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ABSTRACT

A general theory derived previously for the prediction of extremes of a
certain class of non-linear variables, has been shown to be applicable to a
general quadratic process. In recent years, a particular quadratic process
has been found to be important in harbour design: second order wave
effects. Such effects act directly in random seas to produce a long period
disturbance known as set-down beneath wave groups which can cause harbour
and moored ship resonance. These effects also act indirectly to cause
non-linear wave forces on ships which, in turn, contribute to resonant
oscillations of vessels on their moorings.

In this report the technique has been applied to two cases of particular
interest. One is the prediction of extreme values of set-down in random
seas. The other is the prediction of extreme values of paddle movement in
physical models of harbours where compensation for set-down is necessary at
the wave-maker to avoid the generation of spurious long waves. The
prediction of extreme paddle movements with set-down compensation is needed
for proper design of the wave generator.
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INTRODUCTION

Amongst wave phenomena, those associated with set—-down
beneath wave groups have become important over the
last decade. These are low frequency oscillations
coupled to the primary sea state which although small
in themselves can, through resonance, excite
significant motions in moored vessels (Ref 1) and in
enclosed harbours (Ref 2). 1In laboratory wave
generation it has in consequence become important that
these effects are correctly reproduced by modifying
the signal to the generator (Ref 3). An uncorrected
generator will produce spurious low frequency free

waves of a similar size to the effects being studied.

Non-linear wave forcing has also been identified as an
important aspect in describing the motions of moored
ships. As these forces are second order in the wave
amplitude their form is not unlike that of set-down,
and the signal to a wave generator required to
compenéate for set-down. After taking the response of
the moored vessel into account, the actual movements
will also be of a similar form. Thus, the ability to
describe the statistics of such quantities is
necessary in harbour design where moored ships,
set—-down and paddle compensation for set-down in
physical models, are all of interest. For the
purposes of this report, the latter two variaﬁies will
be considered in detail and the application to moored

ships is reserved for subsequent study.

With random seas, in both the direct study of set-down
effects and in the design of wave generators, interest
will focus on the probability of the extreme values
which can occur. The set—-down arises through
non-linear interaction between the primary waves and
this interaction is of the simplest type - at second
order. As already mentioned, these second order

interactions occur in other phenomena and are also of
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THE GENERAL
THEORY

n+l

interest as a first approximation to more general
non-linear effects. For these reasons a method will
be developed here for calculating the extremes of a
general process which depends quadratically on a

primary gaussian process.

It will be shown that this can be turned into a
special case of a theory of extremes given in a
previous report (SR 3 Ref 4). This theory gave a
method of calculating the mean rate of outcrossings of
a general multi-dimensional gaussian process from a
region of its space., Each outcrossing represented the
occurrence of an extreme value and, with a further
assumption of the independence of these occurrences,
their probability can be derived from their mean

rate,

The geheral theory, summarized here for reference
purposes in the applications, concerns the mean
frequency (fs) with which a general n-dimensional
gaussian process gﬂt) escapes from a region bounded by
an (n—1) dimensional 'surface' (S). The displacements
are assumed to be already reduced by scaling and

rotation of the co-ordinates to a unit isotopic

distribution i.e. xi xj = 6ij where these bfackets
denote a mean value. Then taking x, xj = Kij and
. i
X, X, =T, = -T_. the required frequency becomes the
i 3] 1] 1]

integral over S
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THE ANALYTIC
ENVELOPE

where n is the unit normal to S

)

2
d o = (A, - T
an (n) ( i Tik ik ninj

For a linear boundary xini = r This integral becomes

1 1 —ir2

_ X 2
fs = o (xij ninj) e 2)

For a spherical boundary x x, = r? it reduces to the
ii

integral over the unit sphere s,

n+l.

2
YZ - n-, e_-%r I a(n) ds, (3)

_ 1
fs TN 2m T si

With a more general boundary to save calculating the
integral numerically it can be replaced with an
asymptotic approximation by noting that the main
contribution comes from the neighbourhood of the
nearest point to the origin. Assuming that the point
occurs on the x; axis and that the other coordinates
are rotated to lie in the directions of the principal

curvature at this point, the form of S near to the
n

minimum is x; = r - % ) Kisz The asymptotic
i=2
approximation then gives

n
A - K 12 3
11 iZZ i U ]’ ~3r2

(1-k,r) (1—K3r)...(1—Knr)

A narrow band random time function can be regarded as
a constant carrier wave at the central frequency
modified by a slowly varying envelope. This useful
idea of an envelope can be extended to the general
process not necessarily narrow banded by using the

concept of the analytic envelope. This will not in



Hence

Now

general touch all the maximum of the process as in the
narrow bounded case since for one thing subsidiary
maxima develop as the process broadens, but it will
nevertheless have the main property and appearance of
the envelope with the fast carrier frequencies

removed.

