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A Mathenatical Uodel of Diffraction by Breakwaters in Random llaves

J V Snallman SR No 174

ABSTRACT

Thie report gives detaile of a method to predict diffracted rrave heighte in
the lee of a breakrrater for randm sevec. It uaes a technique whereby the
diffraction coefficients for unidirectional moaofrequeocy ttave cooponentg
are cmbined according to a specified incident frequency spectrun and
direct ional epread. An example of i ts appl icat ioo, and effectr  is given for
a breakwater gap. Sme illustratione of the uae of the nethod for the
production of diffraction diagrame are provided for ieland breakratere aad
breaksater gaps.
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IXTROIIUCTION

DIFTRACTIOT

COEFFICIENTS FOR

RAjIDOT WAVES

There  a re  seve ra l  pub l i ca t i ons  wh i ch  p resen t  d iag rams

wh ich  may  be  used  to  ca l cu la te  wave  he igh ts  i n  t he

v i c i n i t y  o f  a  b reakwa te r  ( see ,  f o r  examp le ,  Re fs  1  and

2> .  I n  gene ra l  t he  d iag rams  wh ich  a re  ava i l ab le  a re

app l i cab le  on l y  t o  und i rec t i ona l  mono f requency  \daves .

In  t h i s  repo r t  de ta i l s  a re  g i ven  o f  a  me thod  fo r

p red i c t i ng  d i f f r ac ted  rdave  he igh ts  f o r  r andom inc iden t

waves ,  wh i ch  uses  resu l t s  f r om numer i ca l  mode ls

a l ready  deve loped  fo r  mono f requency  i nc iden t  waves

( R e f  3 ) .

The  techn ique  wh ich  i s  used  to  ca l cu la ted  d i f f r ac ted

wave  he igh ts  i n  random wave  i s  based  on  the  i dea  o f

combin ing spectra l  components tak ing in to account  the

d i f f r ac t i on  coe f f i c i en t  f o r  each  o f  t hem.  De ta i l s  o f

the method used is  g iven in Chapter  2,  together  wi th a

d i scuss ion  o f  t he  e f f ec t  on  d i f f r ac t i on  coe f f i c i en t s

o f  i nc lud ing  d i rec t i ona l  and  f requency  sp read ing  i n

the  ca l cu la t i ons .  I n  Chap te r  3  examp les  o f  d i ag rams

are  p reseo ted  wh ich  a l l ow  d i f f r ac ted  wave  he igh ts  f o r

random inc iden t  r raves  to  t he  ca l cu la ted  fo r  i s l and

breakwaters and breakwater  gaps.  The conclus ions and

recommendat ions ar is ing f rom th is  s tudy are g iven in

the  f i na l  chap te r .

The  d i f f r ac t i on  coe f f i c i en t s  f o r  a  g i ven  b reak rda te r

con f i gu ra t i on  w i th  f i xed  i nc iden t  wave  cond i t i ons  i s

de f i ned  as  t he  ra t i o  o f  t he  wave  he igh t  i n  t t l e  a rea

a f fec ted  by  d i - f f r ac t i on  t o  Ehe  i nc iden t  wave  he igh t .

I t  i s  u s u a l l y  d e n o t e d  b y  K ,  w h e r e ,

2 . 1  T h e o r e t i c a l

c  ons iderat  ions



N ,
o

( 1 )

and Hd and H.  are the vrave heights in  the area

a f fec ted  by  d i f f r ac t i on ,  and  the  i nc iden t  wave  he igh t

respec t i ve l y .  I n  (1 )  i t  i s  assumed  tha t  H  i s  t he

monochromat ic  wave height ,  and as a consequence of

that  Kd is  a funct ion of  both the f reguency and

direct ion of  the monofrequency inc ident  wave.

random naves the sea state is  usual ly  character ised

terms of  the s igni f icant  wave height  (H")  vhere,

H .
- - d= -
H .  ,

1

In

i n

and S( f rO)  i s  the  spec t ra l  dens i ty  wh ich  is  a

of f requency (f)  and direcr ion (O). Extending

def in i t ion  g iven in  (1 )  and (2 )  rhe  d i f f rac ted

height at a given locat ion in randoo waves is

bY '
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where  Kd ( f rO)  i s  t he  d i f f r ac t i on  coe f f i c i en t  a t  t ha t

locat ion for  a monofrequency wave v i th  f requency f  and

direct ion O.  Thus,  for  random ldavea the d i f f ract ion

coe f f i c i en t  i s  g i ven  by

( K . )
c ran

( H  ) .
=  1 6 : G=-m=

s 1
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to  that  g iven in Godai s  s i m i l a r



