 minutes. As

a result ,  a signi f icant resonant response of the

vessel can be produced by relat ively srnal l  anpl i tude

long perlod wave motions, which in certaln cases can

cause moorlngs to part' The problem can be compounded

for vessels moored inside harbours when long period

wave motions are amplifled through harbour resonance,

since lt has been shown both theoretically and

experimentally by Bowers (Ref 6) that set-down behaves

nuch like an ordinary long wave when it exciEes the

resonant modes of harbours.

The slnplest exaaple of the set-down beneath wave

groups ls provided by a wave system consist lng of just

Lwo frequeneies. In thls case the groups of waves

(and consequenLly the set-down) occur regular ly with a

frequency equal to the difference between the two wave

frequencLes.
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5. I  One-diuensional

tes ts

We enploy Lhe inplicit nurnerical scheme described ln

Sect ion 3.2, Eq 17. We consider a very long channel

of 10n depth and two trains of regular waves

travel l ing along i ts length with the fol lowing

character is t ics :

Train

Train

Per iod

Per iod

r 1

Tz

one:

tr{o:

=  10  secs ,  amp l i t ude  a  1  
=  0 .5m

= 14  secs ,  amp l l . t ude  a2  =  0 .3m

The inclusion of the dispersive term Afu/ Ax 2. Ot ir, th"

equations allow the waves to travel rdith a speed

dependlng on their period and combined with the

inclusion of the non-l inear terms, i t  makes posslble

the formatLon of the set down wave along Ehe channel.

tr' le can predict the main characteristics of this wave

by consldering the basic di f ferent ial  equat ions (13);

a Stokets expansi.on to the second order of the

variables Lnvolved and subsequent solution of the

equatLons can lead to the fol lowLng prof i le for the

set-down wave (Ref 5).

D cos ( urt - t-x)

where :

o- = u2- td1

(23)

[ - = kz  -  k r

D =#

k-. a 1. a 2 k-. url. rrl2 
"trt l 

o2_
ct= ---r{-  (-=r;o;* t tn,*EJ,

36



g 'd  3 'k -  4

C 2  =  ( u t - )  2  -  g . d . ( l f )  2 +  - - - -

a 1r k 1r oI: amplituder wave number and angular

frequency of wave 1.

a 21 k 2t @2i arnplltude, wave number and angular

frequency of wave 2.

rn general ,  the second order wave n(2) r"  found to be

( R e f s  3  a n d  5 ) :

( r \
z ' - '  =  b ,  c o s 2 ( t i . t  -  k t . * )  *  D  c o s  ( t r r t - k . x )

+ c cos (o*. t-k+.x)

where :

+
t r )  =  o2*  t : t

+
k  =  k 2  *  k 1

3  w . 2  a . 2
b ,  =  t  t  

L =  L r 2
t  4 e  t l  . a 4- 1

4 2
3 ( o  )  . a L . a 2

a 2
2 9  k 1 . k 2  ( k ' )  .  d r

D as before

Under the circumstances, the FD scheme would be abl-e

to produce the proper solut lon of the di f ferent ial

scheme (13), lf and onl-y if all the conponents of the

second order wave above are provided at the entrance

of the channel i .e.  at  the f i rst  eLevat ion point (*) .

This ls part icular ly true for the most important of

these componenLs i. e. the set-do!{n wave. Experiment,s

already carried out as part of the research programme

of HR (nef :)  have denonstrated that the result  of
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not progranming the wave generator to produee set-down

ls to introduce long waves with the same perlod and

approxlnately the sane amplitude as set-dotvn but wlth

a phase shif t  of  180".  I t  ls only in thls etay that

the boundary condition on the paddle face that
t r \

u \ ' /  = 0 is sat lsf ied in Lhe absence of secondary
x

paddle movement. As the primary wave system

propagates away from the generator,  l t  carr ies wiLh i t

the set down associated with wave groups but,  also,

propagat ing with the system are secondary long waves.