For a random signal x(t) z brl cos (wnt + en) (5)

y b sin (0t + €) (6)

let y(t)
Then the analytic envelope is given by

r?(t) = x2(t) + y2(t) (7)

r2=2 bn2 + 2 E Z bnbmcos(5t+€')where W= w - w (8)
nman

2.

and r“ contains only the difference frequencies of the

spectrum.

x2 = §2 b 2+ Z Y bb [cos(5t+€') + cos(w+t+€")]+ 3 Z bnzcos(ant+28n)

N0 m<n n m

+ .
where w = w + wm and for spectra which are not wide
enough for the sum and difference frequencies to

overlap, r? 2

can be regarded as x“ put through an ideal
low pass filter. 1In the general case it will be seen
from (5) to (6) that y(t) is obtained from x(t) by
passing through a filter with the frequency

characteristic
H(w) = -i sgn(w)

The time domain equivalent of this is



Y(t) = [ x(t) h(t-t) dt
1
With the impulse response h(t) =7t (Hilbert transform)
Thus, the analytic envelope is a particular ease of a
quadratic function of the original signal. To use the
general theory we reduce it to the standard form. Let

x(t) have spectrum S(w) with moments m

Then x2 = y2 = mo xy =0
x2 = 32 =n, & =0
Xy = yx = m
. ) } 3
Scaling the displacements by x; = x/mo, Xy = y/mo
we have x.x, =96 .
it i ij
2
Ay = Aog = — + Ayo = 03 Ty, = 24
11 22 = 5 Mo 3 T2 <
"o o

Upcrossings of the envelope value r are given by

escapes from the circle x12 + x22 = r2/mO
Hence using (3)
f = —l—*3/ L e_r2/2mo f o(n)ds
s (277;) 2 mO % Sl - 1
where s; is the unit circle.
m2
9 my 1 2 2
But ¢“(n) = (Kij— tik) n;ny = (E_ - E;)(n 1+ 10 g)
2 2 (o] ¢}
and n | +n 5, =1
2 2
1 - 2
Hence f = —l—'l (—=2 - E%_)l L3 ' / B (9
1 m m m
2n) [¢) o o

Comparing this with the normal upcrossing frequency

for values of x
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SET-DOWN BENEATH
THE WAVE GROUPS

1 P21 %2/, m
fx = (EE)% (—Erﬁ e 2 7o

it will be seen that the gaussian distribution for the
signal has been replaced as would be expected by the
Raleigh distribution for the envelope but also that
the zero up crossing frequency has been replaced by a
lower frequency which is like a standard deviation

measuring the spread of the spectrum.

In linear wave theory, the sea is a superposition of
wave trains over a range of frequencies. 1In taking
account of the non-linearity of the waves at the next
approximation to second order these waves interact to
produce 'set-down' a low frequency disturbance at
difference frequencies of the primary wave train.
Although relatively small this set—-down can become
important in some problems by exciting low frequency

resonances.

For a primary wave train in shallow water of depth d,

(l

)_
N = Zancos(wn+en)

The set—down is given by

(2) 3g an am =
n = - ) 2 Z o o cos (wt + ')
2d n m

<n n m

Comparing this with equation (8) it will be seen that
that set-down is related to the analytic envelope.
The main difference lies in the w terms in the
denominater indicating that the first order signal is

subject to an initial integrature. Hence defining



1
v(e) = J 08¢ ae

It

Y b sin (wet + t )
a n n n

where b _ = SEL
n W
n
2 2
Equation (8) shows that r2 = 2mo - %%— n( )
Where o denotes the moments of the spectrum of y(t)

2
Hence the upcrossings of n( )are related to those
of r. If the spectral moments of n(l) are
denoted by Mn then the integration means these are

related to those of Y by mn =M

Therefore from equation (8)

M 2 2.(5) 2 (D
INCONID! o M 4d%n*2° 4 2d? 7

The formula for the mean frequency has in these two
cases come out explicitly. This is because they are
the sums of squares of two variables one of which is
obtained from the other by a filter making the two
variables uncorrelated and of equal power. As the
set-down case shows a filtering of the input variable
makes no difference. This can be generalized to the
case of any number of variables obtained by
uncorrelating and equal power filters, the result now
being obtained from the spherical boundary formulae
(3) in many dimensions. However once this simplicity
is lost, in particular by filtering after the
quadratic operation, then there does not seem to be
any intermediate case which is simpler to treat then
the general quadratic process. Therefore this general

case will be dealt with next.