I n  p r a c t i s e  t h e  v a l u e s  o f  t h e

be  known  fo r  ce r ta in  r J i sc re te

(4 )  w i l l  be  app rox ima ted  by

f u n c t i o n s  K O  a n d  S  w i l l

va lues  o f  f  and  O  and

( K . )
o  ran

n
t )
i = l

s ( f i , 0 . )
l= l

n

II
i=1

A f .
1

where  n  f r equency  and  m d i rec t i on  componen ts  a re  be ing
cons ide red ,  and  a f -  and  Ao .  a re  t he  w id th  o f  t he  i t h
f requency  and  j r h  l i r . " a i o i  i n te rva l .  The  f requency
and  d i rec t i on  componen ts  used  i n  (5 )  mus t  be  se lec ted

so  as  t o  f u l l y  cove r  t he  range  o f  t he  i nc iden t  wave
spectrum.

The re fo re  t o  ca rcu la te  t he  d i f f r ac t i on  coe f f i c i en t  i n
random qraves we need to speci fy  the inc ident  wave

spec t rum,  and  de te rm ine  the  d i f f r ac t i on  coe f f i c i en t s

fo r  each  o f  t he  d i sc re te  f r equency  and  d i rec t i on

componen ts  i n  (S ) .

A  t yp i ca l  spec t rue  i s  o f  t he  f o rm ,

S ( f , O )  =  S ( f )  c ( O ) ,

whe re  S ( f )  i s  t he  f r equency  d i s t r i bu t i on  o f  wave

ene rgy  and  G(O)  i s  che  d i rec t i ona l  d i s t r i bu t i on  o f

wave energy which is  assumed to be independent  of

f r equency .  The  f requency  spec t rum w i l l  no rma l l y  be

ca l cu la ted  us ing  es tab l i shed  fo rmu la  f o r  deep  wa te r

waves such as Pierson- l loskowi tz  or  JONSWAp. A sumrnary

of  the formulae which are in  common use is  g iven in

Chakrabart i  (Ref  5) .  In  the present  erork a

P ie rsoo -Moskow i t z  sDec t rum i s  used  to  p rov ide  examDles

o f  t h e  a p p l i c a t i o n  o f  t h i s  t h e o r y .

,L, 
t(r i 'o ') 40.
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w e  a l s o  r e q u i r e  a  f u n c t i o n  d e s c r i b i n g  t h e  d i r e c t i o n a l
d i s t r i bu t i on  o f  r dave  ene rgy .  Much  resea rch  has  been
done  on  the  cho i ce  o f  a  f unc t i on  desc r i b i ng

d i rec t i ona l  sp read ing  o f  ene rgy .  I n  pa r t i cu la r  t he
work  o f  Hasse lman  e t  a l  (Re f  6 )  wh i ch  resu l t ed  i n  t he
formulat ion of  Ehe JoNSwAp wave spectrum which uses a
d i s t r i b u t i o n  b a s e d  o n  c o s 2 ( o - O _ ) ,  w h e r e  0  i s  t h e  m e a nm m
wave  d i rec t i on ,  t o  desc r i be  t he  d i rec t i ona l  sp read  o f
eraves.  There is  some evidence to suggest  c .hat  the use
o f  a  na r rower  d i rec t i ona l  sp read ,  see  M i t suyasu
( R e f  7 ) r  m a y  b e  a p p r o p r i a t e  i n  s h a l l o w  w a E e r ,  b u t  i n
the  p resen t  wo rk  t he  cos2  sp read ing  func t i on  i s

re ta ined .

To  f i nd  t he  random wave  d i f f r ac t i on  coe f f i c i en t s  f o r  a
pa r t i cu la r  b reakwa te r  con f i gu ra t i on  i t  r ema ins  t o
ca l cu la te  t he  d i f f r ac t i on  coe f f i c i en t s  f o r  each  o f  t he
frequency and d i rect ion components.  The method which
i s  emp loyed  he re  t o  ca l cu la te  d i f f r ac t i on  coe f f i c i en t s

fo r  a  b reakwa te r  gap  and  an  i s l and  b reakwaEer  uses  an
in teg ra l  equa t i on  t echn ique  wh ich  i s  desc r i bed  i n

G i l b e r r  a n d  B r a m p t o n  ( R e f  3 ) .

An example of  the appl icat i .on of  the technique

desc r i bed  above  to  ca l cu la te  d i f f r ac t i ons  coe f f i c i en t s

in the lee of  a breakwater  gap in random waves is

g i ven  i n  t he  f o l l ow ing  sec t i on .

