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1 INTRODUCTION 

Amongst wave phenomena, t h o s e  a s s o c i a t e d  w i t h  set-down 

benea th  wave groups  have become impor tan t  over  t h e  

l a s t  decade.  These a r e  low f requency  o s c i l l a t i o n s  

coupled t o  t h e  pr imary s e a  s t a t e  which a l though  s m a l l  

i n  themse lves  can ,  through resonance ,  e x c i t e  

s i g n i f i c a n t  motions i n  moored v e s s e l s  (Ref 1) and i n  

e n c l o s e d  ha rbours  (Ref 2 ) .  I n  l a b o r a t o r y  wave 

g e n e r a t i o n  i t  h a s  i n  consequence become i m p o r t a n t  t h a t  

t h e s e  e f f e c t s  a r e  c o r r e c t l y  reproduced by modifying 

t h e  s i g n a l  t o  t h e  g e n e r a t o r  (Ref 3 ) .  An u n c o r r e c t e d  

g e n e r a t o r  w i l l  produce s p u r i o u s  low f requency  f r e e  

waves of a  s i m i l a r  s i z e  t o  t h e  e f f e c t s  be ing  s t u d i e d .  

Non-linear wave f o r c i n g  has a l s o  been i d e n t i f i e d  a s  a n  

i m p o r t a n t  a s p e c t  i n  d e s c r i b i n g  t h e  motions of moored 

s h i p s .  A s  t h e s e  f o r c e s  a r e  second o r d e r  i n  t h e  wave 

a m p l i t u d e  t h e i r  form i s  n o t  u n l i k e  t h a t  of set-down, 

and t h e  s i g n a l  t o  a  wave g e n e r a t o r  r e q u i r e d  t o  

compensate f o r  set-down. A f t e r  t a k i n g  t h e  response  of 

t h e  moored v e s s e l  i n t o  a c c o u n t ,  t h e  a c t u a l  movements 

w i l l  a l s o  be  of a  s i m i l a r  form. Thus,  t h e  a b i l i t y  t o  

d e s c r i b e  t h e  s t a t i s t i c s  of such q u a n t i t i e s  i s  

n e c e s s a r y  i n  ha rbour  d e s i g n  where moored s h i p s ,  

set-down and padd le  compensation f o r  set-down i n  

p h y s i c a l  models,  a r e  a l l  of i n t e r e s t .  For t h e  

purposes  of t h i s  r e p o r t ,  t h e  l a t t e r  two v a r i a b l e s  w i l l  

b e  c o n s i d e r e d  i n  d e t a i l  and t h e  a p p l i c a t i o n  t o  moored 

s h i p s  i s  r e s e r v e d  f o r  subsequent  s t u d y .  

With random s e a s ,  i n  bo th  t h e  d i r e c t  s t u d y  of set-down 

e f f e c t s  and i n  t h e  d e s i g n  of wave g e n e r a t o r s ,  i n t e r e s t  

w i l l  f o c u s  on t h e  p r o b a b i l i t y  of t h e  ext reme v a l u e s  

which can  occur .  The set-down a r i s e s  th rough  

n o n - l i n e a r  i n t e r a c t i o n  between t h e  pr imary waves and 

t h i s  i n t e r a c t i o n  i s  of t h e  s i m p l e s t  t y p e  - a t  second 

o r d e r .  A s  a l r e a d y  ment ioned,  t h e s e  second o r d e r  

i n t e r a c t i o n s  occur  i n  o t h e r  phenomena and a r e  a l s o  of 



interest as a first approximation to more general 

non-linear effects. For these reasons a method will 

be developed here for calculating the extremes of a 

general process which depends quadratically on a 

primary gaussian process. 

It will be shown that this can be turned into a 

special case of a theory of extremes given in a 

previous report (SR 3 Ref 4). This theory gave a 

method of calculating the mean rate of outcrossings of 

a general multi-dimensional gaussian process from a 

region of its space. Each outcrossing represented the 

occurrence of an extreme value and, with a further 

assumption of the independence of these occurrences, 

their probability can be derived from their mean 

rate. 

