




ABSTRACT 

Assumptions that the sea surface can be represented by a train of regular 
waves, or can be characterised by a design wave deterministic in form 
defined by wave height and length, lead directly to definite values of 
maximum force or deflection for a structure introduced into that sea state. 

Recognising that the sea surface is a random process prevents such definite 
quantities being determined. Rather the designer will want certain extreme 
values which have only a small chance of being exceeded during the lifetime 
of the structure. 

Methods for describing the frequency of exceedance of extreme design levels 
are well established for simple one-dimensional quantities which are linear 
transformations of the random sea state. 

This report extends this concept of the estimation of extremes by 
considering a wide range of general problems where the quantity for which 
one is seeking the extremes can be defined by an explicit combination of 
quantities which themselves are derivable by linear transformation from the 
random sea surface. 

The method gives extreme time domain statistics, the inputs to the problem 
being frequency domain information such as spectral and cross-spectral 
moments between the various component quantities. 

The theoretical development is illustrated by three examples: 

(i) estimation of the extremes of the resultant of two orthogonal 
gaussian components 

(ii) a hydraulic actuator which has end stop conditions defined in 
terms of both displacement and velocity 

(iii) estimation of the extreme force on a structure using the Morison 
method of description in a random sea state. 
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INTRODUCTION 

Design procedures for structures in the maritime environment have 

traditionally assumed that the maximum loading or displacement have arisen 

due to the most severe 'design' wave. This wave has been assumed to be of a 

deterministic form defined by parameters such as wave height and period, and 

has lead to the determination of a definite value of the maximum of 

interest. 

However, it is more realistic to consider the sea as a random process and 

then design can no longer be based on definite values. Instead the designer 

will expect to be given certain extreme values for quantities like force and 

displacement which have only a small probability of being exceeded in the 

life time of the structure. 

For simple one-dimensional random processes, which are stationary and have a 

gaussian distribution, the estimation of extremes which may occur in a given 

time has been established for many years and is now routine. The most 

simple example is the estimation of extreme elevations of the wave maxima. 

With a knowledge of the standard deviation of the surface elevation 

(indicating total energy) and a frequency parameter, both of which can be 

derived from the wave spectrum, then an estimate of the extreme el.evation 

within a particular duration can be made. Note that this procedure takes 

characteristic parameters derived in the frequency domain to give extreme 

quantities in the time domain. 

This process can be transferred simply to other quantities such as force or 

motion when they are also one-dimensional and linearly related to the waves. 

For example this procedure is readily applied to the estimate of inertia and 

diffraction forces on a simple cylinder in a random sea state. 

However, more complicated problems arise even with the simple cylinder in 

random waves. For example, in short crested seas the inertia or diffraction 

loading will be characterised by linear force responses in two component 

directions, but the designer will require estimations of the extremes of the 

resultant. 

Returning to unidirectional seas, if the cylinder is small with respect to 

the wave length then drag forces must be considered together with inertia 

forces. Morison's equation i.s commonly used in this situation. This 



equation estimates the force by a non-linear combination of two components 

of force, one depending on velocity, one on acceleration, both of which 

themselves are known by linear transformation of the sea state. Here the 

designer will need the extremes of the overall maximum taking both 

components into account. 

These problems are both of the type that are considered in this report. 

However, the method developed is general, not specific to forces (or 

displacements) in random seas but is applicable to a wide range of problems 

where the required quantities are known explicitly in terms of gaussian 

variables derivable by linear transfornlation of the sea state. 

The report addresses the problem of the extremes of 'short' term statistics 

when in the context of the maritime environment. That is, methods of 

estimating the expected extreme events during a single storm (i.e. a 

stationary process) are given, as opposed to 'long' term statistical methods 

which take into account the variation of sea state also over the life of the 

structure. 