2 . 2  A p p l i c a r i o n  r o  a

breakroater  gap

rn  conven r i ona r  d i f f r ac t i on  d iag rams  the  gap  w id th  o r
b reakwa te r  l eng th  i s  spec i f i ed  i n  t e rms  o f  t he

wave leng ths  o f  t he  i nc iden t  \ r ave .  Th i s  a l l ows  chem to

be used in a more general  rday than i f  the gap width

w e r e  g i v e n  i n  d i m e n s i o n a l  v a r i a b l e s ,  a s  b o t h  c h e  w a t e r
depth and inc ident  wave per iod would Ehen need to be
spec i f i ed .  A  s in i l a r  app roach  i s  used  he re  f o r  random

naves  w i th  t he  gap  w id th  be ing  g i ven  i n  t e rms  o f  t he

4



wave leng th  co r respond ing  to  t he  peak  pe r i od  o f  t he

inc iden t  spec t rum.

Once  Che  gap  w id th  o f  i n te res t  has  been  se lec ted  i t

r e m a i n s  t o  c a l c u l a t e  t h e  d i f f r a c t i o n  c o e f f i c i e n t s  f o r

ch i s  l ayou t  f o r  t he  va r i ous  f requency  and  d i rec t i on

componen ts .  The  f requency  co&ponen ts  i n  equa t i on  (5 )

s h o u l d  b e  s e l e c t e d  c o  c o v e r  t h e  r a n g e  f , l Z  t o  Z t  ,
P P

where  f_  i s  t he  f r equency  co r respond ing  to  t he  peak
P

per iod .  Fo r  a  s t ra igh t  b reakwa te r  t he  d i rec t i on  range
w i l l  be  t 90 '  f r om the  cen t re  l i oe  o f  t he  b reakwa te r .

Typ i ca l l y ,  10  f r equency  and  1 l  d i r ec t i on  componen ts

w i l l  b e  s u f f i c i e n t  t o  e n s u r e  a c c u r a t e  r e s u l t s ,  w h i l s t

ma in ta in ing  modera te  compu ta t i ona l  e f f o r t .  A l rhough

more components may be requi red where the f requency

range  o f  t he  i nc idenc  spec t rum i s  l a rge ,  o r  t he re  i s

l i ke l y  t o  be  a  s i gn i f i can t  va r i a t i on  i n  t he

d i f f r ac t i on  coe f f i c i en t s  caused  by  a  sma l l  change  i n

i n c i d e n t  d i r e c t i o n .

To provide an example,  the method descr ibed above was

used  to  ca rcu la te  d i f f r ac t i on  coe f f i c i en t s  i n  t he  l ee

of  a breakrdater  gap.  To examine the in f luence of

i n t roduc ing  a  f r equency  and  d i rec t i ona l  sp read  on

d i f f r ac t i on  coe f f i c i en t  t he  f o l l ow ing  cases  l r e re

cons ide red .

a)  Gap width one wavelength,  noroal ly  inc ident  \ . raves
(un id i rec t i ona l ,  mono f requency  i nc iden t  waves ) .

Gap  w id th  one  wave leng th ,  mean  i nc iden t  d i rec t i on

no r rna l ,  
" o "2  

d i rec t i ona l  sp read  (mono f requency

i n c i d e n t  w a v e s ) .

Gap  w id th  one  wave leng th  a t  t he  peak  pe r i od  o f  t he

inc iden t  (p ie rson - l , l oskow i t z )  specc rum,  no rma l l y

i n c i d e n t  r , r a v e s  ( u n i d i r e c c i o n a l ) .

b )

c )



Gap w id th  one  wave leng th  a t  t he  peak  pe r i od  o f  che
inc iden t  (p ie rson -Moskow i t z )  spec t rum,  mean
i n c i d e n t  d i r e c t i o n  n o r m a l ,  c o s 2  d i r e c t i o n a l

s p r e a d .

The  resu l t s  f r om Ehese  tes t s  a re  p resen ted  i n  F igu re  I
a s  c o n t o u r s  o f  e q u a l  d i f f r a c t i o n  c o e f f i c i e n t s .