2 THE GENERAL 

THEORY 

The general theory, summarized here for ref erence 

purposes in the applications, concerns the mean 

frequency (f ) with which a general n-dimensional 
S 

gaussian process ~ ( t )  escapes from a region bounded by 

an (n-l) dimensional 'surface' (S). The displacements 

are assumed to be already reduced by scaling and 

rotation of the co-ordinates to a unit isotopic 

distribution i.e. X X = 6 where these brackets 
i j i j . . 

denote a mean value. Then taking X X = h and 
i j i j 

X X .  = Z  = - z  the required frequency becomes the 
i 3 i j i j 
integral over S 



where  n  i s  t h e  u n i t  normal t o  S - 

2  and a ( n )  - = ( A . . - T  T ) n . n  
13 i k  jk  1 j 

For  a  l i n e a r  boundary  x . n  = r T h i s  i n t e g r a l  becomes 
1 i 

1 f  - f r 2  
f s  = - 2n (Aij n. D . )  e 

1 J 
(2 

For  a s p h e r i c a l  boundary  x . x  = r' i t  r e d u c e s  t o  t h e  
1 i 

i n t e g r a l  o v e r  t h e  u n i t  s p h e r e  s l  

With  a more g e n e r a l  boundary  t o  s a v e  c a l c u l a t i n g  t h e  

i n t e g r a l  n u m e r i c a l l y  i t  c a n  b e  r e p l a c e d  w i t h  a n  

a s y m p t o t i c  a p p r o x i m a t i o n  by n o t i n g  t h a t  t h e  main 

c o n t r i b u t i o n  comes from t h e  ne ighbourhood of  t h e  

n e a r e s t  p o i n t  t o  t h e  o r i g i n .  Assuming t h a t  t h e  p o i n t  

o c c u r s  on t h e  x l  a x i s  and t h a t  t h e  o t h e r  c o o r d i n a t e s  

a r e  r o t a t e d  t o  l i e  i n  t h e  d i r e c t i o n s  o f  t h e  p r i n c i p a l  

c u r v a t u r e  a t  t h i s  p o i n t ,  t h e  form of S n e a r  t o  t h e  
n  

minimum i s  x l  = r - f  1 K . X  The a s y m p t o t i c  
i = 2  1 j 

a p p r o x i m a t i o n  t h e n  g i v e s  

3 THE ANALYTIC 

ENVELOPE 

A nar row band random t i m e  f u n c t i o n  c a n  be r e g a r d e d  as 

a c o n s t a n t  c a r r i e r  wave a t  t h e  c e n t r a l  f r e q u e n c y  

m o d i f i e d  by a  s l o w l y  v a r y i n g  e n v e l o p e .  T h i s  u s e f u l  

i d e a  of a n  e n v e l o p e  c a n  be  e x t e n d e d  t o  t h e  g e n e r a l  

p r o c e s s  n o t  n e c e s s a r i l y  nar row banded by u s i n g  t h e  

c o n c e p t  of t h e  a n a l y t i c  e n v e l o p e .  T h i s  w i l l  n o t  i n  



g e n e r a l  t o u c h  a l l  t h e  maximum of  t h e  p r o c e s s  as i n  t h e  

na r row bounded c a s e  s i n c e  f o r  o n e  t h i n g  s u b s i d i a r y  

maxima d e v e l o p  as t h e  p r o c e s s  b r o a d e n s ,  b u t  i t  w i l l  

n e v e r t h e l e s s  have  t h e  main p r o p e r t y  and  a p p e a r a n c e  o f  

t h e  e n v e l o p e  w i t h  t h e  f a s t  carrier f r e q u e n c i e s  

removed. 

Fo r  a random s i g n a l  x ( t )  = 1 b  c o s  ( W  t + E ) ( 5 )  n  n  n  
l e t  y ( t )  = 1 bn  s i n  ( W  t + E ) ( 6 )  n  n  

Then t h e  a n a l y t i c  e n v e l o p e  i s  g i v e n  by  

Hence 

r2=l  bn2 + 2  1 l b n b m c o s ( ; t + ~ l ) w h e r e  = W n  - W m ( 8 )  
n m n  

and  r2, c o n t a i n s  o n l y  t h e  d i f f e r e n c e  f r e q u e n c i e s  of t h e  

spec t rum.  