This type of problem can be cast into the general form of finding the 

probability that within a given time a point, whose wandering represents an 

n-dimensional gaussian process, will escape from a certain 'safe' region in 

its space. The co-ordinate components of the space represent the variables 

entering the problem which are derivable by linear transformation from the 

sea-state and the safe region is defined by the explicit expression for the 

required quantity. With an assumption of independence of escapes the 

problem reduces to finding the mean frequency of escapes. The method of 

tackling the basic one-dimensional problem of this type was provided by the 

classic paper of ~ice''). A two-dimensional extension giving the extremes 

of the magnitude of a vector was given by Huntington and Gilbert ( 2 ) .  The 

n-dimensional problem was treated by Veneziano et a1(3) but only for 

uncorrelated components and regions of simple shape. 

Here the co~nponents are allowed to be intrinsically correlated so that they 

cannot be uncorrelated simply by transformation. This is a point of some 

importance since, as will be shown in the examples, it is often necessary in 

reducing problems to the required form to define the components to be 

derivatives of the same variable. It will be shown how the required result 

can be reduced to an integral over the boundary of the safe region. In the 

general case this cannot be integrated analytically, so it will be further 

shown how a simple formula can be derived as an asymptotic approximation. 



For most purposes ,  s i n c e  i t  is l a r g e  extreme v a l u e s  which a r e  of i n t e r e s t ,  

t h i s  approximat ion i s  a l l  t h a t  i s  r e q u i r e d .  

MEAN FREQUENCY AND PROBABILITY 

The q u a n t i t y  t o  be d e r i v e d  f o r  t h e  g e n e r a l  problem w i l l  be t h e  mean 

f requency  f of o u t c r o s s i n g s  from t h e  s a f e  r e g i o n .  For  example, i n  t h e  one 
S 

d imens iona l  c a s e ,  t r e a t e d  by Rice the  mean f requency of u p c r o s s i n g s  of a  

v a l u e  X i s  g iven  by: 

where m i s  t h e  n t h  moment of t h e  spectrum of X .  Th i s  mean f requency  can  
n  

e i t h e r  be taken i t s e l f  a s  an  i n d i c a t i o n  of r e l i a b i l i t y  o r  i f  i t  i s  n e c e s s a r y  

t o  deduce t h e  p r o b a b i l i t y  of no o u t c r o s s i n g  w i t h i n  a  g i v e n  t ime span T ,  t h e n  

t h e  c r o s s i n g s  w i l l  be assumed, being r a r e  e v e n t s ,  t o  be u n c o r r e l a t e d .  They 

then have a  Po i s son  d i s t r i b u t i o n  and t h e  r e q u i r e d  p r o b a b i l i t y  i s  g iven  by: 

Th i s  formula t o g e t h e r  wi th  (1) g i v e s  t h e  u s u a l  e x p r e s s i o n  f o r  t h e  

c a l c u l a t i o n  of extreme waves. The assumption of independent  c r o s s i n g s  w i l l  

e r r  on t h e  s a f e  s i d e ,  i f  a t  a l l ,  s i n c e  f o r  a  f i x e d  mean f requency ,  any 

tendency f o r  c r o s s i n g s  t o  bunch i n c r e a s e s  t h e  p r o b a b i l i t y  of no e v e n t  over  a  

g iven  t ime.  Such bunching could  occur ,  f o r  i n s t a n c e ,  w i t h  a  smal l  h igh  

f requency  s i g n a l  superimposed on a  low one o r  w i t h  a  v e r y  narrow spect rum 

process  g i v i n g  slow modula t ions  of t h e  primary f requency .  

MEAN OUT-CROSSING FREQUENCY 

An n-dimensional  g a u s s i a n  p rocess  x ( t )  i s  cons ide red  t o  be s a f e  w i t h i n  a  

r e g i o n  R  of n-space bounded by a  s u r f a c e  S .  What is  t h e  mean f requency  of 

f  w i t h  which o u t c r o s s i n g s  of s occur?  
S 

L e t  p(x,;) - - be t h e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  of d i sp lacement  and 

v e l o c i t y  of t h e  p r o c e s s  and l e t  - n  be t h e  outward normal a t  a  g e n e r a l  p o i n t  

of S.  Then w i t h i n  a  s m a l l  t ime i n t e r v a l  6 t  taken a t  random t h e  range of 

normal d i s t a n c e  covered w i l l  be (2 .n)  - - bt.  Hence t h e  argument of Rice(')may 



be generalized to give the mean outcrossing frequency as: 

where I' is the region of g space where --  ?.n 0 .  