F igu re  1 (a )  shows  the  wave  he igh t  coe f f i c i en t s
ob ta ined  fo r  un id i rec t i ona l  mono f requency  i nc i c l en t
waves.  I t  can be seen that  the values of  wave height
coe f f i c i en t  a re  symmet r i c  abou t  t he  cen t re  l i ne
th rough  the  gap ,  as  shou ld  be  expec ted  fo r  no rmar ry
inc iden t  waves .  The  l a rges t  va lues  a long  any  l i ne
pa ra l l e l  t o  che  gap  a l so  occu r  a long  th i s  cen t re  l i ne .
A t  d i s tances  i n  t he  l a te ra l  d i r ec t i on  g rea te r  t han  one
wavelength f rom the gap centre the wave height

c o e f f i c i e n t s  a r e  l e s s  t h a n  0 . 3 .

The  e f f ec t  o f  i n t roduc ing  a  d i rec t i ona l  sp read  o f  t he
inc ident  rdaves can be seen by compar ing Figures 1(a)
and  1 (b ) .  The  mos t  s i gn i f i can t  f ea tu re  i s  rha t  a long
the  gap  cenEre  l i ne  t he  e f f ec t  o f  d i r ec t i ona l
sp read ing  i s  t o  dec rease  the  wave  he igh t  coe f f i c i en t .

Th i s  dec rease  w i l l  be  due  to  t he re  be ing  l ess  ene rgy
in the d i rect ion of  normal  inc ident ,  when compared

w i th  1 (a ) .  The re  i s  howeve r  more  ene rgy  pene t ra t i ng

in to  t he  a reas  e i t he r  s i de  o f  t he  cen t re  l i ne  ou ts ide
the  immed ia te  v i c i n i t y  o f  r he  gap .  Th i s  w i l l  be  due
to  ene rgy  be ing  d i rec ted  a long  o the r  d i rec t i ons  t han
no rma l ,  and  i n f l uenc ing  the  d i f f r ac t i on  coe f f i c i en r
th rough  the  d i rec r i ona l  sp read ing .

T h e  d i f f r a c t i o n  c o e f f i c i e n c s  f o r  n o r m a l l y  i n c i d e n c

v taves  w i thou t  any  d i recc iona l  sp read i . ng  fo r  a

P ie rson -Moskow i t z  spec t rum a re  shown  i n  F igu re  1 (c ) .
I t  c a n  b e  s e e n  t h a t  t h e  l i n e  o f  e q u a l  d i f f r a c c i o n

coe f f i c i en t  a re  much  c lose  and  more  sha rp l y  de f i ned

t h a n  e i r h e r  l ( a )  o r  l ( b ) .  T h i s  w i l l  b e  a  f e a r u r e  o f

d )
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m o s t  o f  t h e  e n e r g y  b e i n g  d i r e c t e d  a l o n g  t h e  c e n t r e

l i ne  t h rough  the  gap .  A t  mos t  l oca t i ons  che

d i f f r a c E i o n  c o e f f i c i e n t  i s  h i g h e r  t h a n  f o r  c a s e s  ( a )

o r  ( b ) .

Fo r  t he  case  w i th  a  P ie rson -Moskow i t z  i nc iden t

spec t rum w i th  a  cos2  d i rec t i ona l  sp read  abou t  t he  mean

norma l  d i rec t i on  t he  resu l t s  a re  shown  i n  F igu re  1 (d ) .

As  shou ld  be  expec ted  the  e f f ec t  o f  i n t roduc ing

d i rec t i ona l  sp read ing ,  when  compared  w i th  l ( c ) ,  i s  t o

dec rease  wave  he igh ts  a t  mos t  l oca t i ons ,  and  to

b roaden  the i con tou rs  o f  d i f f r ac t i on  coe f f i c i en t s .  The

gene ra l  shape  o f  t he  con tou rs  i s  s im i l a r  t o  t hose  i n

1 (b ) ,  bu t  t he  va lues  o f  wave  he igh t  coe f f i c i en t s  a t

mos t  po in t s  a re  s l i gh t l y  h ighe r .  On  compar ing  the

resu l t s  f r om 1 (a )  w i t t r  1 (a )  i t  can  be  seen  tha t  f o r

t h i s  case  us ing  the  monoch roma t i c  d i f f r ac t i on

coe f f i c i en t s  i ns tead  o f  t he  random d i f f r ac t i on

coe f f i c i en t s  wou ld  resu l t  i n  wave  he igh ts  i n  t he  l ee

o f  t he  b reakwa te r  be ing  s l i gh t l y  ove res t imaEed .  Th i s

should not  be general ised Eo other  breakwater

con f i gu ra t i ons  and  i nc iden t  spec t ra ,  as  each  s i t ua t i on

w i l l  h a v e  d i f f e r e n t  c h a r a c t e r i s t i c s .