Now 

+ 
x 2  = $ 1  b  + l 1 b  b  [cos(; t+E1) + c o s ( 0  t+E1')]+ 4 1 b n 2 c o s ( 2 ~ n t + 2 ~ n )  

n  n  mtn n  m 

+ 
where  W = U + U and f o r  s p e c t r a  which are n o t  w ide  n  m 
enough f o r  t h e  sum and  d i f f e r e n c e  f r e q u e n c i e s  t o  

o v e r l a p ,  r 2  c a n  b e  r e g a r d e d  as x 2  p u t  t h r o u g h  a n  i d e a l  

low p a s s  f i l t e r .  I n  t h e  g e n e r a l  case i t  w i l l  b e  s e e n  

f rom ( 5 )  t o  ( 6 )  t h a t  y ( t )  i s  o b t a i n e d  from x ( t )  by 

p a s s i n g  t h r o u g h  a f i l t e r  w i t h  t h e  f r e q u e n c y  

c h a r a c t e r i s t i c  

The t i m e  domain e q u i v a l e n t  o f  t h i s  i s  



1 
With the impulse response h(t) =-- (~ilbert transform) at 
Thus, the analytic envelope is a particular ease of a 

quadratic function of the original signal. To use the 

general theory we reduce it to the standard form. Let 

x(t) have spectrum S(U) with moments m n 

Then x2 = y2 = m xy = 0 
0 

f 
Scaling the displacements by xl = x/m x2 = y/mo 

f 
0' 

we have X X = 6 
i j i j 

Upcrossings of the envelope value r are given by 

2 escapes from the circle x12 + x22 = r /mo 

Hence using ( 3 )  

where sl is the unit circle. 

a n d n  l + n  2 = 1  

Comparing this with the normal upcrossing frequency 

for values of X 



it will be seen that the gaussian distribution for the 

signal has been replaced as would be expected by the 

Raleigh distribution for the envelope but also that 

the zero up crossing frequency has been replaced by a 

lower frequency which is like a standard deviation 

measuring the spread of the spectrum. 

4 SET-DOWN BENEATH 

THE WAVE GROUPS 

In linear wave theory, the sea is a superposition of 

wave trains over a range of frequencies. In taking 

account of the non-linearity of the waves at the next 

approximation to second order these waves interact to 

produce 'set-down' a low frequency disturbance at 

difference frequencies of the primary wave train. 

Although relatively small this set-down can become 

important in some problems by exciting low frequency 

resonances. 

For a primary wave train in shallow water of depth d. 

The set-down is given by 

2 a a 
r) 0 = - 2 8  W W  - m cos (it + E') 

2d2 n m < n  n m 

Comparing this with equation (8) it will be seen that 

that set-down is related to the analytic envelope. 

The main difference lies in the W terms in the 

denominater indicating that the first order signal is 

subject to an initial integrature. Hence defining 



4d2 (2) 
Equation (8) shows that r2 = 2m - - 

0 3g 
rl 

Where m denotes the moments of the spectrum of y(t) 
n 

Bence the upcrossings of q(2)are related to those 

of r. If the spectral moments of q(1) are 

denoted by M then the integration means these are 
n 

related to those of Y by m = 
n Mn-z 

Therefore from equation (8) 

The formula for the mean frequency has in these two 

cases come out explicitly. This is because they are 

the sums of squares of two variables one of which is 

obtained from the other by a filter making the two 

variables uncorrelated and of equal power. As the 

set-down case shows a filtering of the input variable 

makes no difference. This can be generalized to the 

case of any number of variables obtained by 

uncorrelating and equal power filters, the result now 

being obtained from the spherical boundary formulae 

(3) in many dimensions. However once this simplicity 

is lost, in particular by filtering after the 

quadratic operation, then there does not seem to be 

any intermediate case which is simpler to treat then 

the general quadratic process. Therefore this general 

case will be dealt with next. 