As has been mentioned above, set-down propagates more

slowly than the free secondary long waves. They are

exactly out of phase at the wave generator and will

gradually come into phase wlth one another with

increasing distance from the generator.  As the

dist ,ance lncreases further the Lwo w111 again go out

of phase and so on. Thus, the response of harbours

and moored ships sensit lve to long perlod disturbances

could depend on thelr distance from the wave maker.

Exactly the same behaviour ls exhiblted by a numerlcal

model whlch does not al low for the set-down correcElon

to be added to the total  elevat ion appl ied at the

flrst elevation polnt (+) of the grid (wave maker

p o s i t i o n )  ( s e e  F i g  2 9 ) .

After a certain number of t lne i terat ions has elapsed,

lse carry out spectral  analysis based on the Fast

Fourler Transform (FfT) nethod at a number of

distances from the channel entrance (Fig 29).  Inle can

see that very close to the entrance (x = 25rn),  the

set-down produced by the non-l lnear and disperslve

terms of the model l tsel f  ls 180" out of  phase wlth

the free long wave created due to the conditLons at

the open boundary and, therefore, they cancel each

other.  As a result ,  the spectral  analysis reveals

that there Ls no energy at f requency f  t - f ,  at  this

distance. Moving further down the channel, they

separate from each other,  s ince the set-down travels

slower with the group velocl ty lnstead of the phase
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5.2 Two-dinensional

tes  Es

one. This results ln a contlnuous change of the wave

energy at  f requency f , - f ,  as we d is tance f rom the

entrance of  the ehannel .  I t  is  noted that  the

expected value of the set-down anplltude ln our case

i s  0 . 0 6 n .

In a second run of the model, the set-down wave is

added as a funetion of t ime to the total wave

anpl l tude Lmposed at  the channel  entrance (Fig 30) .

In the same way as before,  \ le  carry out  spectra l

analysis at the same dl-stances from the wave maker.

lrle note, now that the value of wave energy aE f yf 2
(proport ional  to  the wave anpl l tude squared)  remaLns

almosc constant along the length of the channel and

does not  depend on the d ls tance,  The average value of

set-down ampl icude is  found to be 0.061n.  In

conelus lon,  we see that  for  the s imulat ion of  the

set-down ef fects i t  is  necessary to add the

appropr late second-order  correct ions to the inctdent

r,fave.

In this case, we make use of data avai lable fron

laboratory experiments carr led out at HR to study the

dlf f ract ion of set-down waves inside harbours (Ref 4).

For thls reason, a numerical  gr id is set-up to cover

the ent,ire area of the physical nodel experiment (Fig

31,  F ig  I  o f  R"e f  4 ) .  I t  cons is ts  o f  a  nar ro r^ / ,  long

entrance leading to a large harbour area behind the

breakwaLer arm. Under these condlt lons, the waves

origlnated at the entrance of the numerical  nodel wi l l

t ravel exact ly the same distance as ln the physical

one, before they reach for the f i rst  t ime the shingle

beaches at Ehe end boundaries. These beaches aet as

energy dlssipat ing mechanisms in the physical  model 1n

the sense that they absorb ent irely the energy of the

shortest waves whl le they nay ref l -ect part ial ly or

even totally the energy of longer r^raves. Numerically,

they are r t ipresented by a slngle l ine of u (or v) gr ld
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points where the appropriate veloeity is calculated by

applylng the proper boundary condlt ions (see Sect ion

4.1).  These condit lons ensure that the total  energy,

both of short and long waves, ls "absorbed" through

the boundary lLne. Nevertheless, there are

approximations ln their  f in i te di f ference

Lmplementat ion ( l inear interpolat ion, no knowledge ln

advance of the angle of incidence) and therefore, we

should expect a certaln amount of the \,save energy to

be ref lected back due Eo numerical  errors. I t  must be

noted that al l  the experiments carr ied out in this

report have shown thls amount to be very low and lt

causes, in fact,  no undue distort ion of the wave

fronts as they exl t  f rom the model area.

I t  ls obvlous, therefore, that ln Lhe numerical  nodel

we do not sLmulate the ful l  act ion of the shingle

beaches of the physical model h'lth their

di f ferent iaL absorbing capaclty for short  and long

waves but we sinply allow aL1 the waves to go through

the boundary limits undistorced and unhampered - at

least in theory.