The joint distribution p(~,&) will be a 2n dimensional gaussian distribution 

determined by a matrix of correlation coefficients. By rotating and scaling 

the axes it can always be ensured that the displacements alone have a unit 

isotropic distribution so that the correlation matrix has the form: 

where h = {?.it.} 
i j 1 - J  

and T~~ = {X.?,} = - 7. .  
1 J J 1- 

I n  order to eliminate the cross correlations introduce 

Then 

and 

{..U,} = { & . A . }  + "ik{x + ' 'ibzjl{xLxl} 
1 3  1 3  k~ j k 

- '6 + ' 6  1; - 'ij+'ik lcj jk \if 'ilc jk 

= h  - 7  '6 = 
i j ik jlc Pij Say 

Also 2.n = u.n - y --  -- 

where y = 1; n  x 
ilc i k 



Hence, s i n c e  X and - U a r e  u n c o r r e l a t e d  ( 2 )  becomes 

where F(x)  - = 1 p(u)  (u.n --  - y) d u  
r 

But s i n c e  I' i s  t h e  r e g i o n  u . n  - h y t h i s  i s  an i n t e g r a l  over  t h e  whole space  

excep t  i n  t h e  d i r e c t i o n  of - n. Hence i t  reduces  to  a  s i n g l e  i n t e g r a l  which 

depends on ly  on t h e  v a r i a n c e  of - u.n.  - Since  t h i s  v a r i a n c e  i s  from ( 3 )  

Hence 

The i n t e g r a l  over  v  i n  the  second h a l f  of ( 6 )  can be e l i m i n a t e d  by a n  

i n t e g r a t i o n  by p a r t s  

-% X X a -$ X X 

Since  -X , e  
k lc - - e k lc 

J 

and z i s  a n t i s y m e t r i c ,  any p a r t i c u l a r  p a i r  T 1; g i v e s  f o r  t h e  second 
i-i' ji 

h a l f  of ( 6 )  an  i n t e g r a l  of t h e  form 



a 
But J (ni  -&- *- 

a 
n  -) h  (xk) ds = 0 

j ax 
S j i 

f o r  a  c losed  s u r f a c e  S o r  one ex tend ing  t o  i n f i n i t y  s i n c e  i n  two-dimensions 

i t  becomes I$ ds and i n  h i g h e r  dimensions by f i r s t  ho ld ing  t h e  o t h e r  
S 

v a r i a b l e s  c o n s t a n t  and then  i n t e g r a t i n g  over them it  becomes an i n t e g r a l  of 

such two-dimensional c a s e s .  

Hence p u t t i n g  t h e s e  r e s u l t s  t o g e t h e r  ( 6 )  s i m p l i f i e s  t o  

where 02(n) = p .  .n , n  
1~ 1 j 

The r e q u i r e d  mean f requency i s  thus  reduced t o  e v a l u a t i n g  an  i n t e g r a l  over  

t h e  boundary of t h e  s a f e  reg ion .  