5 THE GENERAL 

QUADRATIC PROCESS 

In the theory of second order effects applied to the 

sea state or ship motion it has been usual to think of 



t h e  c o r r e s p o n d i n g  q u a d r a t i c  p r o c e s s  i n  f r e q u e n c y  

terms. H e r e ,  t h e  a m p l i t u d e s  of  p a i r s  of f r e q u e n c i e s  

of  t h e  p r i m a r y  p r o c e s s  a r e  m u l t i p l i e d  t o g e t h e r  and  

s c a l e d  by a f r e q u e n c y  d e p e n d e n t  f a c t o r  t o  p r o v i d e  

t h e i r  c o n t r i b u t i o n  t o  t h e  s econd  o r d e r  p r o c e s s  a t  t h e  

sum and  d i f f e r e n c e  f r e q u e n c i e s .  Fo r  t h e  p u r p o s e s  of  

t h i s  t h e o r y  however i t  i s  n e c e s s a r y  t o  t h i n k  of  t h e  

t r a n s f o r m a t i o n  i n  t h e  t i m e  domain.  . 

The g e n e r a l  l i n e a r  f i l t e r  x ( t )  + y ( t )  c a n  b e  

r e p r e s e n t e d  i n  t h e  t i m e  domain by 

where  h ( r )  i s  t h e  i m p u l s e  r e s p o n s e  of t h e  f i l t e r .  

S i m i l a r l y  t h e  g e n e r a l '  q u a d r a t i c  f i l t e r  Z ( t )  + w ( t )  i s  

r e p r e s e n t e d  by 

where h ( ~  , ) i s  a n  a n a l a g o u s  d o u b l e  i m p u l s e  
1 2  

r e s p o n s e .  Thus i n  real t i m e  t h e  o u t p u t  of a l i n e a r  

f i l t e r  i s  a  w e i g h t e d  sum of  p a s t  v a l u e s  of t h e  i n p u t  

a n d  t h e  o u t p u t  of  a q u a d r a t i c  f i l t e r  i s  a w e i g h t e d  sum 

of p r o d u c t s  of  p a s t  v a l u e s .  

The i n t e g r a l  i n  (10)  i s  r e d u c e d  t o  a form needed  t o  

a p p l y  t h e  g e n e r a l  t h e o r y  by r e p l a c i n g  i t  w i t h  a f i n i t e  

S um 

where  Z )  = Z ( t - ( i - ) )  i . j  = 1.2 ... n  
1 

where  i s  a s m a l l  f i x e d  t i m e  i n t e r v a l a n d  h  i s  t h e  
i j 

d o u b l e  i n t e g r a l  o f  h  o v e r  t h e  c o r r e s p o n d i n g  i n t e r v a l s .  



Thus the problem is to find the mean frequency of 

escapes of the n dimensional gaussian random process 

Z(t) from the quadratic surface given by (11) with 

W = constant. 

To apply the general theory, the Z must be replaced 
i 

by uncorrelated variables. For any pair of variables 

Ei, Ej, their correlation can be expressed in terms of 

their cross spectrum by 

Let S(w) be the spectrum of Z(t) 

io( j-k)~ 
Since 2 .  (U) = e 

J 
Zk(4 

2.2 = r 2 2  = Pi-j 2.8 = 
1 j i-j i j 1 j Qi- 

where r = r(k~) - 
k Pk - ~(kt) qk = q(k7) 

w 
and r(t) = l. cos ot S(o)dw P(t) =  cos lit S(o)do 
q(t) = 1: o sin ot ~(o)do 

r(t) is the autocorrelation function of Z(t) 

p(t) is the autocorrelation function of B(t) 

q(t) is the cross correlation function of Z(t), 2(t) 

Now introduce the unit isotropically distributed 

variables X X X = 6 by the equations 
i i j  i j 

i 
= a  X where a is a lower diagonal matrix 

ij j i j 
i.ea = O f o r  j i 

i j 



Then r = Z . Z  = a  ik a jB xkxB = a  a 
i- j 1 j i k  j k  

S i n c e  t h e  m a t r i x  i s  lower  d i a g o n a l  t h e s e  e q u a t i o n s  

c a n  be s u c c e s s i v e l y  s o l v e d  f o r  a l l ,  aZ1,  a 3 1 ,  a32 ,  

a 3 3  etc.  F o r  i n s t a n c e  t h e  f i r s t  few e q u a t i o n s  a r e  

L e t  t h e  i n v e r s e  m a t r i x  of  a be  b  s o  t h a t  
i j i j 

a b  = 6 t h e n  b  i s  a l s o  l ower  d i a g o n a l  and  c a n  
i k  k j  i j  i j 

be  s o l v e d  s u c c e s s i v e l y .  