Under the circumstances, i t  seems that a direct,

quant i tat lve comparison between numerical  and physical

model results Ls, in general ,  rather di f f lcul t ,  s ince

waves returning from the boundaries would be dlfferent

in the two cases and dlstort  in a di f ferent nanner the

dif f ract ion patterns behind the breakwater.

Nevertheless, referr ing to Ref 4 (Table 1),  we can see

that the experimental conditions of ease 3 in the

physical  model were such as to introduce ref leccion

coeff ic lents wel l  below 10%, I t  could be used,

therefore, as a case study, provided that the

numerical nodel exhibits the sane level of wave

ref lect ion from the absorbing boundaries. The

calculat ion of the ref lect ion coeff ic ients is an

integral part of the whole experLment; not only as a

check of the ref lect lon levels lnside the model but,

pr incipal lyr 'because theLr value ls required for the
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calculation of the wave amplltude incident on the

breakwat,er tip. Thls anplltude is in turn needed to

def ine the di f f ract ion coeff i .c ients withln the harbour

area .

The test has been carried out with the followlng wave

character is  t ics :

Prinary wave one
Primary wave two
Set-down

l'r.q,r".r"y Auplitude Period
Hz m sec

0 . 0 7  L . 6 4 5  L 4 . 3
0 . 1 0  t . 9 6 5  1 0
0 . 0 3  0 . 2 8  3 3 . 3 3

The motion ls ini t iated lnside the nodel by specify ing

the total  velocl ty u due to al l  these three wave

conponents above along the open boundary polnts (wave

paddle posit ion).  The space and t ime increment have

been selected to be lx = 29.0n, [g = 1. lB sec and this

means that, for the shorter ri/ave we have I.I* = 4.8

polnts per wave length and N, = 8.5 points per wave

period. During each run, surface elevaEion data are

stored as a t ime serles at gr id points which are

ident i f ied with wave probe poslt ions ln the physical

model and, in part , icular:

? I .  7L  9L  5L  l l l ,  13L  7L
at dlstances 

f, T-, T-, Z-, 
-T-, 3L, -q-, 

- 
and

3.6L frorn the wave paddle along the brealcwater

f lume (where L =513.33m ls the wavelength

corresponding to the beat frequency t  yt  ) i

at  dlstances L/2, L and 3L/2 fron the breakwater

t ip  a long l ines  pos i t loned a t  15" ,  30o ,  45" ,  60o,

75" and 90o fron the shadow l- lne (see f fg 31).

Our airn ls to def ine numerical ly the di f f ract ion

pattern of the set-down l^tave, since the physical

experiment has shown it to be different from the

dif f ract ion pattern of a free wave having the same

frequency and arnplitude. The l-atter has to be

establ ished by running the rnodel f i rst  wlth only one

wave imposed at, 1ts open boundary and having the
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character ist lcs of the set-down wave i 'e.  f  = 0.03H2,

a= 0.28m. After a number of t lne sEeps has elapsed

(ln fact 1006) so thaE the waves have reached Lhe

end boundaries and reflected back ln the breakwater

flume, r.re carry out spectral analysis to produce the

s.peetra at the selected wave probe posit ions (Ffg 32).

We note, also , that the numerl-cal  results presented ln

Fig 33 suggest that the flow ln the flume is more or

less one-dlmensi.onal. By studylng the \.{ave spectra of

Fi-g 32, therefore, we can safely conelude that the

wave system ln the f lume consists of:

the lncident wave

the ref lect ion of

boundar ies of  ' the

i ts  re-ref lect lon

entrance.

this wave at the absorbing

model and

on the wave paddle at the

(See Ref 4).  As a result ,  we can proceed ln the

calculat lon of the relevant ref leet lon coeff ic ient and

phase - as is descr ibed in Ref 4 -  and f lnaLly of the

anplitude of the wave incident on the breakwater tip.