L I N E A R  AND S P H E R I C A L  BOUNDARIES 

For a  l i n e a r  boundary S t h e  i n t e g r a l  ( 7 )  can be e v a l u a t e d .  Suppose f i r s t  of  

a l l  t h a t  t h e  boundary i s  x l  = r then s i n c e  - n  i s  c o n s t a n t  over S ,  ( 7 )  

becomes: 

where j runs  from 2 t o  n  

But i f  [ ] = a  j k ~ j ~ , c ,  then 

n- l - 
2 

I -b [  l dX = (2x1 

S 
j f 

l a jk l  z 

I n  t h e  c a s e  of Eqn ( 8 )  a  = 6 + I j 'llc 
jk  jlc p1 1  



and i t  is proved i n  t h e  append ix  t h a t  f o r  t h i s  form 

Hence (8 )  becomes 

Now f o r  t h e  boundary  i n  g e n e r a l  p o s i t i o n  x . n  = r t h e  f r e q u e n c y  w i l l  b e  
I. i 

g i v e n  by t h e  i n v a r i a n t  form which r e d u c e s  t o  t h i s  as a s p e c i a l .  c a s e  and t h i s  

i s  p l a i n l y  

F o r  a s p h e r i c a l  r e g i o n  t h e  boundary s i s  g i v e n  by: 

S i n c e  now t h e  normal i s  p a r a l l e l  t o  t h e  p o s i t i o n  v e c t o r  

a l l  t h e  a n t i s y m m e t r i c  te rms i n  r a r e  z e r o .  Hence ( 7 )  becomes: 

T h i s  can  be r educed  t o  a n  i n t e g r a l  ove r  t h e  u n i t  s p h e r e  S l and t h e  

c o o r d i n a t e s  can  be r o t a t e d  s o  t h a t  a i s  i n  p r i n c i p a l  a x e s  

Hence 

I n  two-dimensions t h i s  i s  



P22 $ 
where c o s  a = (-) and E(a )  i s  t h e  comple t e  e l l i p t i c  i n t e g r a l  of t h e  2nd 

P 1  1 
k i n d .  

ASYMPTOTIC APPROXIMATION 

I n  t h e  g e n e r a l  c a s e  t h e  i n t e g r a l  i n  ( 9 )  would need t o  be e v a l u a t e d  

n u m e r i c a l l y .  However, t h e  main i n t e r e s t  w i l l  be i n  c a s e s  where c r o s s i n g s  

o u t  of t h e  s a f e  r e g i o n  o c c u r  r e l a t i v e l y  i n f r e q u e n t l y .  T h i s  means, i n  t h e  

way t h a t  t h e  problem has  been s c a l e d ,  t h a t  t h e  d i s t a n c e ,  r ,  of S f rom t h e  

o r i g i n  i s  l a r g e  enough f o r  t h e  tern1 e  - t r2 t o  be s m a l l .  I n  t h i s  c a s e  a n  

a s y m p t o t i c  a p p r o x i m a t i o n  t o  t h e  i n t e g r a l  can  be found by c o n s i d e r i n g  t h a t  

t h e  main c o n t r i b u t i o n  t o  i t  comes j u s t  from t h e  ne ighbourhood of t h e  n e a r e s t  

p o i n t  t o  t h e  o r i g i n .  

Fo r  a n  i n t e g r a l  o v e r  a n  ( n - l )  d i m e n s i o n a l  s p a c e  of t h e  form 

0 
l e t  t h e  minimum v a l u e  of f  ( X .  ) o c c u r  a t  X . Then expanding  f  (X . )  i n  a 

n 1 i 1 

T a y l o r  s e r i e s  a t  x" t h e  f i r s t  o r d e r  te rms d i s a p p e a r  s i n c e  i t  i s  a  minimum 
i 

and t h e  second o r d e r  te rms g i v e  an  ( n - l )  d i m e n s i o n a l  G a u s s i a n  i n t e g r a l  s o  

t h a t  t h e  main c o n t r i b u t i o n  t o  (13) i s  

a2f 
where Ho = / 

.kk 
( i s  t h e  H e s s i a n  of  f  a t  x O .  For  t h e  i n t e g r a l  i n  ( 7 )  

3 
t h e  minimum o c c u r s  a t  t h e  minimum of r o v e r  S s i n c e  a t  t h i s  p o i n t  x  = r n  

i i 
s o  t h a t  t h e  c o n t r i b u t i o n  from t h e  z t e rms i s  z e r o  and hence  a l s o  a t  a  

minimum. 