THE GENERAL
QUADRATIC PROCESS
In the theory of second order effects applied to the

sea state or ship motion it has been usual to think of



the corresponding quadratic process in frequency
terms. Here, the amplitudes of pairs of frequencies
of the primary process are multiplied together and
scaled by a frequency dependent factor to provide
their contribution to the second order process at the
sum and difference frequencies. For the purposes of
this theory however it is necessary to think of the

transformation in the time domain, .

The general linear filter x(t) »> y(t) can be

represented in the time domain by

y(t) = [7 h(v) x(t - vydT

where h(tT) is the impulse response of the filter.
Similarly the general.quadratic filter Z(t) +» w(t) is

represented by
w(t) =7t , 1)z (t-1) 2 (t - T) dt dT.(10)
o' 1 2 1 2 1 2

where h{(t , T ) is an analagous double impulse
response.l Thﬁs in real time the output of a linear
filter is a weighted sum of past values of the input
and the output of a quadratic filter is a weighted sum

of products of past values.

The integral in (10) is reduced to a form needed to
apply the general theory by replacing it with a finite

sum

]

w(t) hij Zi(t) Zj(t) (1)

where Zi(t) Z (t—-(i-$H)"v) i,j=1,2 ... n
where T is a small fixed time intervaland hij is the

double integral of h over the corresponding intervals.



Thus the problem is to find the mean frequency of
escapes of the n dimensional gaussian random process
Z(t) from the quadratic surface given by (l11) with

w = constant.
To apply the general theory, the Zi must be replaced
by uncorrelated variables. For any pair of variables

&i, Ej, their correlation can be expressed in terms of

their cross spectrum by

EjE =Ry /. FHOLE

Let S(w) be the spectrum of Z(t)

iw(j-k)T

Since Zj(w) = e Zk(w)
and 2 (w) = iwZ (W)
J ]
Z2.Z2. =r 2 2. =P, 2.2, =q
i7j i-j i3 1-] 1] 1=]
where r, = r(kT) Pk = p(kT) q = q(kT)

and r(t) = f: cos wt S(w)dw P(tr) f:wzcos wt S(wdw
q(t) = f: ®w sin wt S(w)dw

r(t) is the autocorrelation function of Z(t)

p(t) is the autocorrelation function of Z(t)

q(t) is the cross correlation function of Z(t), 2(t)

Now introduce the unit isotropically distributed

variables x, x x, = 06__ by the equations
i i3 ij
Z. =a,, x, where a, . is a lower diagonal matrix
i ij 3 i
i.e a,, =0 for j i
1]



Then r, ., = 2.2, =
1-] 1]
Since the matrix is lower

a _ a
ik

it Mk T ik %k
diagonal these equations

can be successively solved for ajy, apy, azy, a3g,

833 etc.
a =r
11 o
821 =rl 3221 + 3222 =r
asz1a11=

Let the inverse matrix of

45 by T 0y
be solved successively.

then b, . is
1]

For instance the first few equations are

[o}

r2 agyaz, + azjay; = rla’zp +a’y, + az33=fo

a,, be b, so that
1) 1]

also lower diagonal and can

i3 3
K = X X = =
Hence i3 Xixj bikbjl ZkZX bik ij Pk—l (12)
T, = X = =
and Ty g T XXy biPin AZa T Pulik k-n 13D
Under the transformation the surface (11) becomes
= 14
w gij x1 xJ (14)

h = h
where gij K2 ki alj

To calculate the asymptotic approximation the nearest

point to the origin needs
done by finding the eigen
vectors of g. Since this
eigen values are real and
orthogonal., Suppose they

vectors cij' Then taking

basis with coordinates x',
i

coordinates is given by

10

to be found, and this is
values and unit eigen
matrix is symmetric the
the eigen vectors

are “i with corresponding
the eigen vectors as a new

the transformation of



X! = C,. x, (15)

W=} Xx°. (16)

The nearest approach to the origin will be given by

the largest eigen value. Suppose this is {| then the

nearest point is Xx] =r xi= 0 i 1l where r? = %T .
1

In the neighbourhood of this point the surface has the
form

n . N
xi = [rz - z ﬁ_l. x12]2

i=2 1

n .
i=2 "1

i
Hence the principal curvatures are given by Kir ='E—.
. 1

The velocity correlations transform in the new

coordinates using (15) into

A A
ij = Cik ik Mkx

T = T
ij = Cik %2 "ka

So that finally the outcrossing frequency as given in

the asymptotic approximation by (4) is

n By )
A _ = []
1 11 122 51 Tli L L W%
£~ = [ e T an
s T o B3 B
1- ) (- —)...(1- —
(= U= e (= )

11



Where the result has been doubled to include the
distribution from the symmetric near point on the

opposite side of the origin.