Using this wave anplitude and the one correspondlng to

the spectral  denslty calculated by the spectral

analysis at each of the points I to 7 we can draw the

dif f ract ion coeff ic ients curves of Fig 34. They are

compared with the-theoret ical  results for l inear waves

in the case of a breakwat.er gap and a single arm

breakwater.  In Flg 34(d),  we have a direct comparLson

between theory, physical and numerical models. llaving

establ lshed by this f i rst  run that a ref lect ion of 97"

must be expected at the absorblng boundaries for f ree

waves at the frequency and amplitude of the set-down,

we proceed ln running the model by applying the entire

set of lncident waves ac the open-boundary l ine i .e.

both the two prinary \daves and their set-down effecc.
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The wave energy spectra produced ln the breakwater

flume at frequeney f = 0.03 tlz are presented ln Flg

35. We note imnediately thaL they do not follow the

pattern suggesLed by a one-dLmenslonaL flow in the

f lume as in the f i rst  test (Fig 32).  There are, also,

di f ferences with the physical  model results.  This

happens, because the flow in the flume Ls now srrongly

two-dimensional. This is also shown by the results ln

f ig 36 which presents the free surface elevat ions in

the breakwater flume at it.eration number = 800. Under

the circuustances, l te cannot calculate the ref lect ion

coeff ic lents and phase ln the straightforward manner

as before (Ref 4).  Instead, we decide to calculate

the di f f ract ion coeff ic ients inside the harbour area

by assumlng the wave anplitude incident on Ehe tip to

be equal to the wave amplltude of the lncident wave at

frequency f  = 0.03 at the entrance. This ruay affect

the poslt lon but not the shape of the di f f ract lon

coeff ic ient curves, and" therefore, our general

conclusions remain val id.

The di f f ract ion coef f ic ients for  each of  the pr inary

waves are given ln Fig 37 and we can see that thelr

agreement  wl th theoret ica l  va lues is  acceptable.

I n  F lg  38 ,  t he  d l f f r ac t l on  coe f f l c l en t s  o f  t he

set-down wave are shown and compared both with

theoret lca l  va lues and,  a lso wlch the f ree wave

dl f f ract lon coef f ic ienLs obta ined previously  dur lng

the f i rs t  run of  the nodel  (see Ftg 34) .  I , le  note

that ,  despi te the fact  that  the d i f f ract ion curves of

the set-down and the free wave are not in the aame

posi t lon -  for  the reasons out l ined above -  however,

thel r  shape is  Just  the same'  This suggests that ,

under the assumed condi t ions,  the d i f f racLion of  the

set-down does not  d i f fer  f rom the d i f f ract lon of  a

free wave havlng the same amplicude and frequency.

One of the reasons for such a behaviour may be that'

even before any wave reflecting at Ehe absorblng

boundar ies 'has returned back Ln the f lune,  the f l -ow
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CONCLUSIONS A}ID

RECO}IME}IDATIONS

there is already stgnlf icant ly dlsturbed due solely to

the di f f ract lon process at the breakwater t ip.  Thts

is shown clearl-y in Fig 39 where the free surface

elevations are glven along the flune at iteration

number = 300. (The wave front needs roughly 200

Lterat ions to reach the absorbing boundaries and 300

to meet the breakwater tip on its way back. )

Therefore, the flow ln the flune has become strongly

two-dimensional with the presence of cross \raves (see

f ig 40) slnply because of the dl f f ract ion around the

breakwater t ip which scatcers back waves towards the

entrance of the channel.

Final ly,  in an attempt to remove the cross waves from

the numerlcal solution al-ong the breakwater flume, we

enlarged the widEh of the entranee channel fron 140m

to approximately 513m 1.e. roughly one wave length L.

Nevertheless, even in thls case the f low remalns

two-dimensional and the results obEalned are the same

as before: the set-down di f f racts around the

breakwater tip Lrr the satne way as a free wave havlng

ident ica l  charac ter ls t l cs  (see F lgs  41  and 42) .

A f in l te dl f ference scheme has been devLsed to

slmulate numerically wave propagation in shallow

coastal  areas. Such wave propagat ion ls

mathematLcal ly descr ibed by the Boussinesq-type

equations whlch introduce the surface elevation z and

the mean velocities u and v as the unknown variables.