The a x e s  c a n  be r o t a t e d  s o  t h a t  t h e  minimum p o i n t  o c c u r s  on t h e  x l  a x i s  and 

s o  t h a t  t h e  o t h e r  axes  a r e  i n  t h e  d i r e c t i o n s  of p r i n c i p a l  c u r v a t u r e  of S .  



For simplicity it will be assumed that this is already the case. Then in 

the neighbourhood of the minimum point s has the form 

where K are the principal curvatures. 
i 

Then the normal in this neighbourhood is given by 

Hence 

Also 

a * % [ x x  + -  ( ~ I ~ I C ~ I )  l0 = (l-rv. ) 6 + 
liTl j (I-K~~)(~-K J .r) 'G 

hi&j lc k 1 ij p1 1 
02@> 

Hence using the result proved in the appendix 

Therefore putting these results togeCher in (14) the asymptotic 

approximation becomes 

This gives a remarkably simple formula for calculating the outcrossing 

frequency. Comparison with (9) shows that it becomes exact for a linear 

space and the extra terms in the denominator show how the increased nearness 



of c o n t a c t  of the  s u r f a c e  w i t h  the  sphere  about t h e  o r i g i n  due t o  t h e  

s u r f a c e  c u r v a t u r e  i r l c r e a s e s  the  r e s u l t .  The s o l u t i o n  becomes i n f i n i t e  when 

one of t h e s e  terms i s  z e r o  and t h i s  occurs  when the c o n t a c t  wi th  the  s p h e r e  

i s  of a  h i g h e r  o r d e r  t h a n  s imple  t a n g e n t i a l  touch ing .  I n  t h a t  c a s e  t h e  

approximat ion b reaks  down and needs t o  be t a k e n  t o  h i g h e r  o r d e r  than the  

second g i v i n g  r i s e  t o  Ai ry  f u n c t i o n s  i n  t h e  s i m p l e s t  c a s e .  These c a s e s  w i l l  

n o t  be fo l lowed through h e r e ,  s i n c e  t h e  p o s s i b i l i t i e s  a r e  s o  v a r i o u s  a s  t o  

over  compl ica te  a g e n e r a l  t r e a t m e n t .  

EXAMPLES 

The theory  w i l l  now be i l l u s t r a t e d  wi th  some examples.  A s  t h e s e  w i l l  a l l  be  

two-dimensional, t h e  f o r n ~ u l a e  a l r e a d y  g iven  can be r e s t r i c t e d  t o  t h a t  c a s e .  

I n  two v a r i a b l e s  t h e  on ly  non-zero va lue  of t h e  c r o s s - c o r r e l a t i o n  i s  T~~ 

which w i l l  be w r i t t e n  s imply a s  T. a -  d  

n1  
a becomes s imply - 

n 2  d  S 

where S i s  a r c  l e n g t h  a long  t h e  boundary curve .  

Hence ( 7 )  becomes 

where a2 = p11 n 1 2  p22 n 2 2  + 2 ~ 1 2  n l  n2  

The asympto t i c  approx imat ion  (15) becomes 

but  s i n c e  T~ i s  independent  of t h e  o r i e n t a t i o n  of the  c o o r d i n a t e s  and p l l  i s  

j u s t  t h e  v a l u e  of a2 a t  t h e  p a r t i c u l a r  s p e c i a l  p o s i t i o n  f o r  which (15)  was 

d e r i v e d ,  t h i s  can be w r i t t e n  f o r  g e n e r a l  p o s i t i o n  of t h e  minimum a s  



where - n  i s  t h e  normal a t  t h e  minimum. 

A m ~ l i t u d e  of v e c t o r s  

The f i r s t  example w i l l  be t h e  c a s e  of t h e  ex t r emes  of t h e  a m p l i t u d e  o f  

two-dimensional  v e c t o r s  t r e a t e d  i n  R e f  2.  