I n  t h i s  chap te r  i r e  p resen t  d i f f r ac t i on  d iag rams  fo r

random inc ident  waves for  both a breakwater  gap,  an an

i s l and  b reakwa te r .  These  a re  p r imar i l y  i n tended  to

provide examples of  the cype of  d iagrams that  can be

produced using the method out l ine in  the previous

chap te r .  A11  o f  t he  d iag raos  p resenEed  a re  f o r  a

P ie rson -Moskow i t z  i nc iden t  wave  spec t rum w i th  cos  2

d i rec t i ona l  sp read ing  abou t  a  spec i f i ed  mean

d i  r e c  t i o n .



4 COilCLUSIONS AtrD

RECOI,IUEI{DATIONS

Di f f r ac t i on  d iag rams  fo r  b reakwa te r  gaps  o f  one  and
two  wave leng ths  ( co r respond ing  to  t he  peak  pe r i od  o f
t he  i nc ideo t  wave  spec t rum)  a re  g i ven  i n  F igu res  2  and
3 .  I n  b o t h  f i g u r e s  d i f f r a c t i o n  c o e f f i c i e n t s  a r e  g i v e n
f o r  m e a n  i n c i d e n c  d i r e c t i o n s  o f  0 o ,  3 0 o  ,  4 5 o  a n d  6 0 " .
I n  a l l  c a s e s  t h e  c h a r a c t e r i s t i c  p a t t e r n  i s  d i s p l a y e d
L r i ch  t he  con tou rs  o f  equa l  coe f f i c i en t s  f o rm ing  i n  t he
shape of  a parabola around the gap.  The axis  of  th is
pa rabo la  be ing  a long  the  ex tens ion  o f  Ehe  i nc iden t
wave d i rect ion.  As a resul t  o f  th is  the maximum vrave
he igh t  on  a  l i ne  pa ra l l e l  t o  t he  b reakwa te r  w i l l
a lways  occu r  a long  the  l i ne  o f  t he  i nc iden t  d i rec t i on
con t i nued  i n to  t he  l ee  o f  t he  b reak r ra te r .

S im i l a r  d i ag rams  fo r  i s l and  b reakwa te rs  o f  l eng th  one
and two wavelengths are g iven in F igures 4 and 5.
These  aga in  d i sp lay  some  t yp i ca l  f ea tu res .  Fo r
examp le ,  t he re  i s  aga in  a  pa rabo l i c  shape  to  t he
con tou rs  o f  equa l  wave  he igh t ,  coe f f i c i en t .  I n  bo th
c a s e s  a t  r e l a t i v e l y  s h o r t  l a t e r a l  d i s t a n c e s  f r o m  t h e
breakwater  Ehe wave height  coef f ic ient  become equal  to
one .  Tha t  i s ,  d i f f r ac t i on  e f f ec t s  have  become sma l l
and  the  i nc iden t  wave  he igh t  i s  be ing  ma in ta ined .  I t
shou ld  a l so  be  no ted  tha t  such  b reakwa te rs  on l y  o f f e r
good shel ter  in  thei r  inrmediate lee,  and that  th is
va r i es  cons ide rab l y  as  t he  wave  d i rec t i on  changes .

A  me thod  has  been  deve loped  fo r  t he  ca l cu la t i on  o f
d i f f r ac t i on  e f f ec t s  i n  random rdaves .  Examp les

have been g iven of  the use of  th is  technique for
p red i c t i ng  e rave  cond i t i ons  i o  t he  l ee  o f  t he
b reakwa te r  gap r  o r  ao  o f f sho re  b reakwa te r .
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Diag rams ,  such

w i l l  b e  u s e f u l

t h e  d e s i g n  o f

as those shown in F igures 2 and

too l s  f o r  t he  eng inee r  i nvo l ved

i s l a n d  b r e a k w a t e r s .  S i m i l a r
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d iag rams  cou ld  eas i l y  be  p roduced  fo r  d i f f e renc

inc iden t  f r equency  spec t ra ,  d i r ec t i ona l  sp read ing

func t i ons  and  b reake ra te r  con f i gu ra t i ons .

Cons ide ra t i on  shou ld  be  g i ven  to  t he  p roduc t i on

a  se r i es  o f  d i f f r ac t i on  d iag rams  wh ich  cou ld  be

rou t i ne l y  used  by  eng inee rs  ( s im i l a r  t o  t hose  i n

R e f s  1  a n d  2 )  i n  s i t e - s p e c i f i c  s t u d i e s .  O n e

poss ib i l i t y  i s  t ha t  such  d iag rams  cou ld  be

generated by the engineers themselves us ing the

present  model  implemented on a micro-computer .
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