They are baslcal-ly_ the well known shallow water

equat ions which are extensively used in t idal  and

rl,ver hydraullcs but \rLth exrra third order terms in

the two momentun equatlons. These account for

vert ical  accelerat. ions which are st l l l  smal l  but not

negl iglble.  Under these eondit lons, the pressure Ls

non-hydrostat ic and the waves dispersive i .  e.  thelr

speed of propagat lon depends on their  per iod.
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The nagnitude of these additional terns ls cornparable

wlth the error usually lnvol-ved Ln conventlonal 2nd

order accurate FD technlques for the solution of the

shal low water equat ions. Therefore, part icular care

must be taken to avoid contauination of these

important terus by unacceptable numerical  errors. To

tackle thls signi f icant numerical  aspect,  we introduee

a fully centred FD approxLmatlon to the fundanental

di f ferent, la l  equat ions and a predictor-corrector

approach l"n calculatlng all non-linear and dlspersLve

terms

This was aehLeved by taklng full advantage of the

available high power computlng capabllltles at HR ln

the form of the DAP systen which makes this sort of

i terat ive procedure cost ef fect ive and not unduly t lne

consuming.

There are di f f lcul t ies in the val ldar ion of a

nunerical  scheme solving the Boussinesq-type

equat lons, because of a real dearth of s inple

analyt lcal  solut ions. We try to make best use of the

few available solutions and in the course of the

val idat ion proeess the fol lowing conclusions are

drawn:

l. The FD numerical ruodel of the

predictor-corrector type is found to be able

to simulate aceurateLy al-l non-linear and

higher order terms of the Boussinesq

equaEions whlch are responslble for the

introduct ion of the disperslon effects i .n

the wave propagat ion.

2. The stabi l l ty cr l ter ion ls the same as the

one required in t idal  f low simulat, ions i .e:

lE < &(/ /2gd + max veloclty).
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3 .

Nevertheless, there Is a Llni t  ln che range

of appl lcat ion of the Bousslnesq equat ions

which ln practical terms ls refl-ected in the

addit lonal condlt ion lK > 1.15 d. Courant

numbers should be close to unity for

aceuracy reasons.

The uodel is found capable of reproducing

successful ly dl f f ract lon effects around

breakwaters for both ll-near and non-lLnear

waves; also, i t  s imulates successful ly any

ref lect ion propert ies ( total  or part ial)  of

boundary l ines which are represented in the

rnodel in a stepwlse manner.

The one-dlmenslonal- boundary conditLons

appLled along arEif ic ial  boundarles with the

view to "absorbing" the wave energy by

allowing the waves to leave unhampered

through the rnodel boundarl-es, have caused no

undue distort ion of the numerlcal  solut ion

for al l  the examined cases. I lowever,  thls

matter should be further invest igated by

varying the angl-e of allgnrnent of a boundary

to the dlrect.ion of the waves.

Fo1lowing slmi lar nethodology to physical

model experiments carried out. at IIR in the

past,  a proper representat ion of the

set-down'wave along a f lune has been

achleved by introduclng the necessary second

order correct lons to the wave prof l le at the

open boundary'  points.  However,  the

dif f ract lon of this wave around a breakwater

tip was found to be sinilar to the

dif f raceion of a free wave with the same

character lst lcs in al l  Ehe examlned cases.

This contrasts with the physical  model

results and i t  should be further

inves Elgated,

4 .

5 .
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6. Final ly,  the model could be safeLy used for

the calculation of non-llnear lrave

propagat ion inside harbours of ,  very-sinple

geometry and constant depth.