Now X = b  Z 
i i j  j 

Hence h = 2.2  = b  b .  - 
i j 1 j i k  JI 2k2p - bik bj9. Pk-2 ( l 2 )  

and  T ' = X . ?  = bikbjB Z k Z B  = b  b  
i j 1 j i k  j k  'k-B ( 1 3 )  

Under t h e  t r a n s f o r m a t i o n  t h e  s u r f a c e  (11)  becomes 

where  g  = a 
i j  h k l a k i  i j  

TO c a l c u l a t e  t h e  a s y m p t o t i c  a p p r o x i m a t i o n  t h e  n e a r e s t  

p o i n t  t o  t h e  o r i g i n  n e e d s  t o  b e  f o u n d ,  and  t h i s  i s  

done  by f i n d i n g  t h e  e i g e n  v a l u e s  a n d  u n i t  e i g e n  

v e c t o r s  of  g. S i n c e  t h i s  m a t r i x  i s  symmetr ic  t h e  

e i g e n  v a l u e s  are real and  t h e  e i g e n  v e c t o r s  

o r t h o g o n a l .  Suppose  t h e y  are  p w i t h  c o r r e s p o n d i n g  
i 

v e c t o r s  C Then t a k i n g  t h e  e i g e n  v e c t o r s  as a new 
i j '  

b a s i s  w i t h  c o o r d i n a t e s  X '  t h e  t r a n s f o r m a t i o n  of 
i 

c o o r d i n a t e s  i s  g i v e n  by 



The s u r f a c e  S  now becomes 

The n e a r e s t  a p p r o a c h  t o  t h e  o r i g i n  w i l l  b e  g i v e n  b y  

t h e  l a r g e s t  e i g e n  v a l u e .  Suppose  t h i s  i s  p1 t h e n  t h e  
W 

n e a r e s t  p o i n t  i s  x l  = r X . =  0 i 1  where  r 2  = - . 
1 p1 

I n  t h e  ne ighbourhood  o f  t h i s  p o i n t  t h e  s u r f a c e  h a s  t h e  

form 

P i  Hence t h e  p r i n c i p a l  c u r v a t u r e s  are g i v e n  by ~ . r  = -. 
1 p1 

The v e l o c i t y  c o r r e l a t i o n s  t r a n s f o r m  i n  t h e  new 

c o o r d i n a t e s  u s i n g  ( 1 5 )  i n t o  

So t h a t  f i n a l l y  t h e  o u t c r o s s i n g  f r e q u e n c y  as g i v e n  i n  

t h e  asymp t o t i c  a p p r o x i m a t i o n  by ( 4 )  
n  U - ~  



Where t h e  r e s u l t  h a s  been  d o u b l e d  t o  i n c l u d e  t h e  

d i s t r i b u t i o n  f rom t h e  symmet r i c  n e a r  p o i n t  on t h e  

o p p o s i t e  s i d e  of t h e  o r i g i n .  

I f  t h e r e  are n e g a t i v e  e i g e n  v a l u e s  t h e n  n e g a t i v e  

v a l u e s  o f  W c a n  o c c u r  and  t h e s e  s h o u l d  b e  t r e a t e d  i n  

s i m i l a r  f a s h i o n  b u t  t a k i n g  t h e  l a r g e s t  n e g a t i v e  e i g e n  

v a l u e  t o  g i v e  t h e  n e a r  p o i n t .  The  s i m p l e s t  c a s e  i s  i n  

two d i m e n s i o n s  where i f  b o t h  e i g e n  v a l u e s  a r e  p o s i t i v e  

t h e  boundary  s u r f a c e  i s  a n  e l l i p s e  b u t  i f  one  i s  

n e g a t i v e  i t  becomes a  hyperbolm w i t h  n e g a t i v e  v a l u e s  

of  W o c c u r r i n g  on t h e  o p p o s i t e  b r a n c h  t o  t h e  p o s i t i v e  

o n e s .  The e x t r e m e s  of  W t h e r e f o r e  o c c u r  w i t h  q u i t e  

d i f f e r e n t  p r o b a b i l i t i e s  f o r  t h e  two s i g n s .  