L e t  t h e  v e c t o r s  be (Y1,Y2) where t h e  components have t h e  s p e c t r a  S l l ( o ) ,  

S 2 2 ( u )  and t h e  c r o s s  s p e c t r u ~ l l  S  12(w) and t h e  problem i s  t o  d e t e r m i n e  t h e  o u t  

c r o s s i n g  f r e q u e n c y  of t h e  c i r c l e  Y 12  C Y 2 2  = R 2. 

D e f i n e  t h e  moments of t h e  s p e c t r a :  

Then {Y 1 2 )  = m. {Y 2 2 }  = n o t  ( ~ 1 ~ 2 1  = c "  

It  w i l l  be assumed t h a t  m g  >. m o t  and t h a t  t h e  d i s p l a c e m e n t s  a r e  a l r e a d y  i n  

p r i n c i p a l  a x e s  s o  t h a t  c g  .- 0 .  Then t h e y  a r e  reduced t o  a u n i t  i s o t r o p i c  

form by p u t t i n g  

m 2  In 2 f  

Then A l l =  - - 
-- - 

m 0  m o l  

and f rom ( 3 )  p11 = A l l  - T ~ ;  p22 = A22 - "2; P12 = The boundary 

becomes t h e  e l l i p s e  



R l7 
where a l  = --- ; a 2  = - s o  t h a t  a 2  x a l. 

m oh mat h 

P a r a ~ n a t e r i z e  t h e  e l l i p s e  by p u t t i n g  x l  = a  l c o s  0; x 2  = a 2  s i n  9. 

a 2  C O S  0  
Then n l  = ---- 

(a  12 s i n 2 9  + a 2 2  c o s  20)k 

a l  s i n  0  

Hence from (16 )  t h e  o u t c r o s s i n g  f r e q u e n c y  i s  g i v e n  by t h e  i n t e g r a l  

1 
2 7c 

f = -  
dh(  0) 

I e  
-:[a 1 2 ~ o s  28 + a 2 2  s i n  28f-c2h 2(8)  ] {,g(0) f -r2 d 8  

S 

( a 2 2 - ~  s i n 9  c o s 0  
and h (  9) = -- 

S( 0) 

I f  a2 = a l  t h e n  t h i s  s i m p l i f i e s  t o  t h e  r e s u l t  g i v e n  f o r  a c i r c u l a r  r e g i o n .  

I f  a2 >. a l  t h e n  t h e r e  a r e  two e q u a l  minima on t h e  x l  a x i s .  I n  t h e  

ne ighbourhood of t h e  p o i n t  ( a  1, o )  

a l 
hence  K = - a l L  

and ~cr = -- 

a 22  a 2 2  

T h e r e f o r e  t h e  a s y m p t o t i c  a p p r o x i ~ n a t i o n  ( 1 7 )  g i v e s  when doubled  f o r  t h e  

second minimum: 



o r  i n  te rms of  t h e  o r i g i n a l  v a r i a b l e s  

Wave  addle end s t o ~  

A c o n t r o l l e d  wave p a d d l e  g e n e r a t i n g  a random s e a  w i l l  have  some form of end  

s t o p  d e v i c e  t o  p r e v e n t  damage. We wish  t o  c a l c u l a t e  t h e  p r o b a b i l i t y  of 

h i t t i n g  t h e  s t o p  and t h e r e b y  l i m i t i n g  t h e  p a d d l e  per formance .  If  t h e  

padd le  has  d i s p l a c e ~ u e n t  y  w i t h  spec t rum S ( w )  and t h e  moments of t h e  spec t rum 

a r e  d e f i n e d  by: 

Then f o r  a  s t o p  a t  y = R,  t h e  inean f r e q u e n c y  of h i t s  i s  g i v e n  by: 

Now suppose  t h e  p a d d l e  h a s  a more c o m p l i c a t e d  d e v i c e  which a l s o  depends  o n  

i t s  v e l o c i t y  and a c t s  t o  a l l o w  t h e  padd le  t o  d e c e l e r a t e  a t  a  c o n s t a n t  r a t e  

t o  come t o  r e s t  a t  y = R .  Then t h e  boundary i n  t h e  ( Y  ,P) p l a n e  c r o s s i n g  

which a c t i v a t e s  t h e  s t o p  i s  g i v e n  by 

P = 2a (R-Y) 

where a = t h e  r a t e  of  d e c e l e r a t i o n .  