The present work is seen as a f i rst  important.  step

towards the ful1 development of a f in i te di . f ference

model solvlng the Bousslnesq-type equations by taking

into account more realistlc lnput condiLions and in

part icular:

(a) snal-l variatlons Ln the mean \tater depth

and, thus, wave refract ion effects;

(b) more sophlst tcated boundary condlt ions along

"absorbing" boundaries for concurrent wave

trains of dl f ferent dlrect lon;

(c) random and mult l -direct lonal incident waves

at harbour entrances.
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APPENDIX I

The various terms in Eq 18 are approxirnated by centred finlte -differences in

the fol lowing manner ( in conjunct lon with Flg 2):

Cont inul ty equat ion

( [  ]  stands for "FD approxlnarion")

n n- l

[9 ]  =  " i , i - ' L , i
' 0 t '  A t

n -L /Z  ;  n -L /2  ;
ra , . . . .  r \  - ,  -  Y+r /2,  j ' t r+t /2,3 

-  vr- t ' / i ,  j  '  z t - t /z, i
LE  ( " . s )  J=

w h e r e :

Vt+ t /z ,J  =  d

and sinilarly

Io (v .a ;  l=Ay

, l , n - l . n n n - ln T Qi , l  *  
" - ; ,J  

+  
" i+r ,J  

*  
" i * i ,  j )

'  f . o r  L  ._ r /2 ,  j .

_-n-L /2 ; nut , i+ t /2  '  ' 'L , i+r lz  -  ' t t i ,  
i -L /z  

'  ' r ,J -L/z

where :

vi, j+rtz= d + i c"l, j  * " l ;1 *,1,j+1 +,i l1*r)

and sirul lar ly for E 
t ,  j_t /2.

u(v) nomentum equatLon

n+I/2 n-L/2
r f u t  -  

t i , j  -  t i r j
' a t '  l E

n + L l z  * , . n - t / 2  _ . - n + t / 2  _ . - n - L / Z
r.. tu r _ ; "i+t, jWW* "t+t', j-tf*- "-i-l',Jilrlnr- "i-t',j=u-lzL tE l=  u  '  -  

4  & (



where :

u=|,"il1"*"i-]/'r
n+L/2 n+L/2 n- l /Z n-I /Z

p , .  o r  r  -  ;  
tL r5+1 -  t i ,  j - l  t  t l ,  j+ l  

-  t l ,  j - l
,_" $:r "

where :

n = ; ."il]" . "ili{i . "1i113., . "lil13 .

"T,\/'. "l;i.li . "l;113., . 'liljlr

r U ' r
l -  |  -'aK '

n nz t + t / 2 , 3  -  z t - L l z , j

AK

n+L/2 a+LlZ Z ul+\/z e-!/2 * ,,n-I/2 _ 2.u". L!2

L i l - l=  L , t i - t , j  
-o t+ l , i  -  -  * i , j  

-  
* i - r , j  * t r+ r , j  -  t ' t r , j  

,'00.2. 
oa' A[ 

& 2 br2

n+L/2 l l*.L/z n+LlZ n+L/2
r  o fu  1 -  1  , v t+L / z ,  j + t l z  

-  v t+ t / z , J -L l z  -  v r - t / z , J+L l z  *  t i - l  
/ 2 , J -L l 2  _L6;6;-6Ej - 

E *

,,n-L /2 ,,n-l  /2 ,,n-L/2 ,,n-l /2
"  t+ t  /  z ,  i + t  /  z  

- '  
t + t  /  z ,  J - t  /  z '  u  i - t  /  2 ,  j + t  /  z  

-  u  i - t  /  z ,  i - t  /  z
&(. ry

In an analogous manner, we formulate the FD approxlmately of the v-momentum

equat ion.

Under the condi t ions,  Lhe FD scheme has an impl ic l t  form and stabl l i ty

analysis shows that the CFL criterlon

^<
At u 

TfTea + max veroclry)

needs to  be  sa t is f ied

Stabi l l ty analysls of the one-dimensional scheme wlth the term O%/eK3 in

the momentum equation shows that the addiElonal condition



h

A( r { id=1 .15d

must be sat lsf ied, so that Lhe dispersion relat ion lntroduces always real

values of the angular frequency crl. Experimentlng with the two-dlmensional

FD scheme of the predlctor-corrector type, we f lnd out by tr ia l  and error

that the sarne condition needs to be satlsfied together wlth the CFL

criterion in order to ensure stable numerlcal solutl"ons
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