It w i l l  b e  s e e n  t h a t  t h e  a s y m p t o t i c  a p p r o x i m a t i o n  (12 )  

b r e a k s  down i f  more t h a n  one  e i g e n  v a l u e  e q u a l s  t h e  

g r e a t e s t  v a l u e .  T h i s  i s  b e c a u s e  i n  s u c h  a  c a s e  t h e  

s p h e r e  of minimal  r a d i u s  h a s  more t h a n  a  s i n g l e  p o i n t  

c o n t a c t  w i t h  t h e  s u r f a c e  (16 ) .  I n  t h e  r e p o r t  SR 3 

(Ref 4) t h i s  p o s s i b i l i t y  was n o t e d  b u t  t h e  v a r i o u s  

c a s e s  were t h o u g h t  t o  be  t o o  numerous f o r  a  g e n e r a l  

t r e a t m e n t .  H e r e ,  however ,  w i t h  a  g e n e r a l  q u a d r a t i c  

form f o r  t h e  s u r f a c e  t h e  t r e a t m e n t  c a n  be  c a r r i e d  

f u r t h e r  . 

Suppose  t h e n  t h a t  t h e  g r e a t e s t  m e i g e n  v a l u e s  are a l l  

e q u a l  o r  s o  n e a r l y  e q u a l  t h a t  t h e  p r e v i o u s  a s y m p t o t i c  

a p p r o x i m a t i o n  becomes of  d u b i o u s  v a l u e .  p1 = p2 =. . .= 

'm 
. Then t h e  s p h e r e  of  minimum r a d i u s  t o u c h i n g  t h e  

s u r f a c e  a c t u a l l y  t o u c h e s  i t  o v e r  t h e  s p h e r e  of 

d i m e n s i o n  (m-l) 

The s i m p l e s t  c a s e  t o  t h i n k  of  i s  a  p r o l a t e  s p h e r o i d  i n  

3 d i m e n s i o n s  which  i s  t o u c h e d  by t h e  s p h e r e  a l l  t h e  



way round a  c i r c l e .  The a s y m p t o t i c  a p p r o x i m a t i o n  i s  

t h e n  c a r r i e d  o u t  o n l y  o v e r  t h e  d i m e n s i o n s  a t  r i g h t  

a n g l e s  t o  t h e s e  f o r  a  g e n e r a l  p o i n t  on  t h e  s p h e r e  and 

t h e n  t h e  r e s u l t  i s  i n t e g r a t e d  o v e r  t h e  s p h e r e .  

The r e s u l t  o f  d o i n g  t h i s  i s  t o  g i v e  

where  s l  i s  t h e  u n i t  s p h e r e  of  d i m e n s i o n  (m-l) 

T h i s  s h o u l d  be  compared t o  e q u a t i o n  ( 3 ) .  I n  b o t h  

c a s e s  a  q u a d r a t i c  f u n c t i o n  i s  i n t e g r a t e d  o v e r  t h e  

s p h e r e  a n d  i t  i s  shown i n  SR 3  t h a t  f o r  a  c i rc le  i t  

r e d u c e s  t o  a n  e l l e p t i c  i n t e g r a l .  The i n t e g r a l  i s  

i n d e p e n d e n t  o f  W and  s o  n e e d s  e v a l u a t i n g  o n l y  once .  

6 SET-DOWN 

COMPENSATION 

L i n e a r  random waves g e n e r a t e d  by a  wave p a d d l e  

i n e v i t a b l y  c a r r y  t h e  s econd  o r d e r  set-down w a t e r  

mo t ion  w i t h  them t o g e t h e r  w i t h  f u r t h e r  s econd  o r d e r  

t e r m s  g e n e r a t e d  by t h e  f i n i t e  m o t i o n  o f  t h e  p a d d l e .  