To r educe  t o  o u r  s t a n d a r d  form p u t  



m2 
Then h11 = - ; = - ; h 1 2 = O ;  7 = -  

m 0  "2 

2  
m km o - ~  2  

Hence p 1 1 = O  ; p22=--' P12 = 0  
m2*o 

P a r a m e t e r i z e  t h e  boundary by p u t t i n g  

ti 
am 0 2m 2R 

where a = - and p = - 
2m2 m oa 

Then ds = 2 a  ( 1  + 8')' ae 

and r 2 =  a 2  [ ( & o ~ ) ~ +  4021 ; $ =  
8  

P22 - 
l+ 82 

Whence (16 )  becomes 

f The re  a r e  two s t a t i o n a r y  v a l u e s  of r ,  one a t  8 = 0 and one a t  8  = ( & 2 )  . 

I f  p < 2,  t h a t  i s  i f  t h e  d e c e l e r a t i o n  i s  s u f f i c i e n t l y  l a r g e ,  t h e n  t h e  

minimum o c c u r s  a t  8  = 0  and t h e  a s y m p t o t i c  a p p r o x i m a t i o n  i s  i d e n t i c a l  t o  t h e  

s i m p l e  end s t o p  ( 1 8 ) .  I f  2  t h e n  t h e  o t h e r  v a l u e  g i v e s  t h e  minimum. 
8 3  

5 + 1 . .2 = P-2 
Here r = 2 a  (PI) , Kr = --- , 

( P-1) P22 B-1 

s o  t h a t  (17 )  g i v e s  



~ l o r i s o n '  S E q u a t i o n  

The f o r c e  on a n  o b j e c t  i n  a n  a c c e l e r a t i n g  f l o w  i s  co~nrnonly approx ima ted  by 

M o r i s o n ' s  e q u a t i o n  a s  tile suun of i n e r t i a l  and d r a g  components .  F o r  a t ime 

dependen t  v e l o c i t y ,  U, t h e  f o r c e  i s  of t h e  form 

To f i n d  t h e  mean r a t e  of exceedance  of t h e  f o r c e ,  p u t  

where t h e  m a r e  t h e  nlonlents of t h e  s p e c t r u m  of U. 
n  

L 
m ,,m 0-m 2  

- s o  t h a t  p 1 1  = ; P 2 2 -  P 1 2 =  O '  
m 0 

The boundary  i s  p a r a m e t e r i z e d  by 

4Bm 
where a = - . p = --- 

4Bm 0 ' ~ ~ m ~  

Thus t h e  geometry  i s  v e r y  s i ~ n i l a r  t o  t h e  p r e v i o u s  exanlple b u t  t h e  a x e s  of  

t h e  v a r i a n c e  a r e  changed ove r  s o  t h a t  now 

T h i s  a p p a r e n t l y  s l i g h t  change means t h a t  t h e  mean f r e q u e n c y  ( 1 6 )  now becomes 

t h e  more c o m p l i c a t e d :  



7 2  (1 +-  ( 3 e 2  + 2 - p s g n  0 ) )  d o  
p11 

The s t a t i o n a r y  v a l u e s  of r a r e  t h e  same as b e f o r e .  For  f3 >. 2 ,  t h a t  i s  f o r  

f s u f f i c i e n t l y  l a r g e  f o r c e  v a l u e s  t h e  minimum is  a t  8  = (p-2) . The r a d i u s  

and c u r v a t u r e  are t h e  same as b e f o r e  b u t  o2 = p l l  s o  t h a t  (17 )  g i v e s  

Thus i n  t h i s  case t h e  a p p r o x i m a t i o n  b r e a k s  down a s  p + 2 and t h e  two 

s t a t i o n a r y  v a l u e s  c o i n c i d e .  