If there are negative eigen values then negative
values of w can occur and these should be treated in
similar fashion but taking the largest negative eigen
value to give the near point. The simplest case is in
two dimensions where if both eigen values are positive
the boundary surface is an ellipse but if one is
negative it becomes a hyperbolm with negative values
of w occurring on the opposite branch to the positive
ones. The extremes of w therefore occur with quite

different probabilities for the two signs.

It will be seen that the asymptotic approximation (12)
breaks down if more than one eigen value equals the
greatest value, This is because in such a case the
sphere of minimal radius has more than a single point
contact with the surface (16). In the report SR 3
(Ref 4) this possibility was noted but the various
cases were thought to be too numerous for a general
treatment. Here, however, with a general quadratic
form for the surface the treatment can be carried

further.

Suppose then that the greatest m eigen values are all
equal or so nearly equal that the previous asymptotic
approximation becomes of dubious value. P} = Py =...=
pm. Then the sphere of minimum radius touching the
surface actually touches it over the sphere of

dimension (m-1)

X2+ xXx2 4+ .,...+4% X2 =71
1 2 o

The simplest case to think of is a prolate spheroid in

3 dimensions which is touched by the sphere all the

12
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w v
(—ETO e *

way round a circle. The asymptotic approximation is
then carried out only over the dimensions at right
angles to these for a general point on the sphere and

then the result is integrated over the sphere.

The result of doing this is to give

W

n B,
1 mtl 2 i 21%
3y 2 T s ] [P @+ -2,
[Q- Yeuol- =] 1 i=m+] 1
Lt
where s; is the unit sphere of dimension (m-1)
This should be compared to equation (3). In both
cases a quadratic function is integrated over the
sphere and it is shown in SR 3 that for a circle it
reduces to an elleptic integral. The integral is
independent of w and so needs evaluating only once.
SET-DOWN
COMPENSATION

Linear random waves generated by a wave paddle
inevitably carry the second order set-down water
motion with them together with further second order
terms generated by the finite motion of the paddle.
If the paddle motion corresponding to these water
motions is not accounted for in the driving signal to
the paddle, then the paddle will generate spurious
low frequency free waves whilst negating them at the
paddle face (Ref 3). To stop this happening it is
necessary to compute a second order signal from the
primary paddle signal and add it into the paddle

motion as set-down compensation.
For a piston paddle in shallow water this turns out to

be relatively easy to do since the second order signal

w(t) can be obtained to a good approximation from the

13
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CONCLUSIONS

first order one Z(t) simply by squaring and

integrating.
w(t) = —a [z2(t) dt

In practice to avoid difficulty with the D.C. the
integration operation is replaced by a filter which
approximates the frequency characteristic of
integration only in the range above a certain minimum
frequency where the set-down effects are judged to be
important. Below the minimum frequency the filter
characteristic drops away to zero at D.C.
Transferring the frequency characteristic into the
time domain impulse response the second order signal

computation becomes
* 2
w(t) = jo h(t) z%(t-1) dT

Again peplacing this by a finite sum it becomes a

special case of equation (11)
w(t) = h, 2?2 (v) (18)
i i

The theory developed above can therefore be directly
applied to find the extremes of the second order
signal. Although this case seems simpler in that (18)
is already in a diagonal form the gain is marginal for
once the transformation to uncorrelated variables

is made as in (14) the diagonal form is lost.

1. The prediction of extremes of a general quadratic
process has been shown to be a special case of a
theory developed in a previous report (Ref 4). As
a result, the mean frequency of upcrossings of any
given extreme level, can be defined. And, with

the assumption of the independence of these

14



extreme events, their probability of occurrence

can be derived.

The technique has been applied to two cases of
interest. One concerns the prediction of extreme
values of set—down beneath wave groups in random
seas and the other concerns the signal to shallow
water wave-makers where compensation for set—down
is required to avoid the generation of spurious
long waves. In the latter case, the extremes of
paddle movement with set—-down compensation have to
be capable of prediction to enable the wave

generator to be properly designed (Ref 3).

15
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