I f  t h e  p a d d l e  mo t ion  c o r r e s p o n d i n g  t o  t h e s e  w i t e r  

m o t i o n s  i s  n o t  a c c o u n t e d  f o r  i n  t h e  d r i v i n g  s i g n a l  t o  

t h e  p a d d l e ,  t h e n  t h e  p a d d l e  w i l l  g e n e r a t e  s p u r i o u s  

low f r e q u e n c y  f r e e  waves w h i l s t  n e g a t i n g  them a t  t h e  

p a d d l e  f a c e  (Ref 3 ) .  To s t o p  t h i s  happen ing  i t  i s  

n e c e s s a r y  t o  compute a  s e c o n d  o r d e r  s i g n a l  from t h e  

p r i m a r y  p a d d l e  s i g n a l  and  add  i t  i n t o  t h e  p a d d l e  

m o t i o n  a s  set-down compensa t ion .  

Fo r  a  p i s t o n  p a d d l e  i n  s h a l l o w  w a t e r  t h i s  t u r n s  o u t  t o  

b e  r e l a t i v e l y  e a s y  t o  d o  s i n c e  t h e  s econd  o r d e r  s i g n a l  

w ( t )  c a n  be  o b t a i n e d  t o  a  good a p p r o x i m a t i o n  f rom t h e  



f i r s t  o r d e r  one Z ( t )  s i m p l y  by s q u a r i n g  and 

i n t e g r a t i n g .  

I n  p r a c t i c e  t o  a v o i d  d i f f i c u l t y  w i t h  t h e  D.C. t h e  

i n t e g r a t i o n  o p e r a t i o n  i s  r e p l a c e d  by a  f i l t e r  which 

a p p r o x i m a t e s  t h e  f r e q u e n c y  c h a r a c t e r i s t i c  of 

i n t e g r a t i o n  o n l y  i n  t h e  r a n g e  above  a  c e r t a i n  minimum 

f r e q u e n c y  where t h e  set-down e f f e c t s  a r e  judged t o  b e  

i m p o r t a n t .  Below t h e  minimum f r e q u e n c y  t h e  f i l t e r  

c h a r a c t e r i s t i c  d r o p s  away t o  z e r o  a t  D.C. 

T r a n s f e r r i n g  t h e  f r e q u e n c y  c h a r a c t e r i s t i c  i n t o  t h e  

t i m e  domain impu l se  r e s p o n s e  t h e  second  o r d e r  s i g n a l  

c o m p u t a t i o n  becomes 

Again r e p l a c i n g  t h i s  by a f i n i t e  sum i t  becomes a 

s p e c i a l  case of e q u a t i o n  ( 1  1 )  

The t h e o r y  d e v e l o p e d  above  c a n  t h e r e f o r e  b e  d i r e c t l y  

a p p l i e d  t o  f i n d  t h e  e x t r e m e s  of t h e  second o r d e r  

s i g n a l .  Al though t h i s  c a s e  seems s i m p l e r  i n  t h a t  ( 1 8 )  

i s  a l r e a d y  i n  a d i a g o n a l  form t h e  g a i n  i s  m a r g i n a l  f o r  

o n c e  t h e  t r a n s f o r m a t i o n  t o  u n c o r r e l a t e d  v a r i a b l e s  

i s  made a s  i n  (14 )  t h e  d i a g o n a l  form i s  l o s t .  

7 CONCLUSIONS 

l .  The p r e d i c t i o n  of e x t r e m e s  o f  a  g e n e r a l  q u a d r a t i c  

p r o c e s s  h a s  been  shown t o  b e  a s p e c i a l  c a s e  of  a  

t h e o r y  d e v e l o p e d  i n  a p r e v i o u s  r e p o r t  (Ref 4 ) .  A s  

a r e s u l t ,  t h e  mean f r e q u e n c y  of u p c r o s s i n g s  of  any  

g i v e n  e x t r e m e  l e v e l ,  c a n  b e  d e f i n e d .  And, w i t h  

t h e  a s s u m p t i o n  of  t h e  independence  of t h e s e  



extreme events, their probability of occurrence 

can be derived. 

2. The technique has been applied to two cases of 

interest. One concerns the prediction of extreme 

values of set-down beneath wave groups in random 

seas and the other concerns the signal to shallow 

water wave-makers where compensation for set-down 

is required to avoid the generation of spurious 

long waves. In the latter case, the extremes of 

paddle movement with set-down compensation have to 

be capable of prediction to enable the wave 

generator to be properly designed (Ref 3). 
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