Fo r  $ 2 ,  t h e  minimum o c c u r s  a t  0 = 0, hence  t a k i n g  t h e  a s y m p t o t i c  

a p p r o x i m a t i o n  i n  two h a l v e s  depending  on t h e  s i g n  of 8  

For  $ = 2, t h e  r e g i o n  8  0 can  be  talcen t o  t h e  n e x t  o r d e r  of  a p p r o x i m a t i o n  

g i v i n g  

Taking  t h e  d r a g  f o r c e  a l o n e  would g i v e  

which c o r r e s p o n d s  t o  ( 1 9 )  f o r  l a r g e  p 

Taking t h e  i n e r t i a l  f o r c e  a l o n e  would g i v e  



which c o r r e s p o n d s  t o  ( 2 0 )  f o r  s m a l l  p .  

T h i s  t r e a t m e n t  can e a s i l y  be ex tended  t o  i n c l u d e  a  s t e a d y  c u r r e n t  i n  t h e  

d r a g  f o r c e .  The v a r i a b l e s  a r e  d e f i n e d  as b e f o r e  and t h e  boundary shape  

remains  t h e  same; i t  i s  mere ly  d i s p l a c e d  i n  t h e  x2 d i r e c t i o n  by t h e  

c u r r e n t .  

CONCLUSIONS 

A g e n e r a l  method h a s  been  deve loped  which can  be  used  t o  e s t i m a t e  t h e  

ex t r emes  of a  p a r a m e t e r  which  i s  d e f i n e d  by a n  e x p l i c i t  combina t ion  of  

q u a n t i t i e s  which themse lves  a r e  d e r i v a b l e  by l i n e a r  t r a n s f o r m a t i o n  f rom a  

common random e x c i t a t i o n  ( t h e  s e a  s t a t e ) .  The method g i v e s  ex t r eme  t ime  

domain s t a t i s t i c s ,  t h e  i n p u t  t o  t h e  problem be ing  f r e q u e n c y  domain 

i n f o r m a t i o n  such  a s  s p e c t r a l  and c r o s s - s p e c t r a l  moments be tween t h e  v a r i o u s  

components q u a n t i t i e s .  

Examples have  been  d e m o n s t r a t e d  which c o v e r :  

( i )  e s t i m a t i o n  of t h e  ex t r emes  of t h e  r e s u l t a n t  of two o r t h o g o n a l  

g a u s s i a n  components ,  

( i i )  a  h y d r a u l i c  a c t u a t o r  which h a s  end s t o p  c o n d i t i o n s  d e f i n e d  i n  

t e rms  of b o t h  d i s p l a c e m e n t  and v e l o c i t y  

( i i i )  e s t i m a t i o n  of t h e  ex t r eme  f o r c e  on a s t r u c t u r e  u s i n g  t h e  Morison  

method of  d e s c r i p t i o n  i n  a  random s e a  s t a t e .  
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APPENDIX 

Denote by A t h e  de te rminan t  of an  n th  o r d e r  ~ n a t r i x  of t h e  form 
n  

Then s e p a r a t i n g  o f f  t h e  term a r i s i n g  from 6 
nn 

A = A  + Z n  
n  n-l. 

where Z i s  t h e  same de te rminan t  wi th  6 = 0 
n  nn 

L 
i 

Then s u b t r a c t i n g  - ( n t h  row) from i t h  row i = 1 , 2  
C 

n  

. . .n-l, shows t h a t  Z - c d 
n  n  n 

Ilence s i n c e  A l  = l f c  ld l 

Then p l a i n l y  f o r  a m a t r i x  of t h e  form 


